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Preface 


The purpose of this book, as expressed in the Prefaces to the earlier editions, is to 
present the most widely used techniques of signal and system analysis in a manner 
appropriate for instruction at the junior or senior level in electrical engineering. In 
this edition a number of minor changes have been made to make the book more 
useful as a textbook. Additional worked examples have been provided, the solutions 
to all of the exercises have been included in the Appendix, some problems have 
been changed and some new problems added. Computer programs in FORTRAN 
and BASIC useful for carrying out signal processing operations have been collected 
in the Appendix. The discussion of a number of topics has been expanded and a 
small amount of new material has been added in each of the chapters. However, 
an effort has been made to keep the size of the text such that the bulk of the 
material can be covered in one semester. Although the techniques discussed in this 
text are mathematical in nature, the discussion tends to be heuristic rather than 
rigorous, and includes many examples to illustrate important features. The typical 
undergraduate courses in calculus provide sufficient mathematical background, and 
the only new mathematics introduced is that necessary to permit a logical devel- 
opment of the various new concepts. It is assumed that the student is familiar with 
the elements of circuit theory and can write loop and node equations for both 
passive and active circuits. 

The various derivations and examples presented in the text include enough of 
the detailed steps so that the entire procedure can be followed by the student. An 
important adjunct to mastering the text material are the exercises included at the 
ends of most sections. These exercises are relatively straightforward applications 
of the material immediately preceding them. Their purpose is to reinforce the 
learning process by permitting an immediate application of this material before 
proceeding to a new topic. It is intended that all of the exercises be completed as 
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an integral part of the text material. The answers to most exercises are given, 
although their order may be scrambled relative to the various parts of the exercise 
in order to provide an additional challenge. The solutions to the exercises are given 
in Appendix E as a way of increasing the number of worked examples and 
to provide the student some immediate feedback with respect to his method of 
solution. 

The first chapter provides an overview of the problems of signal and system 
analysis, describes methods of classifying signals and systems, introduces the con- 
cepts of signal representation by basis functions, and describes the singularity 
functions that are used so frequently in analysis problems. 

Chapter 2, Convolution, begins the development of the basic material of the 
text. In contrast to many other texts, the concept of convolution is introduced 
independent of its relationship to transform methods of analysis. There are several 
reasons why the authors feel that this sequence is preferable. First, the convolution 
integral is of fundamental importance in the study of linear systems, and an ability 
to graphically visualize convolution aids greatly in the interpretation of certain 
transform operations. Second, convolution provides an excellent opportunity for 
representing signals in terms of elementary functions and provides an excellent 
way to familiarize the student with the manipulation of singularity functions. Third, 
convolution is extended readily to cover discrete systems and time-varying systems 
and, thus, provides a simple and direct introduction to this area of analysis. Nu- 
merical convolution is described in some detail and computer programs for carrying 
out numerical convolution are included in Appendix D. 

The treatment for Fourier transforms in Chapter 3 is more extensive than is 
usually found in undergraduate texts. This is because of their great importance in 
signal theory and the fact that there is a readily understood physical interpretation 
that can be associated with them. The first sections of this chapter relate to Fourier 
series and are included primarily for completeness. This material normally is cov- 
ered in mathematics courses or in earlier engineering courses and may be omitted 
without loss of continuity in the development. 

Discrete-time and sampled continuous-time signals and systems using Fourier 
methods are considered in Chapter 4. In this chapter, the discrete Fourier transform 
(DFT) is discussed along with fast Fourier transform (FFT) techniques for its 
calculation. Computer programs for carrying out calculation of the DFT and FFT 
are included in Appendix D. Considerable stress is given to proper interpretation 
of the FFT, its relation to the continuous Fourier transform and its use in signal 
and system analysis. 

Chapter 5 provides a broad coverage of the Laplace transform and its use in 
system analysis. Both the one-sided and two-sided transforms are included, and 
careful consideration is given to the relationship between the Laplace transform 
and the Fourier transform. Near the end of Chapter 5, the inversion of the Laplace 
transform by means of contour integration in the complex plane is considered. A 
discussion of this technique of integration is given in Appendix B. A clear picture 
of the significance of pole locations in rational transforms is presented in terms of 
the inversion integral. Material relating to negative feedback is included in this 
chapter, and its effects on system transfer functions and stability are discussed. 
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Analysis of discrete signals and systems is considered in Chapter 6 by means 
of the z transform. The concept of the discrete transfer function is introduced, and 
an introduction to digital filtering is given. A detailed discussion is included con- 
cerning the requirements on discrete-time systems for their use in simulation of 
continuous-time systems. Examples of such simulation are provided. 

The material in Chapter 7 on state space has been expanded to include more 
examples involving discrete system applications since these seem to be more easily 
followed by students encountering this material for the first time. 

The tables in the text and Appendix A have been extended to include some 
additional frequently used mathematical expressions and some additional trans- 
forms. All of the problems have been keyed to the section of the text to which 
they are most closely related. 

There is somewhat more material contained in the text than can be covered in 
a single semester, and so a selection of topics must be made. In all chapters, the 
basic material is covered in the early sections, and more specialized topics are 
covered in later sections. Generally, sections near the end of a chapter can be 
omitted without loss of continuity in the development. A typical three-hour course 
might include: Chapter 1; the first seven sections of Chapter 2; Section 3-7 through 
3-14 of Chapter 3; Chapter 4; Sections 5-1 through 5-15 of Chapter 5; and Sections 
6-1 through 6-4 of Chapter 6. In curricula where the Laplace transform or con- 
volution has been covered in previous courses, it should be possible to cover the 
remaining sections of Chapter 6 and part or all of Chapter 7. Other selections may 
be made to meet particular requirements. 

The authors would like to express their appreciation for the helpful comments 
and suggestions received from the following individuals who served as reviewers 
for this revision: Prof. James B. Farison, University of Toledo; Prof. John Painter, 
Texas A&M University, and Prof. Carlos A. Pomalaza-Raez, Clarkson University. 


Clare D. McGillem 
George R. Cooper 
September 1990 
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INTRODUCTION 


Signals and 
Systems 


This book is concerned with the methods of characterizing systems and signals and 
with the determination of the interaction of systems and signals. Systems can be 
studied in many ways. The detailed structure of the component parts and sub- 
systems can be examined, and this information can be used to build up a compre- 
hensive description of system operation, including the interactions of all the various 
internal components. This might properly be called a microscopic system analysis, 
meaning that the fine structure of the system is taken into account in the study. In 
general this type of analysis is extremely difficult in that it involves almost unlim- 
ited numbers of variables and enormous complexity in any mathematical description 
of the system. 

The most useful and most frequently employed type of system analysis is what 
may be called macroscopic system analysis. In this type of analysis a system is 
characterized in terms of subsystems and components and their interactions with 
each other, and no account is taken of the details of their internal operations. This 
type of analysis, which has proven highly effective in solving engineering prob- 
lems, is the subject of this text. 

Macroscopic system analysis requires that a system be broken down into a 
number of individual components. The behavior of the various components is then 
described in sufficient detail and in such a manner that the overall system operation 
can be predicted from appropriate calculations of the component behavior. The 
crux of this type of analysis is the description of the component behavior. For 
system analysis this is done in terms of a mathematical model, that is, a set of 
mathematical relationships that sufficiently characterizes the component so that its 
interaction with other components can be computed. For many components of 
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engineering interest the mathematical model is an expression of the response of 
the component (or subsystem) to some type of forcing function. The forcing func- 
tion is a variable in the mathematical model, as is the system response. АП of these 
variables are categorized as signals in this text, although in an actual system they 
might be called displacement, voltage, Btu per hour, or they might even be such 
quantities as the price of a stock or the number of items maintained in an inventory. 

Much light is shed on the subject of mathematical models as a direct result of 
attempting to use them in system analysis. It is vital for a system analyst to have 
a good understanding of the basis and validity of the models he or she is using to 
avoid serious errors in their application. However, the subject of developing good 
models is itself very involved and frequently requires study of a component on a 
microscopic scale to obtain useful results. This subject is most properly deferred 
until after the subject of system analysis has been covered, so that a clearer un- 
derstanding of the model requirements is available. 


Systems and system analysis. An engineer’s analysis of a system is usually 
made to determine the response of a system to some input signal or excitation. 
Such studies are used to establish performance specifications, to aid in selection 
of components, to uncover system deficiencies, to explain unusual or unexpected 
behavior, or to meet any of a variety of other needs for quantitative data about 
system operations. To clarify some of the concepts relating to systems and system 
analysis, it is helpful to consider some specific examples. 

The ignition system in an automobile is representative of a small system. It 
might consist of an energy source made up of the battery and alternator, the ignition 
switch, the distributor and points, the spark coil, the capacitor, the interference 
suppressors, the spark plugs, the interconnecting wires, and the general environ- 
ment within which the system operates. By representing the various components 
by suitable mathematical models, an engineer could analyze the behavior of the 
system under various ambient operating conditions and determine the effects of 
changing parameters of the components. For example, the power drain from the 
energy source could be calculated as a function of speed, or the effect of changing 
inductance on the spark energy could be determined. In many instances a final 
system design requires a combined analytical and experimental approach. The 
analytical studies establish the proper direction and ranges of variables for the 
experimental program and are invaluable in the interpretation of results. For ex- 
ample, in the case of the ignition system, the erosion of the breaker points for 
different materials and operating conditions probably could best be determined 
experimentally. Once a satisfactory operating range for the current and voltage has 
been determined, this can be used as a design specification to be preserved even 
though other parameters in the system are changed. Such a combined analytical 
and experimental approach is essential to the successful accomplishment of any 
engineering problem in which accurate and complete models do not exist. 

When the system being considered becomes large, it is necessary to break it 
up into a number of subsystems, each of which can be analyzed separately. Ap- 
propriate models of these subsystems are then used to study the overall system. 
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Figure 1-1 Spacecraft control and communication system. 
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An example of this type of system is the control and communication system of a 
small earth-orbiting satellite, such as illustrated by the block diagram in Fig. 1-1. 
Most of the blocks in this diagram represent functional subsystems and are studied 
themselves by the methods of system analysis. Their design must be coordinated 
with overall system requirements, and these are based on an overall system study 
in which only the external performance characteristics of the subsystems are con- 
sidered. In carrying out designs of this complexity, some type of iterative procedure 
is always used. A preliminary design is made based on previous experience or 
engineering judgment. The implications of specifications resulting from this design 
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are then determined by analysis, and modifications made to improve performance 
or feasibility. The modified design is then reanalyzed, and further changes are 
made as required. This refining operation countinues throughout the design phase 
and may extend into the fabrication phase if specifications cannot be met. 

Many systems of practical engineering interest cannot be analyzed as a whole 
for several reasons, two of the most common being the enormous complexity of 
the system and lack of satisfactory mathematical models for the components or 
subsystems. The power system for a large city is a good example of a system that 
is too large and complex for a comprehensive analysis. Such a system has several 
inputs from generating plants and coupling with other power systems and has a 
huge quantity and variety of outputs consisting of users. The nature of the outputs 
varies with such things as time of day, week, or year; weather; whims of consumers; 
and installation of new or different equipment at the output terminals. Because it 
is impossible to determine exactly what the system loading will be at any time, it 
is usually necessary to rely on past experience and to use probabilistic and statistical 
methods of analysis to arrive at suitable criteria for selecting system parameters. 
Other systems such as urban transportation systems involving social, political, and 
technological problems are even less susceptible to presently known techniques of 
system analysis. Research is in progress on methods for handling such systems, 
and in the years to come it seems likely that new tools will be made available to 
the system analyst for handling such problems. 

The system analysis methods discussed in the following chapters have proved 
remarkably effective in a wide range of system applications. Their direct applica- 
tion, or some kind of modification or extension of them, provides the basis of most 
engineering system analysis today. Most of the detailed examples of systems con- 
sidered in later chapters are drawn from the field of electrical engineering. The 
reason for this is that such examples are simple to visualize and are easily extended 
to cover a wide variety of problems. It is through studies of electrical engineering 
problems that some of the most successful techniques of system analysis have 
evolved. However, even though the examples relate primarily to electrical signals 
and systems, the techniques are very general and can be applied to any system that 
can be described by comparable mathematical models. 


Signals. In order to study and analyze a system properly, it is necessary to study 
the means by which energy is propagated through the system. In most systems this 
can be done by specifying how varying quantities within the system change as 
functions of time. Such a varying quantity is referred to as a signal in this text, 
even though it may actually be a force, voltage, power, volume per unit time, or 
any of an almost unlimited number of other variables. These signals measure the 
excitations and responses of systems and are indispensable in describing the inter- 
actions among various components and subsystems making up the complete system. 
In complicated systems there are frequently many inputs and many outputs. 
The number of inputs and outputs does not have to be the same. For example, in 
an aircraft control system the motion of a single lever can change several different 
aerodynamic surfaces in a manner designed to produce an optimum result. 
Besides their usefulness in analyzing system performance, signals also have 
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importance in their own right as a means of carrying information from one point 
to another. Often times a system is designed for the purpose of transmitting or 
processing signals. In such cases the signals themselves are of primary concern, 
and the analyst’s problem is to determine how a particular component or subsystem 
affects a signal propagating through the system. The problem of selecting signals 
for various engineering applications is of major importance and has led to the 
development of an extensive body of knowledge referred to as signal theory. De- 
signing radar or sonar signals or choosing the proper modulation for а communi- 
cation system are typical applications of signal theory. It is because of the intrinsic 
importance of signal theory, in addition to its role in system studies, that it is given 
a prominent place in this text. 


System analysis and system design. The principal problem in system analysis 
is finding the response of a particular system to a specified input or range of inputs. 
Such results represent an important part of system studies by meeting the following 
needs: 


1. When the system does not physically exist (as in the case of feasibility studies, 
for example), only mathematical analysis is possible. 

2. Experimental evaluation of systems is often more difficult and expensive than 
analytical studies. 

3. In some cases it is necessary to study systems under conditions that are too 
dangerous for actual experimentation. Examples of this are the operation of a 
nuclear power plant at fission rates that are too high for safety or the response 
of an aircraft flight control system under conditions of severe turbulence. 


In addition to the direct use of the results of system analysis indicated above, 
there is the equally or perhaps more important application to system design. The 
system design problem is that of determining the necessary system characteristics 
to yield a desired response to a specified input. Frequently system designs are 
accomplished by means of parametric studies in which system performance is 
computed for a variety of cases in which parameters of the system are changed 
over appreciable ranges. From these analytical results specifications are made as 
to the parameter values required to give the desired performance. This method can 
generally be used when specific synthesis techniques are not available. It is in the 
area of design that a system engineer finds some of his most challenging and 
rewarding work. In order to be successful he or she must be creative, resourceful, 
and knowledgeable about the great variety of methods available for use. It is this 
latter area that is the main content of the following chapters. 


1-2 SYSTEM REPRESENTATION 


The most widely used method of representing a system is by means of specified 
relationships among the system variables. Such representations can take the form 
of graphs, tabular values, differential equations, difference equations, or various 
combinations of these. The methods considered in the following chapters relate 
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almost exclusively to various analytical procedures that can be used when the 
system representation is in terms of ordinary linear differential or difference equa- 
tions with constant coefficients. Such representations encompass an enormous va- 
riety of systems and often can be used as approximate representations for the 
analysis of systems outside these categories. 

An important question that frequently faces the system engineer, and in fact 
almost any engineer, is: What is the appropriate model for a particular system and 
how good a representation does it provide? This is actually a very difficult question 
to answer in many instances and often requires decisions based on judgment or 
experience of the engineer. This problem is greatly simplified when standardized 
components are used, for example, in electrical circuit design. In such cases the 
mathematical model is often supplied by the component manufacturer by specifi- 
cation of the model parameters. 

As an example of component specification, consider a capacitor. A minimum 
sort of specification would merely give the value of the capacitance along with a 
tolerance figure and the maximum voltage at which the capacitor can be safely 
operated. Such a component is represented in Fig. 1-За. When more precise cal- 
culation of performance is required, or when the capacitor is to be used at higher 
frequencies, it is necessary to use a more accurate model, such as that given in 
Fig. 1-26. In this model the leakage and the dielectric loss have been taken into 
account by adding the resistor R, to the model. If the capacitor is to be used at 
still higher frequencies, the effects of lead inductance and lead loss may become 
important, and the model would have to be altered to take these effects into account. 
One representation that takes into account the inductance and resistance associated 
with the leads is shown in Fig. 1-2c, where an inductance L and a resistance R, 
have been added to the previous model. In other applications it may be necessary 
to employ an even more complicated model if such things as variations of capaci- 
tance or losses with temperature or losses due to radiation at high frequency are to 
be taken into account. 

In every case the mathematical model of a component or system is an approx- 
imation. It may be a good approximation or a poor approximation, and in a par- 
ticular system the degree of approximation may have a greater or lesser effect on 
the accuracy or validity of the analysis, depending on the manner in which the 
component interacts with the rest of the system. The engineer must decide on the 
degree of accuracy required and select the appropriate mathematical model to meet 





(a) (b) (c) 
Figure 1-2 Three models of a capacitor. 
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that requirement. To do this, the engineer must know the degree of confidence that 
can be placed in the results of his or her analysis using a particular model, and he 
or she must be able to appreciate the difficulties that might be encountered from 
trying to obtain a more accurate model. 


Exercise 1-2.1 


Sketch three models for a resistor analogous to Fig. 1-2. One model should be 
useful at very low frequencies, one at medium frequencies, and one at high fre- 
quencies. The effects of lead inductance and capacitance should be included where 
it is appropriate to do so. 
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Initial discussion of mathematical models is limited to systems with a single input 
and a single output. The concepts employed in this simple case are then extended 
to include more general systems having many inputs and many outputs and to 
systems operating with a discrete- rather than a continuous-time variable. 

A convenient way to describe systems in general terms is by means of a block 
diagram, as shown in Fig. 1-3. The input signal x(t) and the output signal y(t) are 
shown as arrows, and the system itself as a block, or box. When several compo- 
nents are interconnected, there will be several blocks and several lines intercon- 
necting the blocks. Such a block diagram is shown in Fig. 1-4. 

The various subsystems or components are designated with individual blocks 
identified by the symbols 7,, 75, and 75. It is often convenient to think of each of 
the blocks as transforming the signal at its input into the signal at its output. This 










Response 
y (7) 
(Output signal) 








Figure 1-4 System with several blocks. 
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Table 1-1 Mathematical Models of Electrical Components 


Component Input Output and Transformation 
/(7) | 
+ U(t (t) = — wt 
(1) i(t) R v(t) 
у (7) R 
_ i(t) ^A v(t) = Ri(t) 
Resistor 
il+) dv(t 
+ v(t) i) = c ND 
dt 
v (7) C ШЕ 
_ i(t) ж-2| ко 
Capacitor 
/(?) : | f 
" v(t) ш) = т). 004 
v(t) L 
di 
= i(t) v(t) = Г аш) 
Inductor dt 
x (7) y(t) 
x(t) y(t) = Ax(t) 
Amplifier 
x(t) ЕН y(t) Я 
x(t) y(t) = | x(£)dé 
Integrator 
х(7) y(t) 
p x(t) уй) = + = Т) 
Delay 
X4(7) у(?) 
+ 
+ x(t), x(t) y(t) = x(t) + x(t) 
Х2(7) 
Зиттег 


can be represented mathematically by the operational notation 
y(t) = Тих) 


Similar representations can be given for z(t) and w(t). The nature of the operation 
T{:} depends on the nature of the component or subsystem involved and might be 
a simple scaling or a complicated nonlinear mapping of one function into another. 
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Figure 1-5 Simple electrical system. 


It usually turns out that the transformation 71:) for a block depends on what is 
connected to the input and output terminals of the block. In the mathematical model 
of a system, this effect of loading takes the form of simultaneous equations that 
must be satisfied. The input-output transformations for several ideal electrical com- 
ponents are given in Table 1-1. By means of the component models given in Table 
1-1 and Kirchhoff's laws, it is possible to write a set of equations describing the 
behavior of an electrical network or system. As a simple example, consider the 
network shown in Fig. 1-5. The input signal comes from an ideal voltage source 
U,(t), and the output signal is the voltage v,(t) measured across the capacitor C. 
This network has four nodes, and its performance can therefore be completely 
described by the three equations obtained by conventional nodal analysis using 
U,(t), v(t), and v(t) as the variables. Since U,(t) is assumed known (the input 
signal), there are actually only two unknowns, and the corresponding equations are 


| | 1 1 
Я | ., Ie) — v] 46 + gov) + ре 0 - vO] = 0 — 64) 
dus(t) _ 


7 0 (1-2) 


| 
p, lust) — vo] + С 
2 
Eliminating v(t) from these two equations gives the following single equation 
relating v(t) and v(t). 


RLC а? L\d 
| Б + ic) 5 + (ње + z) = + v3 = у) (1-3) 


where v, is to be taken as u,(t) and о; as 0:(1). Equation (1-3) represents the 
mathematical model of the system of Fig. 1-5. 

As a second example, consider the system shown in Fig. 1-6, which corre- 
sponds to an operational amplifier connected in such a manner as to behave as an 
integrator. The amplifier is assumed to have infinite input impedance, zero output 
impedance, and a voltage gain of —A. It is easily seen from the diagram that 








1 [ 
u(t) = v(t) + 1 |. (6) d + Ri(t) 


о!) = v(t) — Кїї) 
v(t) = —Au,(t) 
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Amplifier 
gain = -A 


Figure 1-6 Operational amplifier used as an integrator. 


After elimination of i(t), the following single equation relating the input signal 
and output signal is obtained: 


dv, 
(A + DRC — + 0, = —Au, (1-4) 


This is the mathematical model of the system. Operation of the system as an integra- 
tor is seen by considering the case of very large gain A, such that A/(A + 1) = 1 
and A > 1. Under these conditions Eq. (1-4) can be approximated as 


dv, 


о, = —RC di 


from which it is clear that the output is proportional to the integral of the input. 

Both of the mathematical models just considered are ordinary differential equa- 
tions with constant coefficients. The analysis of the performance of these systems 
requires that the differential equations of the mathematical models be solved for 
the range of system parameters of interest and the different input signals likely to 
be encountered. It is the study of various methods of carrying out such solutions 
that makes up much of the material in the following chapters. 


Exercise 1-3.1 





Write a differential equation that relates the output y(t) of the system shown to the 
input x(t). 







ANS. dy(t)/dt + y(t — T) = x(t). 
x (7) 
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4-4 SYSTEM CLASSIFICATION 


Before proceeding to more detailed consideration of methods for solving the equa- 
tions corresponding to the mathematical models of systems, it is essential to define 
more precisely some of the terms used in describing and specifying systems. To 
this end it is useful to consider a very general mathematical model that encompasses 
a wide range of systems. Such a model for a system having an input x(t) and output 


y(t) is 
d'y | n—1 y 
a In == dr il. И == di — + + a(t) 2 A aot )y 
m т 1x 
= bt) — T "В А ee тті кала a. = = + bo(t)x (1-5) 


Although it is beyond the scope of this discussion to prove it, Eq. (1-5) is applicable 
to almost all linear systems. Its applicability can be verified easily in any specific 
case. 

The mathematical relationship between the input and output of a system as 
given in (1-5) is not unique unless the time interval of the response is stated also. 
For example, suppose that the system input x(f) is zero for all time prior to some 
time £y. It is possible to find solutions to (1-5) that are not zero for t < tọ. Such 
solutions cannot correspond to the response of a physical system, because no 
physical system can anticipate an excitation and begin to respond before this ex- 
citation is applied. Thus, when (1-5) is used as the mathematical model for any 
physical system, the further condition is imposed that if the excitation x(t) = 
for all г < tọ, then the system response to this x(t) also becomes y(t) = О for all 
t < tọ. With this assumption, the mathematical model ordinarily becomes unique 
in the sense that any specific input signal results in a corresponding unique output 
signal. 

The mathematical model specified by (1-5) expresses the behavior of the sys- 
tem in terms of a single nth-order differential equation. An alternative method of 
expressing the same information is in terms of a set of first-order differential 
equations. This is known as the normal form of the system equations. This method 
has an advantage of notational simplicity (since matrix notation can be employed 
to express the entire set of equations in a very compact form), and it is also the 
form that is most easily extended to systems with many inputs and outputs. How- 
ever, before considering the normal form, some of the nomenclature used in de- 
scribing systems will be discussed in terms of (1-5). 


Order of the system. The differential equation (1-5) is of the nth order, since 
this is the highest-order derivative of the response to appear. The corresponding 
system is said to be of nth order also. 


Causal and noncausal systems. А causal (or physical, or nonanticipatory) 
system is one whose present response does not depend upon future values of the 
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input. As noted previously, this condition is assumed to apply to the system equa- 
tion. A noncausal system is one for which this condition is not assumed. Noncausal 
systems do not exist in the real world but can be approximated by the use of time 
delay, and they frequently occur in system analysis problems. 


Linear and nonlinear systems. The system equation (1-5) represents a linear 
system, since all derivatives of the excitation and response are raised to the first 
power only, and since there are no products of derivatives. One of the most im- 
portant consequences of linearity is that superposition applies. In fact, this may be 
used as a definition of linearity. Specifically, if | 


y(t) 


y(t) 


system response to х (7) 


system response to x(t) 
and if 
ay,() + by,(t) = system response to ax,(t) + bx,(t) 


for all a, b, x,(t), and x(t), then the system is linear. If this is not true, then the 
system is not linear. 

In the case of nonlinear systems, it is not possible to write a general differential 
equation of finite order that can be used as the mathematical model for all systems. 
This is because there are so many different ways in which nonlinearities can arise, 
and they cannot all be described mathematically in the same form. It is also im- 
portant to remember that superposition does not apply in nonlinear systems. 

A linear system usually results if none of the components in the system changes 
its characteristics as a function of the magnitude of the excitation applied to it. In 
the case of an electrical system, this means that resistors, inductors, and capacitors 
do not change their values as the voltages across them or the currents through them 
change. Other electrical devices such as amplifiers, motors, or transducers would 
likewise not change their properties with voltage or current. In all cases, however, 
the concept of linearity is an approximation because any system component will 
change its characteristics if the forces applied to it are large enough. Hence, when 
we speak of a linear system, what we really mean is that with normal input mag- 
nitudes, the system does not change significantly; therefore, linearity may be as- 
sumed, and the methods of linear system analysis may be employed. Just what 
changes are significant and what inputs will produce them are matters of engi- 
neering judgment. | 

There are many devices, such as rectifiers, junction diodes, gaseous conduction 
tubes, and saturating magnetic devices, for which the assumption of linearity is 
not valid for the normal range of excitation magnitude. Usually, if even one such 
device is included in the system, then the system must be treated as nonlinear. 


Fixed and time-varying systems. Equation (1-5), as written, represents а time- 
varying system, since the coefficients a,(t) and b{t) are indicated as being functions 
of time. The analysis of time-varying devices is difficult, since differential equa- 
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tions with nonconstant coefficients cannot be solved except in special cases.’ The 
systems of greatest concern for the present discussion are characterized by a dif- 
ferential equation with constant coefficients. Such a system is known as fixed, time- 
invariant, or stationary. An alternative way of defining a fixed system is to state 
that if excitation x(t) leads to response y(t), then excitation x(t — т) leads to 
response y(t — 7) for any x(t) and any 7. That is, the shape of the system response 
depends only upon the shape of the system excitation and not upon the time of 
application. 

Fixed systems usually result when the physical components in the system, and 
the configuration in which they are connected, do not change with time. Most 
systems that are not exposed to a changing environment can be considered fixed 
unless they have been deliberately designed to be time-varying. A time-varying 
system results when any of its components, or their manner of connection, do 
change with time. In many cases this change is a result of environmental conditions. 
For example, an aircraft flight control system has greatly different parameter values 
at sea level than it has at 40,000 ft because of differences in the air density, and 
a medium-frequency radio communication system changes from day to night due 
to changes in the reflection characteristics of the ionosphere. 

There is an intermediate situation that occurs when the system changes as a 
consequence of switches opening or closing in negligible times. Strictly speaking, 
such a system is time-varying, but in most cases the system analysis can be carried 
out by considering the system to be fixed and by replacing the switches by appro- 
priate voltage or current sources. 


Lumped- and distributed-parameter systems. Equation (1-5) represents а 
lumped-parameter system by virtue of being an ordinary differential equation. The 
implication of this designation is that the physical size of the system is of no concern 
since excitations propagate through the system instantaneously. This assumption is 
usually valid if the largest physical dimension of the system is small compared 
with the wavelength of the highest significant frequency considered. A distributed- 
parameter system is represented by a partial differential equation and generally has 
dimensions that are not small compared with the shortest wavelength of interest. 
Transmission lines, waveguides, antennas, and microwave tubes are typical ex- 
amples of distributed-parameter electrical systems. 

In very large and complex systems, both attributes may exist at the same time. 
This is true, for example, in power systems, telephone systems, and radio commu- 
nication systems in which the terminal equipment is essentially lumped-param- 
eter but the connection between terminals is distributed-parameter. Fortunately, 
the analysis of the various parts of such systems can usually be handled separately. 


Continuous-time and discrete-time systems. Equation (1-5) represents a 
continuous-time system by virtue of being a differential equation rather than a 


'That is, closed-form analytic solutions are usually not possible. Computer solutions for specific inputs 
can almost always be obtained. 
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difference equation. That is, the inputs and outputs are defined for all values of 
time rather than just for discrete values of time. Since time itself is inherently 
continuous, all physical systems are actually continuous-time systems. However, 
there are situations in which one is interested solely in what happens at certain 
discrete instants of time. In many of these cases, the system contains a digital 
computer, which is performing certain specified computations and producing its 
answers at discrete time instants. If no changes (in input or output) take place 
between time instants, then system analysis is simplified by considering the system 
to be discrete-time and having a mathematical model that is a difference equation. 
Discrete-time systems can be either linear or nonlinear and either fixed or time- 
varying. In fact, such systems provide one of the most convenient ways to construct 
a system with a prescribed nonlinearity or time variation. 


Instantaneous and dynamic systems. An instantaneous system is one in which 
the response at time 1) depends only upon the excitation at time 1, and not upon 
any future or past values of the excitation. This may also be called a zero-memory 
or memoryless system. A typical example is a resistance network or a nonlinear 
device without energy storage. If the response does depend upon past values of 
the excitation, then the system is said to be dynamic and to have memory. Any 
system that contains at least two different types of elements, one of which can 
store energy, is dynamic. If the present output can be completely specified by the 
input during a finite period of time, then the system has finite memory. The physical 
construction of continuous-time, finite-memory systems usually requires the use of 
time delay of some sort, whereas discrete-time systems are readily designed for 
either finite or infinite memory. 

Except where otherwise specifically stated, all systems discussed in later chap- 
ters will be assumed to be causal, linear, fixed, lumped-parameter, continuous- 
time, and dynamic. As such, their basic mathematical model is an ordinary, linear 
differential equation with constant coefficients. 


Exercise 1-4.1 





A system is characterized by the differential equation 


d^y(t dy(t dx(t 
eee + 5 0) + y(t) = 3x(t) + ae 
dt^ dt dt 










Classify this system according to the classifications discussed in this section. 


1-5 THE NORMAL FORM OF SYSTEM EQUATIONS 


It is noted in the preceding section that an alternative method of formulating the 
mathematical model for an nth-order system is by means of a set of n simultaneous, 
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first-order differential equations, known as the normal form of the system equa- 
tions. This method is discussed in much greater detail in Chap. 7, but it is useful 
to take one more step in that direction now, in order to use the examples just 
discussed. 

First of all, if there are to be n simultaneous equations, there must also be n 
unknown time functions to be solved for. These unknown time functions are called 
state variables, and a specification of their value at some time instant is the state 
of the system at that instant. The manner in which they vary, as a function of time, 
in response to some excitation provides a description of the system response. The 
output of the system can be represented as some combination of these state variables 
and the system input. 

In an electrical system the state variables may represent voltages and currents 
that occur at various places in the system, or they may be a set of abstract quantities 
that have no physical counterparts in the actual system. It should also be noted 
that there are many different ways in which the state variables can be selected for 
a given system, but that these cannot be selected completely arbitrarily if one wishes 
to use the smallest number of state variables. 

For the general nth-order linear system, let the state variables be designated 


as q(t), g(t), ..., 4,0). If the system has only one input x(t), then a set of 
simultaneous, first-order, linear differential equations can be written in the form 

dq) — 

pon = ay(t)q(t) + а) (Пра!) + +++ + a,,(tq,(t) + b,(t)x(t) 

4401) 

2 = ay (qt) + ара) + +++ + а, (090) + bo(t)x(t) 

t (1-6) 
dq,(t) _ 
^d m а (1041 (1) T а xt )q»(t) Қал Жа а,,(1)4,(1) T b, (t)x(t) 


If there is also a single output y(t), then it often сап be represented as 


y(t) = eq) + ADA) + +++ cq) (1-7) 


However, this may not be adequate for some choices of state variables. Equations 
(1-6) and (1-7), taken together, form a mathematical model for the general, nth- 
order, linear time-varying system and are equivalent to (1-5). If the system is fixed, 
then the coefficients а, (t), БД), and c(r) fori = 1,2,...,n,] = 1,2,..., 
n are constant instead of being functions of time. 

Since the above formulation of the mathematical model appears to be much 
more complicated and much more abstract than that of (1-5), the student may 
question why it is useful. This method is useful for several reasons, and these are 
related to the desire to make the mathematical model as general as possible. Some 
of these reasons are: 


1. Bydefining appropriate matrices, (1-6) and (1-7) can be written in matrix form 
and then applied to systems of all orders with equal ease. Thus, increasing the 
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complexity of the system would not result in a corresponding increase in 
notational complexity. 

2. The same general form of equations can also be applied to many types of 
nonlinear systems. The major differences would be that the right-hand side of 
(1-6) would be a nonlinear rather than a linear function of x(t) and the 4/1). 

3. For time-varying systems, the solution of a set of first-order equations with 
nonconstant coefficients may be more straightforward than the solution of the 
corresponding nth-order equation with nonconstant coefficients. However, in 
either form, only certain special cases can be solved. 

4. If all of the state variables are solved for, then one has a better idea of what 
is going on inside the system than would be available from a solution for the 
output function only. This may be important in determining if any element 
within the system has such large voltages or currents associated with it that 
the assumption of linear behavior is of doubtful validity. 

5. If either analog or digital computer methods are used to determine the system 
response, it is usually more convenient to work with the normal form of the 
equations than with the single nth-order equation. 

6. The same formulation of equations applies to multiple-input, multiple-output 
systems when the normal form is used. 


It is not intended to dwell at length on the state-variable representation of 
systems in this chapter, since it is covered in detail later. The foregoing discussion 
is primarily for motivation, rather than information. These ideas are more fully 
developed in Chap. 7; however, it is desirable to demonstrate at this time that 
different mathematical models can be derived for the same physical system, and 
the examples discussed in Sec. 1-3 are adequate for this purpose. 

It is simplest to consider the operational amplifier of Fig. 1-6 first. From 
(1-4) it is clear that this is a first-order system, and only one state variable is 
necessary. One possibility is to select v,(t) as the state variable, and this is the 
most natural choice. Thus, (1-4) can be written in the form of (1-6) simply by 
transposing one term and dividing through by the coefficient of the derivative term. 
Hence, 


йо) _ a | н 
dt (А + DRC ? 





(t) 01(1) (1-8) 


пи. Жән 
(А + ОКС 
The relationship to (1-6) is made more explicit by noting that 
n= 1 q(t) = v(t) x(t) = v(t) 


| 
(А + DRC 


ЕС. еее 
(А + ОКС 


a(t) = (a constant) 


b(t) = (a constant) 


The corresponding output equation, analogous to (1-7), is 
y(t) = vx) (1-9) 
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where c(t) = 1, a constant. Hence, (1-8) and (1-9) represent another mathematical 
model for the system of Fig. 1-6. 

A somewhat more involved situation results when the simple electrical system 
of Fig. 1-5 is considered. In this case the system is second order, and two state 
variables are required. Although various choices for the state variables are possible, 
it usually proves most practical to use the voltages across capacitors and the currents 
through inductors as the state variables in electrical circuits. Accordingly, let the 
state variables be 


q(t) = i(t) (1-10) 


q(t) = Velt) (1-11) 


For convenience the circuit is redrawn and relabeled in Fig. 1-7. The state equations 
can be written by noting that the voltage across the inductor is L(di,/dt) and the 
current through R, is С(аос/а ). Using these values and summing the currents 
leaving the node of L, R,, and R, gives 


di 1 di 1 
-i (n oS) + (n - 2% ~ ој у = 0 (1-12) 


The other required equation is obtained by summing the voltages around the loop 
containing R,, R,, and C, giving | 


dv | du 


Solving (1-12) and (1-13) for di, /dt and duc/dt gives the desired set of normal 
form equations: 


di, ЕК» Ё, РЕ: "т 
атау Rer ——-—r. = - 
dt LR, + R ^^ ЦК + Ry) L” i 
дос R, | 


-————À i - ——__ 145 
dt (К, + Кус = R + К)с © dim. 
In the present instance the output variable is one of the state variables ос, and 
therefore, no special output equation is required. In order to complete the identi- 
fication of (1-14) and (1-15) with (1-6), the following equivalences should be noted: 





Figure 1-7 Simple electrical system with state variables indicated. 
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n=2 x(t) = v(t) 


“аз” LR, ФЕД "PMT TIR + Ко 
bið = 2 b(t) = 0 [e а MM 
9 = L о бам? = (В, + Rj)C 220) - (К, + РУС 


Hence, (1-14) and (1-15) represent another (equivalent) mathematical model for 
the system of Fig. 1-5. 

In the two examples just discussed, the state variables were apparently selected 
on an arbitrary basis with no consideration given as to whether or not they lead to 
equations of the proper form. In actuality, the selection is not arbitrary, and there 
are rules for selecting state variables in an appropriate manner. Some of these rules 
are discussed in Chap. 7. In order to see the problem more clearly, the student 
should attempt to write normal equations for the system of Fig. 1-5 when the state 
variables are chosen to be the voltages across the two resistors. 

As an example of the conversion between the normal equations and a single 
equation, consider the following set of normal equations: 


dq \(t 
em = q(t) + q(t) + x(t) 
da,(t) (1-16) 
421) _ _ 
di q(t) — q(t) 
and the output equation 
y(t) = 4101) + q(t) (1-17) 


In order to convert this to a single equation relating the input and output, it is 
necessary to eliminate the variables g,(t) and 4-(1) and their derivatives. For time- 
invariant systems this is easily done by using the operator notation p to represent 
differentiation. Equations (1-16) and (1-17) then become 


PQ, = 4 + Ф + X 
Pd» = 4 — 4 (1-18) 
Y=q + Ф 


The independent variable / has been omitted to simplify the notation. These equa- 
tions are readily solved by selectively eliminating q, and q, as follows: 


qi = (p + 1)9 
рр + 04; = (р + 040 + Ф + х 
у = (р + 14 + 4; 


фу = (р? — 2) 'х 
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у = (р + 2)(р? — 2) 'х 
(p^ — 2)у = (р + 2)х 
Converting from the operator notation gives 


dyl) _ _ аҳ) | 
7 2y(t) — d + 2x(t) (1-19) 


Exercise 1-5.1 


Find the differential equation relating the output y(t) and the input x(t) for the 
following system of equations: 


ад (1) _ 

~“ 400) + x(t) 

да (1) _ Е 
а 410) + q(t) — x(t) 


y(t) = qu) — q(t) 


ANS. d*y/dt? — dy/dt — y 
= 2 dx/dt — 3x. 





1-6 DISCRETE-TIME SYSTEMS AND DIFFERENCE EQUATIONS 


The study of discrete-time systems has become especially important in recent years 
because of the advent of the digital computer and of various related techniques 
using samples of continuous-time signals rather than the signals themselves. One 
very direct application of discrete-time analysis techniques is in the approximate 
solution of differential equations by computer simulation. In such cases derivatives 
are approximated by finite differences of the form 


ду _ y(t + At) — уй) 


dt At wen) 


where Аг is a suitably chosen small time interval. A first-order differential equation 
of the form a,(dy/dt) + а-у(1) = bx(t) can then be written as 


y(t + At) — y(t) 
Рр. Ји 7 БР. 7. 


| Ag + а,у(і) = bx(t) (1-21) 


Starting with an appropriate set of initial conditions, the solution for subsequent 
times can be computed by repetitive applications of (1-21). If At is selected to be 
sufficiently small, good results can be obtained in this manner. 

Difference equations can also arise directly from the mathematical model of a 
system. Figure 1-8 shows a simple digital filter in which each input sample 
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y(nt) 


Figure 1-8 Simple discrete system. 


x(n At) is added to a delayed sample of the output and the sum is multiplied by 
the factor a. The mathematical relationship between the output and input is readily 
found to be 


y(nAt) = a[x(nAt) — y(nAt — Ап )] (1-22) 


Taking the clock period Аг to be unity, for convenience, this can be expressed as 
a first-order linear difference equation. 


y(n) + ay(n — 1) = ax(n) (1-23) 


The solution of difference equations parallels that of differential equations and 
involves both a complementary and a particular solution corresponding to the com- 
plementary function and particular integral encountered in ordinary differential 
equations. The input x(n) determines the particular solution, whereas solution of 
the homogeneous equation [that is, x(n) = 0], along with the initial conditions, 
determines the complementary solution. Methods appropriate to the solution of 
difference equations are discussed in Chaps. 4 and 6. For the present it is sufficient 
to examine briefly the solution of the difference equation (1-23) and to note the 
similarity to solutions of comparable differential equations. 

A straightforward solution to (1-23) can be obtained by starting from a known 
state of the system (that is, the initial conditions) and then iteratively computing 
succeeding values of the variables from (1-23). In order to do this, the inputs as 
well as the initial conditions must be known. Let the input be 


0 nzo 
x(n) — 
| s 


and let the initial condition be that y(0) = 0. у(п) can be computed directly from 
(1-23) to give 


у(0) = 0 
уд) =a 
y(2) = a(1 — a) 


у(3) = a(l — a + а?) 


y(n) = a[l — a + а: — +++ + (= 1)" а" 1] 
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Figure 1-9 Response of a discrete system to a step input. 


This is seen to be a geometric progression and can be summed to give 


(п) = —— [1 = (-a)"] 
y(n) = 1 a 





The operation of the system is seen to be quite different for different values of a. 
For example, when а is less than — 1, the output continues to increase in magnitude 
and for very large n is given by 


y(n) = —— — la" п large 


For —1 < a < 1 the system output converges to 





y(n) = n large 


С 
та 
For а > 1 the output becomes oscillatory and reverses sign at the output from 
sample to sample; y(n) for this case is given by 


y(n) = a 1)"*'a" п large 
6 | Фа 


The behavior of y(n) for three values of a is shown in Fig. 1-9. The responses 
shown in Fig. 1-9 indicate clearly that this system behaves in an unstable manner 
for large positive and negative values of the gain constant a. 


Exercise 1-6.1 


For the discrete system of Fig. 1-8 with a unit step input, evaluate and sketch the 
output y(n) fora = —3,a = 0. 


ANS. (1 — 2")/2"; 0. 
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INITIAL CONDITIONS 


The specification of a mathematical model for a system is the first step in carrying 
out any problem of system analysis, but it is not sufficient. It is also necessary to 
specify the conditions of energy storage within the system at the time the input 
signal is applied. There are various ways in which these initial conditions may 
have been arrived at, but as far as system analysis is concerned, it makes no 
difference. The effect of any set of initial conditions is exactly the same, regardless 
of how they came into being. A viewpoint that is consistent with the concept that 
only causal systems can exist is that the initial conditions were established by 
previous inputs, possibly so far in the past that equilibrium conditions have been 
established. 

There are a variety of ways of incorporating the initial conditions into the 
calculation of system response, and it is difficult to single out any one procedure 
and state that it will always be the easiest one to use. The following procedures 
are in common use, and each has certain advantages to recommend it: 


1. Probably the most basic procedure is to employ the concepts of superposition 
and the foregoing concept of how initial conditions are established. Because 
of superposition, the system response to the past inputs that established the 
initial conditions and the system response to the desired present input can be 
added directly for all time. Therefore, the system can be analyzed by assuming 
that all initial conditions are zero and then adding the response due to the 
initial conditions to the result. This method is particularly convenient when 
the system configuration is known. 

2. When the mathematical model for the system is in the form of an nth-order 
differential equation, as in (1-5), an appropriate method of specifying initial 
conditions is to give the value of the output signal and n — 1 of its derivatives 
at the time the desired input signal is applied. This procedure must be used 
with care when the mathematical model involves derivatives of the input sig- 
nal, but when properly applied, it is probably the easiest one to use in this 
case. 

3. When the mathematical model is given in terms of the normal equations, the 
appropriate procedure is to specify the values of the state variables at the time 
the desired signal is applied. As will be seen in Chap. 7, this form of initial 
conditions arises quite naturally in the solution of the normal equations. 


Although concrete examples might be desirable to illustrate these procedures, 
they are not needed to achieve the objectives of the present chapter, since solutions 
for the mathematical models are not being sought. Further discussion is deferred, 
therefore, until specific systems are considered in the following chapters. 


1-8 SIGNAL REPRESENTATION 


Now that some methods of representing a linear system by means of a mathematical 
model have been discussed, it is necessary to consider mathematical models that 
can be used to describe the input and output variables in a quantitative manner. 
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For much of the discussion that follows, the major reason for representing 
signals by mathematical models is to be able to carry out system analysis under 
specified conditions that are of practical importance. There are, however, other 
reasons for being interested in signal representation that may be equally important 
in the long run. For example, in many systems studies, the important aspect of a 
signal is the information that it carries and not its energy or average power. This 
is because most signals are used to represent some other physical quantity such as 
force, distance, pressure, temperature, angle, and time. Not all signal forms are 
equally efficient for such a representation, and not all mathematical models for the 
signal are equally useful in making the information content evident. Thus, while 
any valid mathematical model for the signal could be used to carry out the system 
analysis, some models might be more useful than others in describing the 
information-bearing aspects of the signal. 

Another important reason for studying different mathematical models for sig- 
nals arises in connection with signal design. In the design of systems to accomplish 
specific tasks, one frequently has the option of specifying the forms of the signals 
to be used. It is desirable to be able to select those forms that are best, as judged 
by an appropriate performance criterion. In such cases it is usually necessary to 
impose some limitations on the signal in terms of duration, bandwidth, average 
power, peak power, or some other constraint dictated by the physical situation. 
The ability to represent signals by a variety of mathematical models is a vital aid 
in carrying out the actual problem of signal design under these conditions. 

A final reason for studying signal representation is the physical insight that 
such a study provides. This insight is essential for both the system analyst and the 
signal designer because it provides a viewpoint that greatly simplifies thought 
processes and thereby increases the generality with which problems can be attacked. 
There are a number of relatively simple concepts, such as orthogonality, signal 
dimensionality, and time-bandwidth product that lead to useful approximations of 
signal capabilities but can also be made mathematically precise. Thus, the engineer 
has at his disposal some rules of thumb to use for preliminary judgments, which 
can also form the basis of an exact analysis. The importance of being able to 
predict what is feasible and what is not can hardly be overemphasized, since without 
this a great deal of painstaking, exact analysis would be wasted on exploring 
unprofitable approaches. Indeed, the development of this type of insight may well 
be the most important reason for studying signal representation. 

A signal is a function of time, and a mathematical representation of this func- 
tion is necessary to be able to carry out any type of system analysis. The most 
general representation is by means of an abstract symbol, such as x(t), and many 
general analytical results can be obtained without resorting to more specific rep- 
resentations. For example, the mathematical model for a linear system can be 
obtained by representing the input and output signals by abstract symbols. This is 
possible because the system characteristics do not depend in any way upon the 
explicit form of the signals. 

It is clear, however, that such an abstract representation is not quantitative; 
that is, it does not specify the numerical value of the signal at any instant of time. 
In order to be able to specify such values, it is necessary to represent the signal in 
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terms of one or more explicit functions of time whose numerical values are exactly 
defined for all instants of time. 

It should be recognized that any quantitative representation of a real signal is 
necessarily an approximation. The actual variation of signal amplitude with time 
is so complex that it can never by represented exactly by any finite number of 
explicit time functions. When the signal waveform is intended to have a simple 
form, such as an exponential or sinusoid, the approximation may be very good, 
but in more general cases the approximation usually leaves a significant error. The 
problem of deciding how good an approximation must be to obtain meaningful 
results in any specific application of system analysis calls for the exercise of en- 
gineering judgment. 


1-9 CLASSIFICATION OF SIGNALS 


Before some of the more useful methods for representing signals explicitly are 
discussed, it is desirable to consider some of the various classes of signals that will 
be of importance. The most useful method of signal representation for any given 
situation depends upon the type of signal being considered and the proposed utili- 
zation of the signal. There are many different ways in which signals can be sepa- 
rated into categories, and only a few of the more important ones are discussed 
here. 


Periodic and nonperiodic signals. A periodic signal is one that repeats the 
sequence of values exactly after a fixed length of time known as the period. More 
precisely, a signal x(t) is periodic if there is a number T such that 


x(t) = x(t + T) (1-24) 


for all т. The smallest positive number 7 that satisfies (1-24) is the period, and it 
defines the duration of one complete cycle. The fundamental frequency of a periodic 
signal is 


fo = = (1-25) 

A nonperiodic, or aperiodic, signal is one for which no value of T satisfies 
(1-24). This is an extremely important class of signals that must include all actual 
signals (since they must start and stop at finite times). It will be shown later, 
however, that even nonperiodic signals can be represented in terms of periodic 
ones; thus, from the standpoint of the mathematical representation of signals, the 
periodic class undoubtedly has the greatest theoretical importance. 

Typical examples of periodic signals are the sinusoidal signals used in power 
systems and for some types of system testing, and periodically repeated, non- 
sinusoidal signals such as the rectangular pulse sequences used in radar and the 
sawtooth waveform used as a time base in oscilloscopes. In almost all such cases 
it is possible to write an explicit mathematical expression for the periodic signal 
involved. 
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Typical nonperiodic signals include speech waveforms, transients due to 
switching, and random signals arising from unpredictable disturbances of all kinds. 
In some cases it is possible to write explicit mathematical expressions for nonper- 
iodic signals, and in other cases it is not. 

Another class of signals represents a borderline case between periodic and 
nonperiodic signals. These almost-periodic signals are actually the sum of two or 
more periodic signals having incommensurate periods. The resultant signal is non- 
periodic since no Т will satisfy (1-24), but the signal has many of the properties 
of periodic signals and can be represented by a finite (or countably infinite) number 
of periodic signals. The almost-periodic signal arises in the analysis of certain types 
of communication systems. 


Random and nonrandom signals. Another method of classifying signals is 
based on whether there is any randomness associated with them. This is a rather 
subtle point that cannot be discussed in detail here. For the time being, it is 
sufficient to state that a random signal is one about which there is some degree of 
uncertainty before it actually occurs. This terminology is most often applied to 
signals that are random functions of time in the sense that their magnitude varies 
in an erratic and unpredictable manner. For example, the output of a radio receiver 
responding to atmospheric disturbances, manmade interference, and internal noise 
sources will have such a random behavior. If future values of the signal cannot be 
predicted, even after observation of past values, then it is not possible to write an 
explicit mathematical expression for the signal. 

It is possible, however, to have random signals that have a great deal of 
regularity and whose future values can be predicted, once the past values are 
observed. For example, a sinusoid, whose phase is unknown before it is observed, 
can be considered random if the particular phase that actually occurs is purely a 
matter of chance. Once it has been observed for a sufficient period of time, the 
phase is known, and all future values can be predicted. Random signals of this 
type can be represented by an explicit mathematical expression, and the randomness 
is associated with the parameters of the representation. 

A nonrandom signal is one about which there is no uncertainty before it occurs, 
and in almost all cases an explicit mathematical expression can be written for it. 
All of the signals considered in this book are nonrandom to avoid the subtleties 
that would otherwise confuse the basic concepts. 


Energy signals and power signals. For electrical systems, the signal is usually 
a voltage or a current. The energy dissipated by a voltage in a resistance during a 
given time interval 1, to t; is simply 





I? 9 

"(Uu 

E = | р ) dt watt seconds (1-26) 
| 


For a current, it would be 


12 
Е = | Ri*(t) dt watt seconds (1-27) 
1 
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In each case the energy is proportional to the integral of the square of the signal. 

It is often convenient to talk about the energy “оп a one-ohm basis.’’ For this 
case, the R in (1-26) апа (1-27) becomes unity, and the equations assume the same 
form. Because of this convenience, it has become customary to speak of the ‘‘en- 
егеу” associated with any signal x(t), regardless of units, as 


Е = | | x*(t) dt (1-28) 


ty 


despite the fact that this does not appear to be dimensionally correct. This causes 
no confusion if it is remembered that equations of this type implicitly contain a 
“1” with the appropriate dimensions. This convenient practice will be followed 
here and in subsequent chapters. 

An energy signal is defined here to be one for which (1-28) is finite, even 
when the time interval becomes infinite. Specifically, if x(t) satisfies the condition 


|. x(t) dt < o (1-29) 


it is said to have finite energy and will be called an energy signal. Specific examples 
of energy signals are decaying exponentials and exponentially damped sinusoids 
(in the semi-infinite interval 1 > 0), rectangular pulses, or any signal that is nonzero 
in a finite time interval only and finite within that interval. 

However, there are many interesting signals that do not satisfy (1-29). Ex- 
amples include all periodic signals and many aperiodic signals as well. In these 
cases it is often more appropriate to consider the average power of the signal. 

The average power associated with (1-28), for example, is simply 





1 ж 
Р = | x*(t) dt (1-30) 
Г, m li d 

where, as in (1-28), this computation of power is understood to be on a one-ohm 

basis. If this remains greater than zero when the time interval becomes infinite, 

then the signal has finite average power and will be called a power signal. More 
specifically, a power signal satisfies the condition 

| (^ 

0< lim = ^(f) dt < о 1-34 

Ті->> 2Т, =f " ( ( 

Upon comparing (1-29) апа (1-31), it is clear that an energy signal has zero 

average power and a power signal has infinite energy. Thus, a signal may be 

classified as one or the other but not both. There are, of course, some signals that 

may not be classified as either, since both the energy and average power may be 

infinite. The signal 


x(t) =e “ —d С р 00 


is an example of this. 
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Exercise 1-9.1 

State if each of the following signals is periodic or nonperiodic and if it is an 
energy signal or a power signal. Calculate its energy or average power. 

a. x(t) = sin t cos 1071 

b. x(t) = 20е l cos 2007t -о<і<о 


ANS. Nonperiodic, nonperiodic, 
power, energy, 0.25, 20.5. 
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It is noted in Sec. 1-8 that in order to have a quantitative description of a signal, 
it is necessary to represent the signal in terms of explicit time functions whose 
numerical values are exactly defined. There are, of course, a great many ways in 
which this representation might be realized, even for the same physical signal. The 
choice of any particular method is usually motivated by mathematical convenience, 
ease of visualization, or specific application. 

Mathematical convenience usually dictates that a signal x(t) be represented as 
a linear combination of a set of elementary time functions. These elementary 
functions, usually called basis functions, are selected to have certain convenient 
properties that are discussed later. The signal representation can be formulated in 
a very general way by using an abstract notation for the basis functions. This 
general formulation can be employed to indicate desirable characteristics for the 
basis functions. It will then be possible to consider some specific types of basis 
functions within the same mathematical framework and thus achieve a degree of 
versatility that would not be possible if the specific types were considered separately 
and independently. 

Accordingly, let the set of basis functions be designated as ф_ (1), ..., 
p(t), Pilt), Polt), Ф101), Ф(0),.... y(t), where N may be infinity in some 
cases, and write the linear combination of these as 


N 
x(t) = > aht) (1-32) 
п= —N 

The use of both positive and negative integers for indexing the basis functions is 
an arbitrary choice. In some cases, examples of which are shown later, only positive 
integers are employed. The problem of selecting the best set of basis functions 
o, (1) for a given application and of determining the corresponding coefficients а, 
has not been solved in general. Instead, a great many specific results are available 
for functions that have specific properties, and these serve as an aid to making an 

appropriate selection in any given case. 
One property that is desired for a set of basis functions is known as finality of 
coefficients. This property allows one to determine any given coefficient without 
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needing to know any other coefficient. Stated another way, more terms can be 
added to the representation (to obtain greater accuracy, for example) without mak- 
ing any changes in the earlier coefficients. To achieve finality of coefficients, it is 
necessary that the basis functions be orthogonal over the time interval for which 
the representation is to be valid. 

The condition for orthogonality of basis functions requires that for all k, 


із 0 Ез п 
| | p (tp; (t) dt = 0 (1-33) 


k К = п 


where фу (г) is the complex conjugate of @,(t) and the A, are real. For real basis 
functions this becomes 


É 0 Кз п 
| o, (OP 1) dt = | (1-34) 
п А, k—n 
If the A, = 1 for all К in (1-33) and (1-34), the basis functions are said to be 
orthonormal. The limits of integration in (1-33) or (1-34) can define either a finite 
interval or an infinite (or semi-infinite) interval, depending upon the nature of the 

problem. 

In order to demonstrate how the coefficients can be determined, multiply both 
sides of (1-32) by $t). for any J, and integrate over the specified interval. This 
gives 


l5 N 
| ФИ) | 2, zl dt 


Qa = 


| | ФУ(Уха) dt 


N t; 
2, а, | | фу @)фФ„(@) dt (1-35) 


п= — 


From the orthogonality condition of (1-33), this equation may be written as 


| p (t)x(t) dt = aj, 


since all the terms on the right side of (1-35) will be zero except for n = j. Thus, 
the coefficient a; may be expressed quite generally as 


a; — > | | p (t)x(t) dt (1-36) 
J 


when the basis functions are orthogonal. For real basis functions the same equation 
is of course valid since a real function is just a special case of a complex function 
that is equal to its own complex conjugate; i.e., фї) = $5). When the basis 
functions are complex, e.g., a complex Fourier series representation, it is very 
likely that the coefficients a; will be complex also. However, when the summation 
of (1-32) is carried out to obtain the representation, it will be found that for real 
signals (as all physical signals must be) the imaginary terms will always cancel. 
It is of great practical utility to note that the energy or average power of a 
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signal can be expressed in terms of the coefficients of the orthogonal representation. 
To see this, consider the energy of the signal x(t) in a finite time interval as given 
by 


15 15 М 
E = | x) dt = | x(t) 2, a,b, (t) dt (1-37) 
ti ti N 


nme 


I5 


N 2 
2, а, А x(t)h,(t) dt (1-38) 


п= – М 


Now it is seen that, assuming x(t) is real, the integral in (1-38) is A, times the 
complex conjugate of (1-36). Therefore, 


N 


N 
E = 2, a,A а" = 2; А јал |“ (1-39) 
М 


МЫ! мый)! 
п= – М п= — 


For the case of real basis functions this becomes 


N 
к= > A (1-40) 
п--/М 
Since A, is the energy in the nth basis function, each term of the summation in 
(1-39) or (1-40) is simply the energy associated with the nth component of the 
representation. Thus, (1-39) and (1-40) state that the energy of a signal is the sum 
of the energies of its individual orthogonal components, regardless of what form 
they may have. This is one form of a quite general theorem that is usually referred 
to as Parseval' s theorem. 

The discussion so far has been so general as to give no clue to desirable types 
of functions to use as basis functions. Even the requirement of orthogonality is not 
very restrictive, since a great many different classes of functions can be made 
orthogonal over some interval by suitable definitions. To a large extent, the choice 
depends upon the eventual use that is to be made of the signal representation. When 
the application is linear system analysis, as it will be here, the sinusoidal functions 
are extremely useful because they remain sinusoidal after the various mathematical 
operations that are needed in such an analysis are performed. Specifically, the sum 
or difference of two sinusoids of the same frequency is still a sinusoid, and the 
derivative or integral of a sinusoid is still a sinusoid. These properties, combined 
with the superposition properties of linear systems, imply that representing a signal 
as a sum of sinusoids may be a very convenient technique. This method is widely 
used and can be applied to both periodic and aperiodic signals. It is discussed in 
detail in Chap. 3. 

Before leaving this general discussion of signal representation to consider some 
specific cases, it is instructive to discuss another property of orthogonal functions 
that is very useful in many situations. This property has to do with the accuracy 
of the representation when not all of the terms needed for an exact representation 
can be used. In almost all cases the value of N in (1-32) required for an exact 
representation will be infinity, but the values of a, tend to become smaller as л 
becomes large. Since it is not possible to use an infinite number of terms in any 
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practical situation, the series must be terminated after some finite number of terms, 
and the resulting expression is an approximation to x(t). Thus, the approximation 
X(t) may be expressed as 

M 


£0 = У, Gyo, (0) (1-41) 
= 
where the value of М is determined by practical computational considerations, and 
the а, are yet to be determined. 

The practical question that now arises is how to select the coefficients à, so 
that for a given finite М the approximation Х(1) is as close as possible to the true 
value x(t). It is still possible to use (1-36), of course, but it was derived to ensure 
finality of coefficients, and the matter of accuracy of the representation was not 
considered. Is it possible to find another set of coefficients that may be more 
difficult to obtain but yields a better approximation? The answer to this question, 
fortunately, is “по.” 

In order to investigate this statement, it is necessary to have some measure of 
the closeness of the approximation. One measure that is frequently used is the 
integral of the square of the differences between x(t) and X(t). This quantity, called 
the integral squared error, is given by 


Vw ғ " 
А r7N % әк _ 4 2 

ө i N Қы [ = | | ха) — (0p? dt (1-42) 
and is zero only when X(t) = x(t). Otherwise, it is always positive, and the smaller 
it is, the better the approximation. 

In connection with this integral squared error, it should be mentioned that it 
is usually applicable only when x(t) is an energy signal or when x(t) is periodic. 
If x(t) is an energy signal, then the limits of integration may extend from — ^ to 
+æ. When x(t) is periodic, then 1, — 1, is usually chosen to be equal to the 
period 7. 

The coefficients à,, whose optimum values are being sought, may be intro- 
duced into (1-42) by using (1-41). For real basis functions, the integral squared 
error becomes 

2 


t> M 2 
I -| С ЕЕ > ГІ dt (1-43) 
£ M 


l n=— 


It is now desired to find the set of coefficients а, that will make the integral have 
its minimum value. 

Various methods might be employed to minimize /. A straightforward proce- 
dure would be to differentiate / with respect to each of the coefficients and set 
these derivatives equal to zero. It could then be shown that the resulting values of 
â, do, in fact, lead to a minimum rather than a maximum. An alternative procedure, 
which is followed here, is to rearrange the terms in (1-43) in such a way that the 
result becomes obvious. 

If the squared term in the integrand of (1-43) is expanded, then / may be 
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expressed as 


із М М 
І = | Б (t) = 2x(t) У дф) + > ОВ Уа й 


l n= М n= — 


Interchanging the sequence of integration and summation and writing the integrals 
separately, this equation becomes 


із М із 
ј= | x(t) dt - 2 У â, ЕТІ dt + У Y 4,4, | p (Oplt) dt 


| п--М п--М k= 
(1-44) 


It may be noted that the first integral does not depend upon а, at all, and, hence, 
for purposes of minimizing /, it can be replaced by a constant, say K. The second 
integral is, from (1-35), simply the previous coefficient a, multiplied by A,. From 
the orthogonality condition (1-34), the last integral is zero when л 7 k and A, 
when n — k. Then (1-44) may be written as 


M 
Fu - 2 Y 4,а nA n T 2, А (1-45) 
п= — п--М 
(Note that the double summation in the third term is no longer needed since only 
the terms for n = k remain.) 
Equation (1-45) can now be rewritten by adding and subtracting terms involv- 
ing А,а2. Thus, 


I Р К Е y Лаз + У А,(а, m ay (1-46) 


n= -M n= -M 


A 


It is now clear that the quantity being sought, â„, appears only in the term 
(а, — 4,) and that this term can never be negative. Hence, / will have its minimum 
value when the term is as small as it can be (which is zero), and this condition 
occurs when 


n= —M,...,—2, —1,0,1,2,...,M 


From this result it may be concluded that the previously defined coefficients are 
also the best ones from the standpoint of minimizing the approximation error when 
only a finite number of terms is used. Although only real basis functions were 
considered in reaching this conclusion, the same result can be obtained for complex 
basis functions. Thus, the use of orthogonal basis functions is not only convenient 
from the standpoint of finality of coefficients, but these same coefficients also 
minimize the integral squared error of the representation. Because of the ease of 
computing the coefficients, orthogonal basis functions are almost always employed 
whenever a series representation of the type given by (1-32) is used. 

It is also interesting to note that the foregoing results can be used to determine 
the goodness of the approximation for any value of M or the value of M needed 
to obtain any approximation of a given quality. The constant K is, from Parseval's 
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theorem, simply the energy Е of the actual signal in the time interval from 1, to 
t». Similarly, 1 can be interpreted as the energy associated with the error in the 
approximation in the same time interval. The ratio of this energy to the signal 
energy can be obtained by dividing both sides of (1-46) by Е. Since the last term 
of (1-46) is zero, this ratio becomes 


error ener АЕ 
км А = | -- -- > À a? (1-47a) 
signal energy Elya | 
For complex basis functions (1-47) becomes 
| бом 
Тм = L = 2, Аа? (1-47b) 
E п--М 


Note that ту must Пе between 0 and 1 so that its actual value gives a realistic 
impression of the goodness of the approximations. 

If the basis functions are such that 

lim ny = 0 all x(t) 

М->> 
then the set of basis functions is said to be complete. It is possible to test any set 
of basis functions to determine if it is complete, but these tests are beyond the 
scope of the present discussion. It is assumed that all basis functions discussed in 
the following sections are complete. 

The significance of having a complete set of basis functions is that the error 
in the approximation can be made arbitrarily small by making M sufficiently large. 
There may not always be a straightforward method of determining the size of M 
required to achieve a given accuracy, but it can be determined by trial and error 
if necessary. In some cases a direct solution is possible, as illustrated by the 
following exercise. 


Exercise 1-10.1 
In a given real signal representation problem it is found that A, = 4 and а: = 
2-4 n :0.1,2.,.... 
a. Find the signal energy E. [Hint: Use the binomial theorem on (1 — x) '.] 
b. Find value of ny for M = 2 and 10. 
c. Find the value of M for which yy = 1006. 
ANS. 2.38 x 1077, .0156, 5.33, 
4. 


(Note: In this and other exercises, answers may not be given in the same order as 
the questions, in order to provide an additional challenge.) 
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144 AN EXAMPLE: WALSH FUNCTIONS 


A set of basis functions that is particularly easy to handle consists of mutually 
orthogonal rectangular waveforms that exist in a finite time interval. These basis 
functions are usually referred to as Walsh functions and have considerable practical 
use in performing digital operations on signals. A set of Walsh functions that is 
both orthonormal and restricted to the time interval from 0 to 1 is shown in Fig. 
1-10. Other time intervals can be obtained by suitable translation and time-scaling. 
Since each function has only two possible values ( + 1 and - 1), they are generated 
readily with digital circuitry, and the formation of products is extremely simple. 
It is clear from Fig. 1-10 that 


1 0=1=1 
Ф001) = 


0 elsewhere 


and that this waveform satisfies the condition for unit energy (that is, ortho- 
normality). Other waveforms in the set can be found one at a time by using the 
conditions for orthonormality. This procedure, which is usually referred to as a 
Gram-Schmidt procedure, can always be used to find successively higher orders 
of basis functions, although it is usually not as simple as in this particular case. 
However, this simple situation is a good one to illustrate the use of a powerful and 
important technique. 

In order to obtain ¢,(t), it is only necessary to find a function that satisfies the 
two equations resulting from orthonormality; that is, 


1 
|, диод а = о 





Figure 1-10 Walsh functions indexed according to the number of zero crossings. 
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l 
| Ф) dt = | 


It is evident that this will be true if 


| 0=1<% 
b(t) = 1 
=] s<t= ] 


The next basis function, Ф-(1), must satisfy three equations: 


| 

| Фо(1)ф-(1) dt = 0 
1 

| b(t)d(t) dt = 0 


| 
| p(t) dt = 1 


It is clear that the waveform for Ф-(1) shown in Fig. 1-10 satisfies these three 
equations. This procedure can be continued in the same fashion by noting that for 
any ġ,(t) there will be k + 1 equations that must be satisfied. The student should 
verify that Ф,(1) and Ф,(1) satisfy all conditions of orthonormal basis functions. 

Having obtained a set of basis functions, it is now appropriate to use them to 
represent some time function. Suppose that the desired time function 15 


6t OSI 
x(t) = 
0 elsewhere 


Since A; = | for all j, the first coefficient ао is given by (1-36) for real f(t) as 


1 
ар = | (D6t dt = 3 


Similarly, the second coefficient, a,, becomes 
1/2 | 3 
а, = | (1)6t dt + |, сое dt = 75 


In a like manner it can be shown that 


а; = 0 a, = 0 ај = -$ 
The approximate mathematical expression for x(t) may now be written as 
ха) = 3ф() - 290) — 1Ф() — ФАО — c 


The approximate representation for these four terms is shown in Fig. 1-11 along 
with the true time function. 


Ко 
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Figure 1-11 Representation of a linear function by Walsh functions. 


It is also interesting to use (1-47) to compute the fractional squared error in 
the approximation. The energy Е of the true signal is 


| 
Е = | (6t) dt = 12 


Since А, = 1 for all z, and М = 7 in this case, (1-47) becomes 
7; = 1 = 9) + (—2)? + (4)? + (– 8)7] = zio 


It is clear from this result that although the approximation looks fairly crude when 
presented graphically, the fractional squared error is really quite small. A little 
thought will also reveal that one more term in the approximation will cut the 
maximum error in half and reduce the fractional squared error by a factor of 4. 
Considerations of this sort are of great value in enabling the engineer to estimate 
the number of terms required to obtain a desired accuracy in any signal approxi- 
mation problem. 





Exercise 1-11.1 





It is desired to represent the function 









x(t) = sin ті Os fs I 
by Walsh functions. For this representation find: 
a. The coefficients ао, а), and a, 
b. The fractional error 7, 


ANS. — 0.264, 0, 0.049, 0.637. 
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1-12 SINGULARITY FUNCTIONS 


There is a class of elementary signals whose members have very simple mathe- 
matical forms but are either discontinuous or have discontinuous derivatives. Be- 
cause such signals do not have finite derivatives of all orders, they are usually 
referred to as singularity functions. Two of the most common singularity functions 
are the unit ramp function and the unit step function, as shown in Fig. 1-12. 

Although signals such as these are mathematical idealizations and cannot really 
occur in any physical system, they serve several useful purposes for system anal- 
ysis. In the first place, they serve as good approximations to the signals that actually 
do arise in systems when switching operations take place. Secondly, their simple 
mathematical forms make it possible to carry out system analysis much more easily 
than could be done with more complicated signals. Furthermore, many complicated 
signals can be represented as sums of these elementary ones. Finally, they can be 
approximated easily in the laboratory, so one can determine experimentally whether 
a given system behaves the way the mathematical analysis says it should. 

Тһе unit ramp function, designated as r(t), is defined to start at г = 0 and to 
have unit slope thereafter. Hence, it may be represented mathematically as 


t ї > 0 
r(t) = | (1-48) 
0 1< 0 


If a slope other than unity is desired, it is necessary only to multiply by a constant. 
Thus for b > 0, the function br(t) is a ramp having a slope of b. An alternative 
way of changing the slope is to change the time scale of the argument. Since r(t) 
has unit slope, its value must be unity whenever the argument is unity. Thus, both 
br(t) and r(bt) represént ramps with slopes of b(b > 0). 

The unit step function, designated as u(t), is defined to be zero before zero 
time, and unity thereafter. Thus, it may be represented mathematically as. 


| ї > 0 
ШҰ) = | (1-49) 
0 t 0 


It may be noted that the unit ramp function is just the integral of the unit step 
function; that is, 





(a) (b) 


Figure 1-12 Examples of singularity functions. (a) Unit ramp function. (b) Unit step 
function. 
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Figure 1-13 Some translated singularity functions. (a) Step function translated to right. 
(b) Step function translated to left. (c) Translated ramp function. 


r(t) = | u(A) ал (1-50) 


It is also true that at all times except / = 0, where a unique derivative does not 

exist, 

_ ага) 
dt 





u(t) 15 0 (1-51) 
A step change of value other than unity сап be obtained by multiplying by a соп- 
stant. Thus, си(1) is a step change of magnitude с. There is no time scale change 
that will accomplish the same result. 

All of the singularity functions just discussed were assumed to start at г = 0. 
It is often necessary to consider other starting times, and this can be done by 
translating the argument of the function in time. Thus, u(t — a) is zero whenever 
t — а is negative, is unity when ¢ — a is positive, and represents a step starting 
att = a. Some examples of translated functions are illustrated in Fig. 1-13. 

By using combinations of ramps and step functions, it is possible to represent 
many other types of functions. For example, a rectangular pulse can be represented 
as the difference between two step functions occurring at different times. This is 
illustrated in Fig. 1-14. A widely used pulse of this type is a unit amplitude, unit 
area pulse that is symmetrically located about the origin. Such pulses are referred 
to as rectangle functions, rect(t), and are defined as 


А: 


rect(t) = u(t + 3) — u(t — 5) = (1-52) 


je, 
CS — 

~ ~ 
М И 
бујне Nl 





(a) (b) 


Figure 1-14 Two steps combining to form a rectangular pulse. (a) Step-function components. 
(b) Resulting pulse function. 
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rect( /) 
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Figure 1-15 The function rect(t) and its application in representing other 
rectangular-shaped pulses. 


x(7) 


— 





(a) (b) 


Figure 1-16 (a) Finite ramp. (b) Its components. 





Figure 1-17 A composite waveform. 


By appropriate scaling and translation, this function can be used to represent rec- 
tangular pulses of any amplitude, position, or duration. Several examples are il- 
lustrated in Fig. 1-15. 

As another example, consider the finite ramp function shown in Fig. 1-16a. 
Fig. 1-16b shows the two ramps whose difference will yield the finite ramp. Thus, 
a mathematical representation for this finite ramp is 


x(t) = r(t) — r(t — 1) (1-53) 


As a final example of a more complicated waveform, consider the time function 
shown in Fig. 1-17. It is left as an exercise for the student to show that this time 
function can be represented by 


HO = — С + 1) + 280) — rit — 2) — ut — 3) (1-54) 
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Exercise 1-12.1 





Sketch the following time functions: 









а. u(cos t) b. rect (21) 


e. ul — i) d. u(t)u(1l — t) 


— b 
f. a rect ( | 
C 





м 
м 


е, Zrect —1 
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There is another singularity function, known as the impulse, or delta, function, 
that is of such great importance in system analysis that it is considered separately. 
This is not a well-behaved function in the sense that an explicit mathematical 
description can be written for it. Nevertheless, it has some well-defined properties 
that provide the best way of describing it. Before we discuss these properties, 
however, it may be helpful to discuss the impulse from an intuitive standpoint. 

The intuitive interpretation of an impulse is that it is an idealization of a very 
narrow pulse with a finite total area. For convenience, the area is usually taken to 
be unity. A nonmathematical approach to this interpretation, which emphasizes its 
relationship to the step function, can be developed by considering the finite ramp 
function and its derivative. The particular forms of these functions that will be used 
for this discussion are shown in Fig. 1-18. It is evident that the finite ramp function 
f(t) approximates a step function when a is small. In fact, one may write 

u(t) = lim f(t) (1-55) 
а->0 

The derivative of the finite ramp is seen to be а rectangular pulse of duration а 
and magnitude 1/а. As a becomes small, this pulse becomes narrower and taller, 
but its area remains constant at unity. Hence, the derivative of a finite ramp ap- 
proaches an impulse as a approaches zero. If the impulse is designated as 6(f), 
then it may be expressed heuristically as 


df(t) 
7(7) (177 


0 а t— O a ће 
(а) (6) 


Figure 1-18 Functions used to obtain the impulse function. (a) The finite ramp. 
(b) Derivative of the finite ramp. 
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– ру 40 
ба) = lim 77 (1-56) 


From these two relationships it is possible to write a “‘definition’’ of the impulse as 


du(t) 

ó(r) ~ (1-57) 
even though the derivative of the step function does not exist in the strict mathe- 
matical sense. 

The term *'delta function,’’ ог “6 function,’’ to designate the impulse function 
arises from the notation employed and from historical usage. It is also sometimes 
called a Dirac delta function, but this terminology is more properly reserved for a 
special form of the impulse, which is discussed later. The graphical representation 
of 6(1) is illustrated in Fig. 1-19a; а magnitude-scaled and time-shifted version is 
shown in Fig. 1-19b. It should be emphasized that the factor multiplying an impulse 
is really designating the area of the impulse and is not just scaling its magnitude. 
Thus, Aó(t — a) is an impulse with an area of A, located at t = a. 

The usefulness of the impulse, or delta, function in system analysis arises from 
the fact that the response of a linear system to a unit impulse at its input can be 
used to obtain the response of the system to any input signal. Thus, the impulse 
response of the system can be considered as another mathematical model for the 
system since it can be used to relate input and output signals. 

It can also be shown that the impulse is a good approximation to physical 
pulses of any shape, provided they are narrow compared with the time it takes the 
system to produce a significant response. The advantage of using the impulse rather 
than the actual pulse in system analysis is that the analysis is much simpler and 
that it is only necessary to specify the area of the physical pulse rather than its 
complete time function. 

Although the foregoing approach provides a convenient visualization of the 
delta function and some of its properties, it presents serious mathematical diffi- 
culties that cannot be resolved within the framework of the mathematical back- 
ground assumed for this discussion. Hence, it seems desirable to reexamine the 
definition of the delta function on the basis of an axiomatic description of its 
properties. The following list of properties, although incomplete, does provide for 
all of the applications of delta functions that will arise in subsequent chapters. 





(a) (b) 


Figure 1-19 Graphical representation of the impulse function. (a) The unit impulse. 
(b) Time-shifted impulse with area A. 
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Hence, the delta function will be defined to be a function that satisfies the following 
conditions: 


1. ó(t — t) = 0 t 7 to (1-58) 
2. | д1 — ty) dt = 1 host (1-59) 
3. | f(t)ó(t — to) dt = ји) f(t) continuous at to (1-60) 


Some specific comments on these properties are in order. In the first place, 
conditions | and 2 are in complete agreement with the intuitive approach in that 
they define an arbitrarily narrow pulse with unit area. Condition 3 is usually referred 
to as the ‘‘sifting property" of the delta function? and is seen to be a logical 
consequence of the first two conditions; that is, the integrand is zero everywhere 
except at / = tọ, where it becomes f(t9)ó(t — tọ). Since f(tọ) is a constant and the 
area of б(ї — tọ) is unity, the conclusion of 3 follows. The sifting property is 
undoubtedly the most important one from the standpoint of using the delta function 
in system analysis. 

It is worth noting one property not included in this list: the value of ó(t — 10) 
at t = tọ. The discussion of the delta function as the limit of a rectangular pulse 
with vanishing width would seem to imply that 6(0) = >, but this same conclusion 
cannot be made from any of the defining conditions listed. In fact, it can be shown 
that 6(0) may have any value from — ^ to +œ, including zero. Fortunately, this 
lack of having a unique value is of little consequence in applications of the delta 
function, since it is seldom necessary to specify its value. In those cases in which 
it is necessary, the value of 6(0) is usually defined to be infinite. 

Another property that is not included in the foregoing list has to do with how 
the area of the delta function is distributed with respect to the time 10 at which it 
occurs. From Fig. 1-18b it would appear that, for this case, all of the area occurs 
after t = 0. This is not always true, however, and the delta function can be defined 
so that any fraction of its area can occur to the right of tọ. This сап be expressed 
mathematically by the integral 


h 
| дї — ty) dt = K b > to ==] (1-61) 


in which K is the fraction of the area to the right of 10. For most applications in 
system analysis, the value of K is taken to be unity. In discussions involving random 
time functions, it is often necessary to define the delta function so that K = 5; that 
is, the delta function would be symmetrical about ty. It may be noted here that the 
term ‘‘Dirac delta function" is applied properly only to the case for К = 5. 


Actually, condition 3 is the only one necessary. Conditions | and 2 are included primarily for their 
heuristic value. 
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Before we leave the subject of delta functions, it is desirable to list some other 
properties that may be useful in some cases. The properties will be stated without 
proof. 


1. Time scaling: 


O(bt — to) = H ( ~ " (1-62) 


2. Multiplication by a time function: 
f(t) Òlt — to) = f(tg) 90 — tq) f(t) continuous at to (1-63) 


3. Integral of product of delta functions: 





| O(A — t) OA — tg) dA = Ó(t — to) t<t<t (1-64) 
4. General arguments: 
o[f()] = 0 f(t) 0 (1-65) 
| | 
| акта = У, — Гаро (1-66) 
i K |f'(t)| 


where f'(f) = df(t)/dt and t, is defined by f(t,) = 0 [that is, all the zeroes of 
ТӨЛІ. 


1-14 LIMITING OPERATIONS AND DERIVATIVES OF IMPULSE FUNCTIONS 





In the previous section the delta function was visualized as being the limit ap- 
proached as the width of a rectangular pulse of unit area approached zero. However, 
the delta function can also be obtained from limiting operations on many other 
types of function, and it is often convenient in system or signal analysis to recognize 
these when they occur. As a simple illustration, consider the exponential pulse 
shown in Fig. 1-20. It is clear that as the parameter a becomes large, the pulse 
decays more rapidly and, hence, becomes narrow. Furthermore, the area of this 
pulse is always unity since 


- ае“ - 
0 --а 0 








Figure 1-20 An exponential pulse that approaches a 6 function as a approaches infinity. 
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Table 1-2 Limiting Operations Leading to 6 Functions 
„е  ———————ЄЄ—_ 





Representation K 
| | | 
(1) = lim | -u(t) — — u(t —a) a=0 | 
ад | а а 
, 1 | 
б) = lim | ui Фа) = = «n, а=0 0 
ад ја а 
ос) = lim ае “u(t) 4%0 | 
0(1) = um ae*'u( — t) d 0 
. a 
ба) = lim = ет“ а> 0 } 
б) = lim D gene а= 0 5 
a—0 V 2па 
. Sin mat а> 0 1 
би) = lim — ^ 
(0 — ті m 0 
| in 2та! | 
$0) = im | Sa a>o 1 
пик 2 ті 
| || а | 
ос) = lim i| e" ди a0 i 
аэ оо 2T ME 


а 


Thus, another definition of the delta function might ђе 


б(1) = lim [ae “u(t)] (1-67) 
A number of representations of the delta function are presented in Table 1-2 
along with the value of K that specifies the fraction of the area to the right of the 
singularity point, as discussed in connection with (1-61). 
It is also possible to consider the derivative of a delta function, even though 
it does not exist in the usual sense. The first derivative (frequently called a doublet) 
is designated as 6’(t) and may be defined axiomatically by 


OU — h) 


0 16 (1-68) 
t 
| ос — t)dt = 0 f « fg <b (1-69) 


[| f(t) O(t — tg) dt = —f'(tg) for f(t) and f'(t) continuous at to (1-70) 
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Note that in this case the sifting property of the doublet leads to the negative of 
the derivative of f(t) at the point of singularity. The reason for this becomes clear 
if one integrates (1-70) by parts. Higher-order derivatives can be defined in a similar 
way. Their sifting properties are expressed by 


|| f(t) беса — to) dt = (— 1) (tp) t «tg «t (1-71) 


where the superscript (k) implies the Kth derivative and it is assumed that all 
derivatives of f(t) up to and including the Ath exist at t = tọ. 


Exercise 1-14.1 






Evaluate the following integrals: 


a. | (^ + 3t — 1) &t + D dt ». | (^ + 3t — 1) 6'(t + 1) dt 


c. | (^ + 3t — 1) (t + 1) dt d. | (^ + 3t — 1) OC + 1) dt 


— со 


ANS. 0, — 1, —3, 2. 
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PROBLEMS 


144 Analysis is an indispensable part of system design. As an example of how 
analysis is used in design, consider the following example of a temperature con- 
troller. A temperature-sensitive resistor is immersed in a fluid that is to be heated 
to a preselected temperature and is then maintained at that temperature by switching 
the heating element off and on in accordance with the temperature as determined 
by the temperature-sensitive resistor. A circuit for accomplishing this operation is 
shown in Fig. Р1-1.1. The circuit is essentially a Wheatstone bridge with the 
unbalance current of the bridge passing through the relay that actuates the heating 
element. For purposes of analysis, assume that the temperature-sensitive resistor 
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sensitive 
resistor Ar 


Figure P1-1.1 


has a nominal value of 50 €) at 300 K and has a positive temperature coefficient 
of 0.2 O/K. Let R, and Б; be 50 О each and assume that the relay coil resistance 
is 10 О. The drop-out current of the relay is | mA and the pull-in current is 
adjustable from 1.2 to 2.0 mA. The voltage v can be taken as 12 V. 


a. 


Write a general expression for the current in the relay coil as a function of Ку 
and R5. This represents a preliminary analysis of the problem. (Hint: Use nodal 
analysis.) 


. Choose a value of R, such that the heater will turn off when the temperature 


reaches 350 K. 


. To what value of pull-in current must the relay be set so that the heater will 


turn on when the temperature drops below 340 K? 


. If R, is made adjustable, draw a calibration curve of resistance of R, versus 


temperature at which the heater turns off. Limit consideration to a temperature 
range of 300 to 400 K. 


. Draw a curve for the difference in temperature between **heater оп” and *'heater 


off’ for the temperature settings of part d. 

Explain qualitatively what the effects on overall system performance would be 
of altering the resistance of the relay coil, altering the voltage v, or increasing 
by a factor of 2 (ће resistances Ау, Re, Ri, Б, and Ка. 


1-21 А two-stage L-C, low-pass filter has the following configuration: 


Input R R Output 


Figure P1-2.1 


. Sketch a circuit diagram that is suitable as the basis for a mathematical model 


for this filter at relatively low frequencies. 


. Sketch a circuit diagram that might form the basis for a mathematical model 


for this filter at intermediate frequencies, that is, at frequencies where the lead 
resistance and stray capacitance are significant. 
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с. What precautions can be taken to make the high-frequency model look more’ 
like the low-frequency model? 


1-41 For each of the following differential equations, determine the order of the 
system and classify it with respect to linearity, time dependence, and memory. The 
system input is x(t) and the output is y(t). 


dy d?y dy dx(t) 
т - + 5? b. —> + # = + = — 
а y(t) = x(t) t А t di Sy(t) di 
dy i 2 2 d? dy 
«тр Bu) xu d. —= = == "0 = IO 
с (2) y(t) = x*(t) dr g MÀ x(t) 


1-4.2 In carrying out an engineering analysis, it is frequently necessary to ap- 
proximate the true behavior of a system by the theoretical behavior of some ap- 
propriate idealized model that can be easily modeled mathematically. Comment on 
the appropriateness of assuming that the following systems are linear and time- 
invariant: 


a. A loudspeaker in a hi-fi system 

b. The human ear 

c. A digital computer 

d. The electrical power system of a small city, including generator, transmission 
equipment, and the load 

e. The telephone system in a city 


1-4.3 Write a single differential equation that relates the input and output for each 
of the systems shown in Fig. Р1-4.3. What is the order of each system? 





lO uF lO pF 10H он 
+о— + II л 
x(t) 102 он y(t) 
(a) 
Figure P1-4.3 


1-4.4 Write a single differential equation that relates the input i,(t) and the output 
i(t) of the system shown in Fig. P1-4.4. What is the order of the system? 





Figure P1-4.4 
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1-4.5 For each of the following differential equations, determine the order of the 
system and classify it with respect to linearity, invariance, and memory. The system 
input is x(t) and the output is у(7). 


dy(t) 


а. "m + 10y(t) = 5x(t) + 5 
d^y(t) , dy(t) dx(t) 
b. ——— + 2 == + Sy(r) = —— + 1 
ар. “а уч) й эш) 


с. y(t) = 10х(1) + 100 


2 
| Е + 620 y(t) = 12х4) 





1-46 a. Write a single differential equation that relates input and output for the 
system shown. 





Figure Р1-4.6 


b. What is the order of this system? 


1-51 Write the differential equations that represent the systems of Problem 1-4.3 
in normal form. 


1-5.2 Write the differential equations that represent the system of Problem 1-4.4 
in normal form. 


1-5.3 Write the differential equations that represent the system of Problem 1-4.6 
in normal form. 


1-61 Тһе input x(t) and output y(t) of a system are known at discrete time in- 
stances, £ = nAt, where ~% < n < >, The output and input are related by the 
following equation: 


у(пА/) — zy[(n = DAS = sy[(n — 23АҢ = x(nAt) — с <n <% 


a. Classify the system represented by this mathematical model with respect to as 
many of the descriptors given in Sec. 1-4 as you can. 

b. If y(nAt) = О for n < 0, and х(пАг) = 1 for п = 0, plot у(пА/) for 
О= лп < ә, 


1-74 For the system equation of Problem 1-6.1, compute the system output for 
the input as stated but with initial conditions such that y( —2) = y(— 1) = 1. Show 
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that this output can be considered to be the sum of a solution assuming the input 
is zero and a solution assuming the initial conditions are zero. 


1-91 Бог each of the following engineering systems, classify the signals involved 
with respect to periodicity, randomness, power, etc. Specify the time interval you 
are considering. 


a. Power system b. Telephone system 
c. Radar system d. Nuclear radiation counter 
e. Aircraft flight control system f. Digital computer 


1-9.2 For each of the following signals, state whether it is periodic or nonperiodic, 
and whether it is an energy signal or a power signal. If it is periodic, determine 
the period. Also calculate its energy or average power. 


a. x(t) = 10 sin 20ті t=0 


= 0 reu 
b. ж = 1067” t=0 
= 0 1< 0 
c. x(t) = 10 sin 207t + 5 cos 2271 -9<1< o 
а. x(t) = 10e" cos 207t 1<0 
= 10є cos 207t j= 0 
е. x(t) = cos 271 + cos 2721 —wo «7 f < со 


1-9.3 Determine whether each of the following statements is true or false: 


. The sum of two periodic signals is always almost periodic. 
. All nonperiodic signals are energy signals. 
. All energy signals are nonperiodic. 
. All random signals are nonperiodic. 
. The product of two power signals is always a power signal. 
The sum of two power signals is always a power signal. 
. The product of an energy signal and a power signal is always an energy signal. 


ог" поосо 


1-9.4 А signal x(t) is scaled in both magnitude and time to become ax(bt). 


a. If x(t) is an energy signal with energy E over all time (— 2 < г < >), find the 
energy of ax(bt). 
b. If x(r) is a power signal with average power P, find the average power of ax(bt). 


1-101 An energy signal is represented in terms of a set of orthonormal basis 
functions. The coefficients are found to have the form 
n+ | 
a, = o cU E en 


1 (P 





Find the energy of this signal. [Hint: Use the series expansion for. (1 + ху 
(1 = 9°. 
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1-10.2 For the signal and basis functions of Problem 1-10.1, find the number of 
terms in the representation that are required to reduce the fractional error ny to 
less than 0.01. 


110.3 A set of basis functions Ф,(1) are orthonormal on the time interval from 0 
to 1. These functions are to be time-scaled to form a new set of basis functions 
W(t) that are orthonormal on the time interval from 0 to Т. Write an explicit 
expression that relates y(t) to Ф, (t). 


1-10.4 Consider a set of basis functions whose first two members аге 


At уж ү 1] 
p(t) == 

0 elsewhere 

Bt + Cr 0=1=1 
ф,(1) = 

0 elsewhere 


Determine the values of A, B, and С such that ф,(7) and Ф-(1) are orthonormal on 
the interval O to 1. (Hint: Use the Gram-Schmidt procedure.) 


140.5 А time function of the form | 


Р 0=1=1 
x(t) = 
0 elsewhere 





in Problem 1-10.4. 


a. Determine the coefficients a, and a, for this representation. 
b. Determine the fractional error 7, for this representation, 


is to be represented in terms of the basis functions derive 


110.6 Let a real time function, x(t), be represented by the expansion 


oc 


xt) = У, aht) 


п = — % 


and another time function, y(t), Бу the expansion 
yt) = X bn 


where the basis functions are orthonormal оп the time interval for 1) to 5. 


a. Write an expression, in terms of a,, b,, and ф,(1), for the value of the definite 
integral 


[ = | хуб?) dt 


b. Using the result of part a, write an expression for energy (on a 1-оћт basis) of 
a signal in terms of the coefficients of its orthonormal expansion. 
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140.7 Consider a basis function of the form 


o(t)=V2e' 120 


= 0 1<0 
апа a second опе of the form 
$t) = Ae " + Вє' 120 
= 0 t «0 


Determine the coefficients A and B such that @,(t) and @,(t) are orthonormal on 
the interval 0 to 2. 


110.8 а. A time function 
x(t) = 10e- 8/2! tz 
= 0 1<0 


is to be represented іп terms of the basis functions of Problem 1-10.7. Determine 
the coefficients a, and a, for this representation. 


b. What is the fractional squared error for this representation? 


110.9 А problem frequently arising in practical situations is that of finding a 
mathematical representation for experimentally observed signals. One possibility 
for doing this is first to select the basis functions that seem most appropriate and 
then to evaluate the coefficients by approximating the integral of equation (1-36) 
by numerical methods (trapezoidal rule, Simpson’s rule, and so on). In order to 
illustrate this procedure, consider the recorded waveform shown. It is decided to 
represent this waveform by means of the orthonormal exponentials introduced in 
Problem 1-10.7. Tabulated values of the first three basis functions are given below. 


CO 
CER 
CAPT 
6 
ТЕЕ 
ҸЕ 

ЕГЕТЕ ЕЕ 


0 01 02 03 04 05 06 07 08 09 10 1.1 
t, seconds Figure Р1-10.9 








x(t) 
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а 


. Evaluate the coefficients а), а, and a}. 
. Write an approximate representation for x(t) in the form 


о 


£t = сє‘ + се “ + се “ 0<1<о 


с. Approximate the energy in x(t) by using the same numerical integration rule 
that you used in part b to approximate 


Е = [| x*(t) dt 


d. Using this value, determine the fractional squared error of the approximation 
in b. 


фа) = p(t) = Фу) = 
t V2 е! бе = — 4e~! V6 (10c7?' — 12672! + Зе“) 
0.0 1.414 2.000 2.444 
0.1 1.280 1.293 0.730 
0.2 1.158 0.797 — 0.244 
0.3 1.048 0.330 —0.729 
0.4 0.948 0.015 — 0.904 
0.5 0.858 —D.219 — 0.915 
0.6 0.776 — 0.388 — 0.840 
0.7 0.702 — 0.507 — 0.600 
0.8 0.635 — 0.586 — 0.410 
0.9 0.604 — 0.634 — 220 
1.0 0.547 — 0.659 —0.055 
1.1 0.471 — 0.667 0.093 
1.2 0.426 — 0.660 0.216 


1444 The time function shown below, x(t), is to be represented in terms of Walsh 
functions indexed according to the number of zero crossings. 


x(t) 


О > мо > 


O 025 050 075 1O ғ Figure Р1-11.1 
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a. Find the coefficients ао, а), a; and а; for this representation. 
b. Find the fractional error т}; for this representation. 


1424 Sketch the following time functions. 


a. rt — 1) b. 22 + 2) 
с. u(—t + 1) а. u(2t + 4) 
e. u(2t)u( —2t + 1) L —u(—t + 1) 


142.2 Write a mathematical representation (in terms of unit ramps and unit steps) 
for each of the following time functions: 


x(t) 
4 





Figure Р1-12.2 


142.3 Sketch the following functions: 


а. rif + 2) Б. A=: + 2) 

c. КЕ + 1) d. — 2 —# + 1) 
e. Ð — 2r(t — 1) E wit 2) 

g. gu —# + 1) ћ. u(2t + 1) 

i. —2u(—t + 1) j u(t) — 2u(t — 1) 


1-12.4 Write a mathematical representation for each of the waveforms shown. 





Figure P1-12.4 (Continued next page) 
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x(t) 






Quadratic 





(d) 
Figure Р1-12.4 
1434 Sketch each of the following time functions. 
a. e” (1 — 2) b. 26Qt — 1) 
c. 9(27) оа — 2) а. u(t — 4) (7 — 2) 
e. cos 21 Òlt — 3T) f. о — 1) + u(—t — 4) 
113.2 Evaluate each of the following integrals. 
a. | ос — 1) sin w(t — 2) dt b. | ош — 1) (1 — 2) dt 
со со t | 
с. | u(t — 2) (1 — 4) dt d. [+ (5- ) e dt 
e. | e ' (А — t) О(А — l1) ал 
143.3 Sketch the following functions: 
ü € "о — t) b. 0010: — 1) 
с. 3ó(t — 2) + 2u(f) d. 3д(1 + 2) + 2u(t) 
е. ó(t — 1) 9020 f. (cos t) Òlt — т) 
1 
д. | (ЗА — D) dA h. (sin 7) 6”) 
1413.4 Evaluate the following integrals: 
a. | ó(t — 2) cos [w(t — 3)] dt b. | ва + 3)e dt 
оо t oc 
6; | д Е кін ) (2 + 2) а а. | ó(3t — 1)(2 + 4) dt 


со 2 т 
е. | tu(2 — t)u(t) dt f. | _ 8 ( = z) cos t dt 
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9. | е = (А — 1)8&(А — 2) dA 


1444 It is often convenient in system analysis to replace short pulses having 
complicated shapes with impulses having an equal area. For each of the following 
waveforms, find the equivalent 6 functions: 

sin 710°(t — 2) 


a. 10 exp (— 10%; — 1) m10°(t — 2) 


d 
c. — tan '(109 
ғы 


114.2 Write each of the following limits in terms of 6 functions: 


Р | —|t =: 2| š mM 
a, ШИ = gp | ——— b. lim ае “u(t) 
ь>0 b b а> 
sin a(t — 2) 
с жане KIM 
а> T(t ~ 2) 


1-14.3 Evaluate each of the following integrals: 
а. | (^ + 63 + 52 + 2) 6'(t — 1) dt 


b. | 6'(t — 2) cos [w(t — 2)] dt 


о 


| | 6(і- 2)e 'u(t) dt 


d. | ô'(t — 1) cos [w(t — 3)] dt 


oo . 21 
; | 6'(t) 6 а 
-i 2t 


Ф 





A Convolution 


2-1 
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INTRODUCTION 


One of the most frequently encountered problems in system analysis is determining 
the output or response of a system to some specified input. Such information can 
be obtained experimentally with suitable measuring equipment or analytically 
through various mathematical techniques. The study of a number of these analysis 
techniques is the subject of much of the remainder of this book. The methods most 
widely used can be separated into three major categories: solution of the system 
differential equations by classical methods, use of elementary signals and the prin- 
ciple of superposition, and transform methods. Actually, all of these methods are 
intimately related to each other and merely represent different ways of looking at 
the same problem. In this chapter the superposition procedure is considered in some 
detail, with the use of a technique known as convolution. 

The basic ideas behind convolution are very simple and may be stated briefly 
as follows: First, the input signal is represented (or ‘‘analyzed’’) as a continuum 
of impulses. Second, the response of the system to a single impulse is determined. 
Third, the response of the system to each of the elementary impulses representing 
the input is computed. Fourth, the total system response is obtained by superim- 
posing the responses to all of the impulses used in the representation of the input. 
This superposition is accomplished by means of a convolution integral. For this 
procedure to work it is necessary to be able to analyze a signal into an appropriate 
set of impulses, to be able to characterize the response of a system by its impulse 
response, and to have the principle of superposition be valid. Fortunately these 
requirements are satisfied by linear systems and by virtually all signals likely to be 
encountered in practice. 

In addition to relating the input and output of linear systems, the convolution 
integral also provides a powerful analytical tool for evaluating Fourier and Laplace 
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transforms and for deriving a number of important signal and system properties. 
This integral also occurs in many other places in applied mathematics and proba- 
bility, and a thorough understanding of its use and interpretation is invaluable to 
the system analyst. 


2-2 REPRESENTATION OF SIGNALS BY A CONTINUUM OF IMPULSES 


An arbitrary time function can be approximated in an interval from —T to T by a 
closely spaced series of rectangular pulses. The height of each pulse is equal to 
the value of the function at the center of the pulse. This is illustrated in Fig. 2-1. 
As the width of the pulses, Ar, decreases, it is evident that the approximation 
improves. The whole approximation process can be examined analytically by writ- 
ing out the mathematical expression for the series of pulses and then considering 
the behavior in the limit as At — 0. The pulse whose center is located at t = kAt 
can be written as 


x(kAt) rect (t — kAt) 


The approximation to x(t) can then be written as 
N 


x(t) ~ 2, хм) rect (t — КА!) (2-1) 


where the total number of pulses is 2N + 1 = 27/At. If (2-1) is multiplied by 
At/At, it can be written as 
N 


x(t) = ЖІ 


rect (t — = Ar (2-2) 


At 


As At is made smaller, it is seen that the bracketed factor in (2-2) approaches a 6 
function located at t = kAt. In the limiting case as At — 0, N becomes infinite. 
However, for a constant T, the product (2N + 1)At remains constant and equal 
to 27. The product KA: takes on all possible values in the interval -T < t < T 
and can be considered to be a continuous variable A. Likewise, the increment At 
approaches a differential dA. In this limiting case the summation becomes an in- 
tegral with respect to A over the range —T to T. Accordingly, x(t) can be written 
as 


Xx (A7) 


XAT) 





“Т -3At -AtOAt 3А? 5А? Y £s» 
2 2 2 2 2 


Figure 2-1 Approximation of a signal by a series of pulses. 
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T 
x(t) = ЕТТТ — Л) dÀ -T<t<T (2-3) 


The complete time function can be obtained by letting T — >, giving 


x(t) = | | жајви — A) dA (2-4) 


The function x(t) is thus represented as the summation (integral) of a continuum 
of impulses having strengths at any time ¢ given by x(t) dt. The relationship given 
in (2-4) is often used as the definition of the unit impulse. It was derived in the 
preceding manner to provide a physical basis for understanding the convolution 
integral derived in the next section. 


2-3 SYSTEM IMPULSE RESPONSE AND THE CONVOLUTION INTEGRAL 


The preceding section shows that a time function can be represented in terms of a 
continuum of impulses. By computing the response of a linear system to each 
member of this continuum of impulses and summing up these responses, the total 
system response is obtained. The validity of this approach rests on the superposition 
theorem, which states that the response of a linear system having a number of 
inputs can be computed by determining the response to each input considered 
separately and then summing the individual responses to obtain the total response. 
Superposition, as has been discussed previously, is applicable only to linear sys- 
ems, and in the following sections only such systems are considered. 

The impulse response A(t) of a time-invariant system is the output time function 
that results when the input signal is a unit impulse occurring at t = 0. ft is assumed 
that the output is zero before application of the impulse and would have remained 
zero if the impulse had not been applied. As an example, let us compute the impulse 
response of the R-C circuit shown in Fig. 2-2. 

The desired result is most easily found by considering the response to a unit 
area pulse and allowing the pulse width to go to zero, leading to a 6 function. A 
unit area pulse of width a has an amplitude of 1/a. When such a pulse is applied, 
the output voltage exponentially increases toward a value of 1/а. After a s, the 
pulse terminates, and the voltage decays toward zero from the value 
(1/а)(1 — е 4/46) This is shown in Fig. 2-3. 


Figure 2-2 К-С circuit. 
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(1/a)(t-e- 70) 


vol) 





О а 7 — 


Figure 2-3 Pulse response of circuit of Fig. 2-2. 


In the limit as a — 0, the initial rise occurs in zero time and reaches a value 
of 


im * (1 п) й 2-5 
ee RC RC diis 
Therefore, the impulse response A(t) is as shown in Fig. 2-4. This response can 
be explained physically as follows: Prior to the occurrence of the impulse, the input 
terminals are short-circuited, since the impulse generator is assumed to be an ideal 
voltage source with zero internal resistance. At the instant the impulse occurs, a 
current flows in the circuit and charges the capacitor to a voltage of 1/RC. Sub- 
sequent to the impulse, the input is again short-circuited, and the capacitor dis- 
charges through the resistor in an exponential fashion with a time constant of RC. 
The voltage across the capacitor during this sequence of events is the circuit impulse 
response. 

Simpler and more powerful methods for determining a system's impulse re- 
sponse are considered later, particularly in connection with the Laplace transform. 
For the present, all that is necessary is to have a physical appreciation of what is 
meant by the impulse response of a system. 

It should also be recalled that for a time-invariant system, a time shift of the 
input results in a corresponding time shift of the output. Therefore, the response 
of such a system to a 6 function at t = A is just A(t — A). 

Using the concept of impulse response A(t) for a linear, time-invariant system, 
it is now possible to determine the system output for an arbitrary input. The input 
— x(t) can be resolved into a continuum of impulses, as in (2-4). Each of these 
impulses is of the form x(A)d(t — A) dA. The response to each elementary impulse 
is h(t — A) multiplied by the strength of the impulse x(A) dA and is properly 


h(r) 


RCIE RC 


О f— 


Figure 2-4 Impulse response of the circuit of Fig. 2-2. 
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positioned to coincide with the time of application of the impulse. Mathematically, 
this is expressed as x(A)h(t — A) dA. The total response y(t) is the summation of 
all the elementary responses and is given by 


y(t) = | __жаћа — A) dÀ (2-6) 


The integral relationship expressed in (2-6) is called the convolution of x(t) and 
h(t) and relates the input and output of the system by means of the system impulse 
response. А simple change of variable shows that convolution is commutative for 
time-invariant systems, and therefore an equivalent expression is 


y(t) = |. h(A)x(t — A) da (2-7) 


The convolution operation is generally denoted by a centered asterisk as follows: 


fit) * f(t) = | ЛО — A) ал (2-8) 


The effective limits on the convolution integral will vary with the particular 
characteristics of the functions being convolved. As discussed in a later section, 
for physically realizable systems, A(t) = 0 for t < 0, and this requirement estab- 
lishes the upper limit in (2-6) as t. Actually, it would not be incorrect to write the 
upper integration limit as oo, since the function A(t — A) is zero when A > 1. 
Making the upper limit ¢ merely places this property more clearly in evidence. 
Similarly, if the time function starts at a time 10, the lower limit could be tọ. It is 
common practice to extend the lower limit to — to allow for input functions 
extending into the infinite past, such as constants and sinusoids. When this is done, 
the convolution integral becomes 


y(t) = | __хаува — А) ал (2-9) 


When the order of convolution is changed as in (2-7), the expression for physically 
realizable systems becomes 


y(t) = | h(A)x(t — A) da (2-10) 


In (2-10) the lower limit is determined by the physical realizability constraint on 
h(t), and the upper limit is set to include negative as well as positive time for the 
excitation x(t). 

As an example of the application of the convolution integral to a network 
problem, let us compute the response of the R-C circuit in Fig. 2-2 to a rectangular 
pulse of amplitude A and duration 7. The expression for the pulse is 
A[u(t) — u(t — T)], and the impulse response can be taken from Fig. 2-4. The 
output U,(t) then becomes 


by) = | __АГшА) = «à — Т) (5 ехр (=) u(t — А) dA 
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Figure 2-5 Sketch for determining the limits in a convolution integral. 





- | (=>) (A)u(t — А) ад 
~ RC I J-2 РО кє] 


- |. exp (=>) МА — Thu — X а | (2-11) 


The limits on the integrals are determined by the regions of the A axis over which 
the step functions are nonzero and can be seen by sketching out the three functions 
involved, as shown in Fig. 2-5. 

It is evident that for ¢ less than T the product u(A)u(t — A) is unity over the 
range 0 < A < ¢ and zero elsewhere and that the product u(A — T)u(t — A) is 
zero everywhere in the interval. Therefore, for t < T the limits on the first integral 
become 0 and 1, and the value of the second integral is zero. When t > T, the 
limits on the first integral are unchanged, but the limits on the second integral now 
become 7 and 1. Accordingly, we can write (2-11) as 


А |[ — А 
Ug(f) = RC [| ехр (xe) а | u(t) 
A 








Carrying out the integration gives 


v(t) = affi — exp (-5) | u(t) — [ — ехр (D), ut = ni 


This can be written equivalently as 


t 
А|1- —— <1= 
| exp ( c) о<і= 7 
Т ET 
А |] ~ = - > 
| exp ( x) s ( RC | іі 


V(t) = 
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This response is of the same form as that sketched in Fig. 2-3. Much simpler 
methods of evaluating the convolution integral are available and are considered 
next. 


2-4 EVALUATION AND INTERPRETATION OF CONVOLUTION INTEGRALS 


Consider the convolution of the two time functions x(t) and x(t). Formally, the 
convolution operation is given by 


Хз = х|* X) = |. Хх (А)Х (1! — A) da 


The value of х; for any particular time ¢ is seen to be the area under the product 
of х (А) and x,(t — A). In order for the convolution technique to be used efficiently, 
it is necessary to be able to sketch rapidly (or visualize mentally) the functions 
X,(A) and x(t — A). Visualizing function x,(A) presents no difficulty, since it is 
identical with x,(t) except for a change in independent variable from : to A. The 
function x(t — A) as a function of A requires a little more thought, however. It 
can be visualized most readily as a combination of reflection and translation of the 
original function x(t). This process, called folding, is most easily described by 
means of an example. In Fig. 2-6a, an arbitrary function x,(A) is shown. The 
function x;( — A), shown in Fig. 2-66, is merely a reflection of x,(A) about the 
vertical axis. In order to sketch the reflected function, it is only necessary to start 
at the origin with the ordinate x,(0) and sketch on the right that portion of the 
function that was originally on the left and sketch on the left that portion of the 
function that was originally on the right. The function x,(t — A) can be thought 
of as x4[ - (А — r)]. This corresponds to x,(—A) with A replaced by (A — t), 
which produces a delay (or translation to the right) by an amount / when plotted 
along the A axis. The function x(t — A) is shown in Fig. 2-6c for an arbitrary t. 
The amount of displacement 7 is measured from the position of x;( — A), which 
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Figure 2-6 Folding and sliding the function x,(A). 
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Figure 2-7 Convolution of two rectangular pulses. 


corresponds to x(t — A) with г = 0. The convolution is then given as the area 
under the product of x,(A) and x(t — A); it is generally a function of 7 since the 
value of t determines the relative positions of x,(A) and x(t — A). The convolution 
can be thought of as being obtained by folding or reflecting one function and then 
determining the area under the product as the folded function is slid along the 
horizontal axis to the right for positive time and to the left for negative time. 
Figures 2-7 and 2-8 show some examples of convolution. 

In Fig. 2-7 the two functions being convolved are of unit height, and so the 
product function is also of unit height and is shown with its area cross-hatched. In 
Fig. 2-8 the functions have unequal magnitudes, and the product function is quite 
distinct from either of the individual functions being convolved. 

The action of the functions x, and x, on each other can be thought of as a 
smoothing or weighting operation, and one of the functions is often referred to as 
a weighting function. In the convolution integral expressing the output of a linear 
system, the weighting function is the system impulse response. 

Convolution can also be carried out analytically. Such calculations are quite 
straightforward when the functions involved can be represented by simple analytical 
expressions. However, when the functions are discontinuous or when they require 
different analytic representations over different portions, difficulties may arise in 
keeping the limits straight on the integrals. As an illustration of direct calculation 
of a convolution, consider the example shown in Fig. 2-8. The two functions to 
be convolved can be expressed analytically as 


х(0) = 3[ut) — u(t — 2)] (2-12) 


at) = 2276) (2-13) 





64 





CONVOLUTION 
x?) Хо (7) 
3 
2 
O | 2 3 O | 2 3 
---- Г 
24 4 
ra p--44 Area = hX h 





Figure 2-8 Convolution of a rectangular pulse and an exponential pulse. 


The convolution is given by 


x4) = 2,0 xy = | Olut — A) — uğ — B= Ae? wA) АА (244) 


This expression can be most easily evaluated by considering it over three separate 
time intervals. The limits are readily established from the sketches in Fig. 2-8. 


t < 0: There is no overlap of the functions, and ха(7) is, therefore, zero. 
x,(t) = 0 1<0 


0 <= ¢ S 2: The folded function, x(t — A), partially overlaps the nonfolded 
function, x,(A), and the amount of overlap increases with ¢ until £ = 2. The 
integrand in this interval is just three times the nonfolded function, and the limits 
on the integral extend from the beginning of x, (that is, A = 0) to the end of the 
folded function (that is, A = 1). Thus, 


) 


кује 


1 
x(t) | 6^ dà = 6(—$e " + 


3(1 — e^?) Ü«r« 2 
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2 < t < c; In this interval the folded function is completely overlapped by 
the nonfolded function. The integrand is three times the nonfolded function, and 
the limits on the integral are 7 — 2, t. Thus, 


t 
x(t) = | А бе = дА = 6(—se 7 + 10-244) 


= 3e (s — 1) = 161" 2<¢< 00 


The same result can be obtained by direct evaluation of (2-14) using the known 
properties of the three step functions to arrive at the correct limits. Making a simple 
sketch, however, usually leads to the solution more directly and often with less 
chance for error. 


Exercise 2-4.1 






Evaluate the convolution in (2-14) using the exponential pulse as the folded function 
and the rectangular pulse as the nonfolded function. 






2-5 NUMERICAL CONVOLUTION 


Because of the ever increasing use of digital computers for simulation, processing, 
and analysis of signals, there is widespread use of numerical procedures for eval- 
uating the convolution integral. The convolution integrals being evaluated might 
correspond to filtering, smoothing, prediction, or many other operations. The basis 
for the design of such convolution operators is most easily understood after a more 
detailed discussion of the system function has been presented in Chaps. 3 to 5. 
Also, at that time alternate methods of performing convolution will be considered. 

However, it will be found that there is often a need for direct evaluation of 
the convolution integral. Such an evaluation can be accomplished directly by per- 
forming a simple numerical integration based on using a stairstep approximation 
of the functions being convolved. This can be carried out in the following manner. 
Assume that it is desired to convolve two functions x(t) and y(t) to give the resultant 
z(t). The procedure is to represent the functions by sequences of samples taken at 
equally spaced intervals. Thus 


x(t) — x(0), ХА), x2A2), ... , xI(N, — 1) АП 
y(t) > у(0), (At), yQAt), ..., ум; — 1) Ar] 
z(t) — z(0), 2(А4), z2ÀA£), .. „2000; + КМ, — 1) АП 


where the duration of x(t) is Т, = (М, — 1) At, the duration of y(t) is T, = 
(М, — 1) At, and the duration of z(t) is T = (М, + N, — 2) At. The value of 
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Figure 2-9 Sampled half-sinusoid pulses. 


the convolution integral is obtained by folding one set of samples about the origin, 
sliding it to the right by an amount corresponding to t, = nAt, taking the sum of 
the products of the overlapping samples, and finally multiplying by the sampling 
interval to properly scale the integral. This operation can be expressed mathemat- 
ically as 


п 


2(t,) = At У, (tytn) п=0,1,2,...,М +М,— 2 1245) 
k=0 
where t, = nAt, t, = kât and t, , = (n — k) At. 
As a simple example consider the numerical convolution of the two half- 
sinusoid signals shown in Fig. 2-9. Assuming a sampling interval of At = 0.25, 
the sampled representation of the two signals is 


{x} = 0, .707, 1, .707,0 М 


| | 
лом 


fy} = 0, .707, 1, .707,0 М, 
The values of the convolution integral are then 
2(0.00) = .25(0- 0) = 0 
(0.25) = 250-1- 707-0-0 | 
(0.50) = .25(0 * T + .707- .707 + г: 0) = 1125 
(0.75) dr 7 | 


TA 
> 


25(0 : 707 + .707- 1 + 1: .707 + .707 · 0) = .354 
1.00) = 25(0-0 + .707 · .707 + 1:1 + .707 · 707 + 0-0) = 55 
2(1.25) = .25(.707 -0 + 1 - .707 + .707 · 1 + 0: .707) = .354 
z(1.50) = .25(1- 0 + .707 - .707 + 0.1) = .125 

(1.75) = .25(707:0 + 0-0) = 0 

22.00) = .25(0- 0) = 0 


| 


The analytic solution for this convolution is 
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д) = sin (71) 5 тті COS (mt) КЕТГІ 
T 


z(t) = z(2 — t) leraz 
and the correct values for the convolution are 
{2(.25п)} = 0, 0.024, 0.159, 0.378, 0.500, 0.378, 0.159, 0.024, 0 


It is seen that there is some discrepancy between the numerical results and the 
analytical results. This almost always occurs, and the responsibility of the engineer 
designing the processing algorithm is to keep this difference within acceptable 
bounds. In this connection there are several important points to be noted in regard 
to numerical convolution of transient or pulse type signals—particularly those hav- 
ing discontinuities. These concern assigning the correct time positions and ampli- 
tudes to the samples. Consider the two signals shown in Fig. 2-10 and assume that 
it is desired to convolve the signals numerically using the rectangular rule and a 
sampling interval of 0.2 s. Three different ways of sampling the signals are shown 
in Fig. 2-11. In Fig. 2-11a the samples are placed sequentially along the signals 
starting at the origin and spacing them at the sampling interval. In Fig. 2-11b the 
amplitudes of points occurring at discontinuities are assigned values that are the 
average of the values just to the left and just to the right of the discontinuity. In 
Fig. 2-11с the signals are broken up into rectangular approximations, and the 
amplitude of each sample is made equal to the average height of the rectangle, and 
the location of the sample is made equal to the time corresponding to the center 
of the rectangle. In this case the times corresponding to the samples are odd 
multiples of half the sampling interval. For the three cases the numerical convo- 
lution would be as follows. 


bOa(nAr) = 200, Л, «2, 3, 4 .3, 6, T, 8, 9, 1) € (2, 2, 2, 2, 2, 2) 
= 0,1, 


п was» JO 
Зета) = 200, .1, 2, .3, А, 3, 6, 7, 8, 9, 5) € (L, 2, 2, 2, 2, D 
n=0,1,..., 16 
x2(t) 
2.50 
2.00 
x1(t) 1.50 
1.00 
1.00 
0.50 0.50 
0.00, 1 2 0.00 r 
Time Time 


Figure 2-10 Two pulse-type signals to be convolved. 
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{x3c(nAt)} = .2(.05, .15, .25, .35, .45, .55, .65, .75, .85, .95) * (2, 2, 2, 2, 2) 
n=1,2,...,14 


Since the convolution operation is actually an integration, it is to be expected 
that the procedure that produces the best numerical integration will provide the best 
approximation to the convolution integral. A good idea of the performance to be 
expected from the different sampling methods can be obtained by checking to see 
how well each provides an estimate of the area of the signal it is representing. The 
true area of the triangular pulse in Fig. 2-10 is 1. The areas obtained from the 
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Time Time 
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Figure 2-11 Three methods of sampling the signals in Fig. 2-10. 
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samples of Fig. 2-11a, b, and c are 1.1, 1, and 1, respectively. From this it seems 
likely that the sampling methods of Fig. 2-11-b and c will perform better than a. 

For the two signals of Fig. 2-10, the analytical convolution is readily found 
to be 


Bn = 51 ба = 
х3(1) = t — .5 Ісі: 2 
x3(t) = —.5 +t + 1.5 2=t=3 


The results for the numerical convolution using the three sampling methods along 
with the corresponding analytical values are shown in Table 2-1. It is seen from 
the table that both methods b and c give the correct result while method a gives 
an amplitude that is consistently high. In general, numerical convolution does not 
give exactly the same results as analytical convolution. The reason for the agree- 
ment in this case is that the curves are piecewise linear, which provides an exact 
integration at the sample points. When discontinuities are present, the procedure 
that locates the discontinuities at the steps in the approximation will generally give 
the best results. As the sampling interval is made smaller, the difference in results 
for the different sampling methods becomes less significant, and, therefore, a high 
sampling rate is usually desirable for accuracy. In most practical applications in- 
volving real-time signal processing, it is not known whether a sample is near a 
discontinuity, and so no correction can be made. As a consequence method a is 
almost universally used. 


Table 2-1 Effect of Sampling 
Method on Convolution 


t x3 x3a x3b x3c 


0.00 0.00 0.00 0.00 0.00 
0.20 0.02 0.04 0.02 0.02 
0.40 0.08 012 0.08 0.08 
0.60 0.18 0.24 018 0.18 
0.80 0.32 0.40 0.32 0.32 
1.00 0.50 0.60 0.50 0.50 
1.20 0.70 0.84 0.70 0.70 
1.40 090 1.08 0.90 0.90 
1.60 1.10 1.32 110 1.10 
1.80 1.30 1.56 1.30 1.30 
2.00 1.50 1.0 140 1.50 
2.20 128 1.60 128 1.28 
2.40 1.02 1.36 1.02 1.02 
2.60 0.72 1.08 0.72 0.72 
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Figure 2-12 Electrocardiogram in severe noise. 


The convolution of more complicated waveforms is carried out in exactly the 
same manner; however, the numerical calculations are typically carried out on a 
digital computer. A subroutine for digital convolution is given in Appendix D 
(Program D-1). 

As an example of the power and simplicity of convolution, consider the pre- 
processing of an experimentally obtained signal that is heavily contaminated with 
60 Hz interference. Such waveforms occur when low-level signals are being 
measured in an electrically noisy location. The higher the impedance of the source, 
the worse the problem is. Such a signal is shown in Fig. 2-12, which is a feline 
electrocardiogram measured in the presence of severe interference. The signal 
shown consists of four seconds of data digitally recorded at a sampling rate of 480 
samples per second. The information-bearing signal is virtually impossible to see 
in the waveform. Because the sampling frequency is a multiple of 60 Hz, it is 
possible to make a very simple filter to remove the interference. Eight samples of 
the data cover a time interval equal to the period of a 60 Hz signal. By replacing 
each point by an average of the nearest eight points, all 60 Hz components will be 
suppressed because the average of a sinusoid over a period is zero. By the same 
reasoning the harmonics of 60 Hz will also be canceled. This type of processing 
is called a running average and is basically a type of low-pass filter with deep 
notches at frequencies that are integral multiples of the reciprocal of the duration 
of the running average interval. 

The discrete impulse response of the running average filter in this case is 


{h(n)} = 0.1251, 1, 1, 1, 1, 1, 1, 1) (2-16) 


The coefficient of 0.125 is included to keep the gain of the filter equal to unity. 
The details of the operation of this type of filter can be better understood after the 
material on transfer functions in subsequent chapters has been discussed. However, 
the processing of the data is readily done using the procedures already discussed. 
The result of convolving the data of Fig. 2-12 with the impulse response given in 
(2-16) is shown in Fig. 2-13. A striking improvement is clearly evident. It would 
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Figure 2-13 Electrocardiogram in Fig. 2-12 after filtering with 8-point running average. 


have been much better if the original data had been collected more carefully to 
minimize the 60 Hz pickup; however, sometimes it is necessary to use the data 
that are available with all of their flaws. The extraction of information from signals 
contaminated with noise and interference is an interesting and challenging problem 
frequently encountered by engineers. 


Exercise 2-5.1 


Carry out the numerical convolution of an equilateral triangular pulse 2 s long with 
a peak amplitude of 2 and a rectangular pulse 1 s long with an amplitude of 1. 
Use a sampling interval of 0.5 s. 


ANS, (D, ,25, 1,1,5, 1, ,22, 9) 
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The impulse response of a linear system represents a very general description of 
the system's characteristics. In cases where the system parameters are varying with 
time, the particular instant when an impulse is applied will affect the response of 
the system. In such systems the impulse response is written as a function of both 
the time of application of the impulse, £, and the independent variable 7. Symbol- 
ically such an impulse response is denoted as g(t, £), and the system response to 
an excitation x(t) becomes 


x0 = | alt, DxO de (247) 


As an example of a time-varying impulse response, consider the function 


g(t, 2) = cos 2mée "u(t — 2) 
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Suppose that it is desired to compute the response of this system to an exponential 
input, x(t) = e ~u(t). The resulting convolution becomes 


y(t) | cos 2rée ~" Se ult — ӘӘ) dé 


t 
= e [etos 2 mé dé 





| 


“2(2л sin 271 — cos 271) + e`'] t0 


= 
= gt ЕЕ (-сов 276 + 27 sin 276) 
T 


ican” 


In this simple case it is possible to obtain an answer in a straightforward manner. 
However, in general the analysis of time-varying systems is quite difficult and will 
not be considered further at this time. Instead, the discussion will be limited to 
consideration of impulse responses of time-invariant systems. Such systems are 
characterized by the fact that if an excitation is applied at some particular time and 
a response y(t) is observed, then an identical excitation applied fọ seconds later 
will lead to the response y(t — tọ), which is identical with the first response, except 
for the time shift 10. Another way of stating the same thing is to say that the 
amplitude of the response function depends only on the elapsed time after appli- 
cation of the excitation and not on the specific time of applying the excitation. 
Therefore, it may be concluded that the impulse response of a time-invariant linear 
system will depend only on the variable ¢ — 6 and not on ¢ or £ separately. 
Functionally, this becomes g(t, €) = A(t — £). An example of such an impulse 
response is 


1 = 
«t. = ма = 8 = доо (- Sat] u(t — 9 


This is the response of the R-C circuit in Fig. 2-2 to an impulse applied at t = £. 
If the impulse were applied at = 0, then the variable г — € would become simply 
t, and the impulse response would be as given previously in Fig. 2-4. 

For physically realizable systems—that is, systems that are not inherently im- 
possible to construct—it is required that! 


ht) -0  1<0 (2-18) 


This corresponds to the intuitively obvious requirement that the response be zero 
prior to application of the excitation. This relationship is known as the causality 
requirement, and, as noted in Chap. 1, systems having this property are called 
causal, or nonanticipatory, systems. 


'For the time-varying case, the requirement takes the form 
gt, 6s) =O 1<6 
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In addition to the causality requirement, it is further generally required that 
h(t) — 0 as t — o for passive physical systems. This requirement reflects the 
practical (but not mathematical) impossibility of having lossless elements in a 
system. If lossless systems, or active systems (that is, systems having internal 
energy sources) are being considered, then it is no longer necessary that h(t) — 0 
as t — ©, but to be practically useful, the system must be stable in the sense that 
the output must be bounded for a bounded input. A sufficient condition for this 
bounded-input, bounded-output (BIBO) stability is that the area under the magni- 
tude of the system impulse response be finite. In equation form, this requirement 
is 


oo 


| Ih(t)| dt = K, < e (2-19) 


where К; is constant. 

This relationship may be proved in the following manner. Let the input x(t) 
be bounded by (that is, never exceed) a number K;; in other words, let |x(t)| < К, 
for all т. The output y(t) may be expressed in terms of x(t) as 


y(t) = | h(A)x(t — A) ал 


Using the property of integrals that the absolute value of an integral is less than or 
equal to the integral of the absolute value of the integrand, and making use of the 
boundedness of x(t), we get 


oc 


wol = |, haza - alar 


oc 


= |, wool — ај ar 


= К, | ҚА) dA (2-20) 


From (2-20) it follows that if (2-19) is satisfied, then the output will be bounded 
by K,K,, and the system will be BIBO stable. The question of system stability is 
discussed further in connection with transfer functions in Chap. 5. 

The units of the impulse response vary with the input and output functions 
being considered. For example, if A(t) is the current resulting from a voltage 
impulse, then the units of A(t) are amperes per volt-second. The units are most 
easily found from the response equation. For the case just mentioned, we have 


11) = | h(A)u(t — А) dA 


It is seen that for the integral to have units of amperes, it is necessary that A(t) 


have units of amperes per volt-second. When both the input and output are voltages, 


the units of A(t) are volts per volt-second or $ '. 
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Figure 2-14 Impulse response of a finite time integrator. 


A system having an impulse response of the form shown in Fig. 2-14 is called 
a finite time integrator. The reason for the name can be seen by computing the 
output y(t) for an arbitrary input x(t). The impulse response сап be expressed 
mathematically as 


h(t) = u(t) — u(t — T) (2-21) 


Accordingly, the output is given by 


y(t) — | [и(А) — ША — T)]x(t — A) ал 


Since A(t) is zero except for 0 < A < T the integral becomes 


T 
y(t) = | МЕ — A) GA 


Changing variables this can be written as 


y(t) = | __ ЖА) da (2-22) 


From (2-22) it is seen that the output at any time ¢ is equal to the integral of the 
input over the previous 7 seconds. This processor is the continuous time analog of 
the running average filter discussed in connection with numerical convolution. 

It is frequently suggested that the impulse response of a system can be aprox- 
imated by measuring the response to a very short duration input pulse. In order to 
get an idea of the duration that might be appropriate, consider the simple R-C 
circuit shown in Fig. 2-15, along with its impulse response as computed earlier. 
Assume that the input is a rectangular pulse of the form 


p) — u(t) — u(t — T) (2-23) 
The system output is then given by 


y(t) = | ш(А) — WA — Тујае **- dt (2-24) 


The integral can be evaluated most easily by referring to the sketch of the two 
factors in the integrand shown in Fig. 2-16. 
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Figure 2-15 Simple R-C circuit and its impulse response. 
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Figure 2-16 Integrand (2-24). 
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The result is shown in Fig. 2-17. А frequently used rule-of-thumb is that the pulse 
duration should be 45; the circuit time constant and the output should be multiplied 





Figure 2-17 Pulse response of circuit of Fig. 2-15. 
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------ True impulse response 
= Approximate impulse response 


Impulse response 





Figure 2-18 Impulse response and its approximation. 


by 10 to obtain the impulse response. In the present case this would mean T = 
Т./10 and the peak value of the response would be 


Yuma (D = 1 — е! = ,095 
occurring at г = 7,/10. The output would be 
yt = 1— ет“  Q0«r« AT, 


0.10527'Т 17Т,<: 


Figure 2-18 shows a comparison of h(t) and 10у(7) and indicates that the approx- 
imation is reasonably close for this case. 
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The general formulation of the convolution of the functions x(t) and x(t) is 


x(t) * x(t) = | х (А) (t — A) dA (2-25) 


where the asterisk separating the two functions on the left implies the integral on 
the right. This notation is widely used and allows ready handling of otherwise 
cumbersome expressions. Consider, for example, the convolution of one function 
with another function that is itself a convolution of two functions; thus 


xj) * [x,(t) * x,(t)] (2-26) 


The convolution contained in the brackets can be written as 


x(t) * x(t) = | х,(А,)хз(7 — A,) dA, 
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Combining this with the first function gives 


xj) * [x,(t) * x3(t)] = | х (А) da, |. А А — А, — А) a, | 


= | ar, | „А (А Qs m A, a A>) dÀ, 


The advantage of the asterisk notation is readily apparent. 
Consider again the defining relationship as given in (2-25). By making the 
change of variables A = г — А), we obtain 


XQ х = хі — ÀA)x(A)(— dÀ) 


_ |. xi ух — Ауа, (2-27) 


Therefore, ХЖ х) = X4 * X] 


It follows, therefore, that convolution is cummutative and that the order of the 
functions being convolved is immaterial. 

As а direct result of the superposition property of integrals (that is, the integral 
of a sum of terms is equivalent to the sum of the integrals of the terms taken 
separately), it is shown readily that convolution is distributive. Accordingly, 


Х| * (х + x) = xx + xU “ху (2-28) 


When functions are reasonably well behaved, as they always are when they 
arise in physical problems, the order of integration can be changed, and it is readily 
shown that convolution is also associative; that 15, 


X, * (x5 * x4) = (x * х) * x, (2-29) 


In view of the associative property, it is unnecessary to use brackets to separate 
the functions being convolved, and (2-29) can be written in the equivalent forms 


(x, * Xp) * Xz = xi * (Ху * Xz) = X, * X4 * X3 (2-30) 


Also, because of the commutative property, the order of convolution is not im- 
portant. In actually carrying out the integration involved, the limits on the integrals 
will be different for different orders of the convolved functions, but the final result 
will be the same for all orders. 

Some interesting and useful additional properties of convolution integrals can 
be obtained by considering convolution with singularity functions, particularly the 
unit step, unit impulse, and unit doublet. From the defining relationships given in 
Chap. | it is readily seen that 


z(t) * $0) = | | z098( — A) dA = z(t) (2-31) 
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z(t) * u(t) = |. z(A)u(t — A) dA = |. z(A) ал (2-32) 
z(t) ЖО (t) = | ДАҚ — A) dA = z'(t) (2-33) 
Therefore, u(t) * ó'(t) = | u(A)d'(t — A) dA = 6() (2-34) 


Using these relationships and the commutative property of convolution, the follow- 
ing relationships may be obtained. Assume that 


z(t) = x(t) * y(t) 


Then z(t) * 0'(1) = x(t) * y(t) * 6'(1) 
z (t) = x(t) * y(t) = x'(t) * y(t) (2-35) 
and z(t) * O(t) = x(t) * y(t) * (t) * ult) (2-36) 


z(t) = [x(t) * О (0] * y(t) * u(t) = х (1) * | y(A) da 


y'(t) * | (А) da (2-37) 


These relationships are particularly useful in the computation of Fourier transforms 
of the products of functions and are discussed in that connection in Chap. 3. 

As an example of the use of convolution algebra, consider the following prob- 
lem: A signal is recorded on film by varying the intensity of light passing through 
a narrow slit and falling on a moving film. The situation is shown schematically 
in Fig. 2-19. The input signal is x(t), and the recorded intensity variations on the 
film are y(t). Because of the finite width of the slit, each portion of the film will 
be exposed to the light variations occurring during the time required for a spot on 
the film to pass completely by the slit. If the slit width is а and the film velocity 
v, then the time required for a portion of the film to pass the slit will be 7 = a/v. 
Accordingly, the recorded signal y(t) will be the sum of the values of x(t) occurring 
in the interval t + 7/2, or 


| Input signal, x(t) 
Amplifier 


о ern 


Figure 2-19 Intensity recording on film. 
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1--Т/2 
yt) = | x(€) d£ (2-38) 


-Т/2 


This сап ђе rewritten as 


1+7/2 t—T/2 
x»»-|. Od- | xat 


and making use of the expression for the convolution of a function with the unit 
step given in (2-32), this can be further simplified to 


= x(t) * (1+ 1) о ( - 2 
y(t) = x(t) * и 5 x и 2 

х | $2] = ( - г 2-39 
x(t) ult 2 и 2 (2-39) 


Thus, the system output can be considered as being the convolution of the input 
signal with a unit amplitude pulse of duration 7. This type of processing occurs 
frequently and is called a running average. 

Suppose now that it is desired to recover x(t) from the recorded y(t). This may 
be done quite simply (in theory, at least) by the following artifice. Taking the 
derivative of both sides of (2-39) and using the identity given in (2-35), we obtain 


мр» 4 tu(r+ 4) – и (, - 1) | 
xo» |: (, + 1) -a(+-5)| 
(59-46 


Therefore, solving for x(t), we һауе 


Tri (t) + E) 
x 5 y x |: 5 


x(t) = у ( - r) + x(t — T) (2-40) 


y(t) 


The value of x(t) is given by the derivative of y(t) one-half a slit width earlier plus 
the value of x(t) obtained one full slit width earlier. 


2-8 ADDITIONAL PROPERTIES OF CONVOLUTION 


There are a number of properties of the convolution operation that are quantitative 
and are frequently of use, either to check on the validity of a particular calculation 
or to gain some insight without actually carrying out the computation. For example, 
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consider the relationship between the area of the convolution resultant and the areas 
of the two factors entering into the convolution. Mathematically we have 


x,(t) = | хОу — A) ФА (2-41) 


The area can be computed by integrating over the interval — 20 < t < ©, giving 


| „зе e = |. | ба — À) dd dt 


= f хо) NT - А) а dÀ 


= |. x,(A)[area under x,(t)] dA (2-42) 


Area under ха(7) = area under х (7) X area under х-(1) 


Thus, the area of a convolution product is equal to the product of the areas of the 
factors. Another useful relationship can be found by considering the center of 
gravity of the convolution in terms of the centers of gravity of the factors. The 
center of gravity (or centroid) of a waveform is defined as 


| u tx(t) dt 


gp € 
NET dt 


This quantity can be simply expressed in terms of the moments of the waveform 
defined by 


(2-43) 


M,(x) = | оха) а (2-44) 
Thus, we have 
M (x) 
- “i 2-45 
1 мх) ==. 


If a waveform is symmetrical, the center of gravity will be located on the axis of 
symmetry. Computing now the first moment of the convolution, we have (to sim- 
plify the notation assume that all integrals have infinite limits) 


М(х) = | ху) dt = | [ | | x,(A)x,(t — А) а | dt 


= [о | tx,(t — A) а ал 
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E ЕС | (E + A)x«(&) | ал 


Е ал һә dë + (кө dë | xo) dA 
Mj,())Mo(x;) + M,(x.)Mo(x,) 
Noting from (2-42) that Mo(x3) = Mo(x,) + Му), we obtain 


М (x3) e М (21) 4 М (x2) 
Мол) Мо) М) 


(2-46) 


or 13-1) + 7 (2-47) 

These calculations can be extended to show that the squares of the radii of gyration 

also add. The radius of gyration, о, is obtained from 

_ Mx) | 
Мох) 


с? 





т (2-48) 


and сап be thought of as а measure of the spread of a function around its centroid. 
The square of the radius of gyration corresponds to the variance in a probability 
distribution. The corresponding expression for the convolution operation is 


оз = 01 + 05 (2-49) 
It is this result that leads to the conclusion in probability theory that the variance 
of the sum of two independent random variables equals the sum of their variances, 
since the probability density function of the sum is the convolution of the individual 
probability density functions. Also the relationship in (2-49) lends more quantitative 
evidence to the intuitive concept that convolution is a smoothing or broadening 
operation—at least for pulse-type signals. 


2-9 DISCRETE CONVOLUTION AND DECONVOLUTION 


There is a close analogy between the mathematical operation of convolution as 
applied to a sequence of numbers and the multiplication of polynomials. This may 
be easily seen by considering a simple example. Let two sequences be given by 
{а} = {a,, а», аз} and {b} = {b,, by, b3}. Their convolution is obtained by reversing 
one sequence and then sliding it along and multiplying the overlapping terms just 
as was done in the case of numerical convolution. Thus, 


{a} * {b} = (ај, аҙ, аз} * 46), by, b3} 
= {a,b,, (a,b, + ab), (а\Ь + а,Ь, + азђу), (ар, + a4b;), аза) 


Now compare this result to that obtained by multiplying the following polynomials. 
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(a, + ах + азх?)(Ь, + box + b4x?) 
= a,b, + (a,b, + ађух + (аб + аЬ, + азђух“ 
+ (ab, + аЬ)? + азбох“ 


The terms resulting from the convolution of two sequences аге identical to the 
coefficients obtained from the multiplication of two polynomials whose individual 
coefficients are the same as the elements in the sequences. 

The above relationship suggests that it might be possible to deconvolve a 
function by means of polynomial division. For example, consider the sequences 
(1, 1, 2, Папа 12, I, 2}. Their convolution product is readily found to be 


tl, 1, 2, 17 #12, 1, 2} = 2,3, 7,6, 3, 2 
This can be thought of as corresponding to the polynomial product 
(1 +x + 2x7 + ?)(2 + х + 2x7) = 2 + 3x + 7X + 68 + 5x* + 2 


If one of the factors on the left is known, then the other can be recovered by 
polynomial division. Assume that the factor 2 + x + 2x? is known; then the other 
factor can be obtained in the following manner: 


| + x + 2x7 + » 
2 +x + 2x7 [2 + 3x + 7x? + 6x3 + 5x4 + 245 
2 + x + 2x 
2x + 5x? + 6 
2x + x + 2x 
Ax? + A + 5х“ 
Ах? + 2 + 4x4 
2 + х* + 22 
2p + х + 220 


The quotient corresponds to the deconvolution and yields the correct sequence of 
{1, 1, 2, 1}. This method of deconvolution is quite sensitive to errors in the 
individual elements and, therefore, has not found much application in the solution 
of practical problems. 


Exercise 2-9.1 









Deconvolve the following two sequences: 12, 3, 4, 4, 2, 1} and 12, 1, 1). 


ANS. Check by convolving. 





REFERENCES 


Most textbooks on system analysis derive the convolution integral in connection 
with transform methods of analysis. This may lead students to some difficulty in 
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following the discussion if they are unfamiliar with the Laplace and Fourier trans- 
forms. The books listed below provide extensive discussions of convolution based 
on time-domain methods before tying in the ideas of frequency-domain analysis 
and are recommended for further study of this technique. 


1. Bracewell, R. N., The Fourier Integral and Its Applications, 2d ed. New York: 
McGraw-Hill Book Company, 1978. 


Although written at a more advanced level than the present text, Bracewell's book 
contains a wealth of useful material on convolution and related topics that can be 
readily understood by an average student who is willing to put forth a little extra 
effort. 


2. Gabel, R. A., and R. A. Roberts, Signals and Linear Systems, 2d ed. New 
York: John Wiley & Sons, Inc., 1980. 


Convolution for analysis of both continuous and discrete systems is discussed in 
some detail in this text although numerical evaluation of the convolution integral 
is not considered in any detail. 


3. Guillemin, E. A., Theory of Linear Physical Systems. New York: John Wiley 
& Sons, Inc., 1963. 


Although written at the graduate level, this text contains many interesting physical 
interpretations of mathematical operations, including convolution, and is recom- 
mended as a source of new perspectives for some of the items discussed in Chap- 
ter 2. 


4. Jong, M. T., Methods of Discrete Signal and System Analysis. New York: 
McGraw-Hill Book Company, 1982. 


This book is written at about the same level as the present text and provides a 
discussion of discrete convolution accompanied by appropriate computer programs. 


S. Robinson, E. A., Multichannel Time Series Analysis with Digital Computer 
Programs. San Francisco: Holden-Day, 1967. 


Although written in connection with the analysis of seismic signals, this book has 
an interesting presentation of discrete convolution and deconvolution along with 
useful computer programs. 


6. Ziemer, R. E., W. H. Tranter, and D. R. Fannin, Signals and Systems: Con- 
tinuous and Discrete. New York: Macmillan Publishing Co., Inc., 1983. 


This book is written at the same level and covers many of the same topics as the 
present text. The continuous case is covered in the first half of the book, and the 
discrete case is covered in the second half. 


PROBLEMS 


2-31 Using the definition given in Sec. 2-3, show that convolution is a linear 
operation. 
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2-3.2 A system has an impulse response of the form е ‘u(t). Find the system 


output for an input of 


a. e "u(t) 


b. cos 271 


2-3.3 A system has an impulse response of the form h(t) = 56(1) — 5e “и). 
By evaluating the convolution integral, determine and sketch the output of this 
system when the input is a delayed step 2u(t — 1). 


2-34 A system having an impulse response as shown in Fig. P2-3.4 is called a 
finite time integrator. Using the convolution integral, write an expression for the 
output of this system for an arbitrary input. By a change of variables show why 
this is an appropriate name for such a system. 


h(t) 


О T == Figure P2-3.4 


2-4.4 Sketch the function that results from convolving each pair of the following 
functions. Label the significant time and amplitude values. 


Хә 








Figure P2-4.1 
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2-4.2 A system has the response shown in Fig. P2-4.2 when excited by a 1-ms 
duration, rectangular pulse having a peak amplitude of 10 V. Without carrying out 
any detailed computations, sketch the system response to each of the following 
inputs: 


a. u(t) — u(t — 107°) 
b. 10и(1) 

с. 10 cos (20т1)и(1) 
d. 10 cos 207t 





Figure P2-4.2 


2-43 Sketch the function that results from convolving each pair of the following 
functions. Label the significant time and amplitude values. 


f. (t) (0) 
2 
2 
0 2 t- —1 0 1 t— 
0 1 2 0 2 
А N 
қ 0 =i., d | 


Figure Р2-4.3 (Continued next page) 
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Figure P2-4.3 


2-4.4 In mechanics the impulse of a force is the time integral of the force. This 
concept is particularly useful when the duration is short, for then the response of 
the mechanical system can be determined from the relation that the change in linear 
(angular) momentum of a mass equals the impulse of the force acting on the body 
for an infinitesimal time. Using this principle, find the distance (neglecting the air 
resistance) а 1.5-ounce golf ball would travel in flight if struck at an impact angle · 
of +20° to the horizontal by a golf club that experiences the force time curve 
shown in the accompanying figure. Assume A = 1600 newtons. 


Force, newtons 





Time, milliseconds Figure P2-4.4 


2-51 Using numerical methods, compute the convolution of the two functions 
shown in Fig. P2-5.1. Sketch the result. 


О Еј [== 





Figure P2-5.1 


2-5.2 Using a digital computer, convolve the two functions shown in Fig. P2- 
5.2. The function y(t) theoretically extends to infinity, but its magnitude is de- 
creasing exponentially, and a good approximation can be obtained by truncating it 
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x(t) 


y(t) 


ee ult) 





t — Figure P2-5.2 


at a time corresponding to four times the longest time constant present. Choose a 
sampling interval of At = 0.1 s. You can check your answer by noting that the 
area of z(t) should equal the product of the areas of x(t) and y(t). In terms of 
discrete values this becomes 


N3-1 Ni-1 N2- 1 
2, z(nAt) = b snap | 2, ynan) | 


n1 п=1 n=] 


2-5.3 A signal of the following form is received 
s(t) = 10 sin 2zt + 10 sin 307t + 10 sin 407; 


It is desired to remove the high-frequency signals by filtering the received signal 
with a filter that passes low-frequency signals but attenuates high-frequency signals. 
One such filter that has this characteristic is a second-order Butterworth low-pass 
filter having an impulse response of the form 


A(t) = 2\V/2af, exp [— Мт, sin (V27ft)u(t) 


This filter has a 0 dB attenuation at dc, which smoothly increases to 3 dB at f = 
fo and then rapidly increases above f, at a rate of 12 dB per octave. Select ап 
appropriate fọ (e.g., fo = 2 Hz) and filter s(t) by convolving with A(t). Use a 
length of s(t) at least twice as long as A(t), which should be truncated at about four 
times the time constant in A(t). Make a plot of s(t) and s(t) ж A(t). 


2-5.4 An experimentally determined impulse response and input signal for a sys- 
tem are as shown in Fig. P2-5.4. Compute the approximate system output at t = 
0.5 8. 





POP eye 
xi МГП 
ГГА ТГ 
ОАЗА ДАЈ 
ГАД 


ЕТЕГІ 
_| SL ыы 
1 
t—» Figure P2-5.4 
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2-6.1 


Derive the following expression for the ‘‘superposition integral’’ that gives 


the system response y(t) to a causal input x,(f) in terms of the unit step response 


w(t): 


2-6.2 


t 


y(t) = x(0*)w(r) + | x'(A)w(t — A) dA 


0 


It is often convenient to use a step function as a test signal when studying 


ог measuring system response. Such signals are easy to generate and lead to a 
response whose derivative is the system impulse response. 


w(t) 
‚ y қ 5562741) 
(t) T 05 т z volt) 
О 4 
) (b) 


Figure P2-6.2 


(a 


a. For the system shown in Fig. P2-6.2, compute the unit step response and the 
impulse response. 

b. For the system step response w(t) shown, find the impulse response and sketch 
an electrical system having such a response for an input signal that is a voltage 
step. 


2-6.3 


Are the following systems stable? Why? 


a. A system whose output is the derivative (d/dt) of the input 


b. A system whose output is the integral | | й ) of the input 


2-6.4 


In testing systems to measure their impulse response, it is often necessary 


to use pulse shapes that are not rectangular. How can you convert from the re- 
sponse of a system to a narrow pulse of arbitrary shape, to the system impulse 
response? 


2-6.5 


A system with an impulse response as shown is called a finite time integra- 


tor. Using convolution techniques, find the response y(t) of the system to an input 
x(t), as shown, if 


а. k 
b. k 
c. k 


2-71 


= 7/10 
= Т 
107 


Consider the following pairs of functions: 
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2 1 
D 1 2 г -2 О E pee 
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1 
О 1 pue 
X3 
1 





Figure Р2-7.1 


Q 


Find the duration and average value over the duration interval for the convo- 
lution of each pair. 

Find the centroid of each convolution. 

c. Find the radius of gyration of each convolution. Which pair of functions leads 
to a convolution resultant having the greatest spread around its centroid? 


о 


2-81 When signals have negative-going portions, the moments as defined in Sec. 
2.8 are often difficult to interpret physically. However, the rules relating the mo- 
ments of the convolved functions to the convolution resultant are still valid in such 
cases. Verify the relationships for the area, centroid, and radius of gyration for the 
convolution of the two functions shown in Fig. P2-8.1. 


x(t) 


0 1 | 





Figure P2-8.1 


2-8.2 When dealing with signals having negative-going portions, it is often useful 
to consider the moments computed using instantaneous power instead of instanta- 
neous amplitude. The moments in this case are defined as 


M, = |. t"\x(t)|? dt 


For the two waveforms of Problem 2-8.1, compute the centroid 7 and radius of 
gyration о using the above formula. Compare these results with those obtained 
using the instantaneous amplitude. What relationship, if any, exists between the 
moments of the power of the convolution and the moments of the two signals being 
convolved? 
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2-8.3 Show that when two sequences are convolved, the product of the sums of 
the two sequences equals the sum of the terms of the convolution resultant. 


2-91 The inverse of a sequence is defined as that sequence having the property 
that its convolution with the original sequence leads to a sequence consisting of all 
zeroes except a single unit element at the origin. 


a. Verify the validity of the following causal sequences and their inverses: 
1, —1} ily Ds Р lnc ae 


HALU [1 <1, 0,1, =1,0,... 


b. The following set of data was obtained by averaging over three points at a time. 
Find the original set of data from which this running average was made. 


11,2, 4, 5, 4, 3, 1, 1] 








3-1 INTRODUCTION 


Fourier Series 
and Transforms 


Determining the response of a system to a particular excitation when there are 
several energy storage elements in the system and when the excitation waveform 
is not simple becomes very involved. A direct attack on the problem through 
solutions, by classical methods, of the differential equations describing the system 
is quite difficult when complicated excitation functions are present. In many cases 
numerical solutions can be obtained readily, whereas analytical solutions cannot. 
If the system is linear and if its impulse response is available, it is possible to 
analyze the excitation function into a continuum of impulses and then. superimpose 
the responses corresponding to each member of this continuum in order to obtain 
the overall response. This leads to the convolution integral that is discussed in 
Chap. 2. This method of analysis is very powerful and is particularly useful in 
theoretical studies. One difficulty with this method, however, is the problem of 
obtaining the system impulse response. Another difficulty with this method is that 
for certain types of problems, such as the filtering of signals, only limited physical 
insight into the problem is gained. 

The reasons that the convolution method is theoretically feasible are three- 
fold: first, it is possible to analyze most signals into impulses; second, the response 
to a single impulse can be determined; and third, the principle of superposition for 
linear systems allows the total response to be determined from the responses to the 
elementary signals (impulses) making up the excitation. In principle any other set 
of basis functions could be used in a manner analogous to that of the impulse 
functions. The only requirements are that the basis functions be capable of ade- 
quately representing the excitation and that the response of the system to the in- 
dividual basis functions be known. When impulses are used, the responses to the 
various basis functions are just amplitude-scaled and time-delayed replicas of the 
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response to a unit impulse. With an arbitrary set of basis functions, it may turn 
out that the response to each elementary function is significantly different, thus 
rendering the procedure useless. In attempting to use this procedure with other 
basis functions, therefore, the problem becomes one of selecting a set of elementary 
signals that is appropriate, both in terms of ease of decomposition of the excitation 
and in terms of calculating the system response to the various members of the set. 
Fortunately, there are several sets of basis functions that are attractive on both 
counts. One such signal is the sinusoid cos (од! + d). It will be shown that 
periodic signals can be decomposed readily into a sum of sinusoids that are har- 
monically related, and aperiodic signals can be decomposed into a continuum of 
sinusoids having infinitesimal amplitudes. 

The response of a linear system to a steady-state sinusoidal excitation is rela- 
tively easy to calculate (or measure). In fact, the response is just an amplitude- 
scaled and phase-shifted replica of the sinusoidal excitation. Such responses are 
readily obtained by steady-state ac circuit analysis methods, using the familiar 
concepts of impedance and admittance. By superimposing the responses to the set 
of sinusoids representing the excitation, the total response is obtained. 

There are also other basis functions, related to the sinusoid, that are useful in 
signal and system analysis. One of the most frequently encountered basis functions 
is the imaginary exponential e/^', which will be used extensively in this chapter 
because it is easy to manipulate mathematically compared to real sinusoids. Another 
frequently used basis function is the complex exponential е“, where s = o + jw 
is a complex number. This elementary signal forms the basis of the Laplace trans- 
form, to be discussed in a later chapter, and provides further computational 
advantages for many problems such as those involving the transient response 
of a system. 

The methods to be discussed in the following sections are based on the use of 
real and complex sinusoids to represent signals and are properly called Fourier 
methods after the mathematician who first investigated these techniques. The basic 
techniques are widely applicable to the solutions of ordinary and partial differential 
equations. In many such cases the solutions are rather formal and offer little insight 
into the physical aspects of the problem. In the case of signals and systems, how- 
ever, the Fourier representations have direct physical interpretation and, in fact, 
frequently are readily measured quantities. It is for this reason that Fourier analysis 
plays such a prominent role in signal and system analysis. 


3-2 FOURIER SERIES REPRESENTATION OF TIME FUNCTIONS 


The set of basis functions $,(t) = e?7"/T. n = 0, + 1, + 2,. . . , is orthogonal 
over an interval ¢, = ¢ = 1, + Т and is capable of representing almost any time 
function in that interval. If the function is periodic with period 7, then the repre- 
sentation will be valid for all times and not just those within the interval. The term 
**almost any time function’’ implies that the function must meet certain mathe- 
matical conditions. These are the Dirichlet conditions, which will be discussed 
shortly. Any time function corresponding to an actual physical signal will always 
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satisfy these conditions. Using the procedures described in Chap. 1, an arbitrary 
signal x(t) can be represented in terms of complex exponential basis functions as 
follows: 


xth= У aero t<t5t,+T (3-1) 


n=—® 


tT 
а, = = | x(t)e "о! dt (3-2) 
T Jt 
where wọ = 2т/Т. This representation is referred to as an exponential Fourier 
series. The coefficients а,, chosen according to (3-2), minimize the mean square 
error between x(t) and the partial sum X" .. а,е/% for any М. The fact that the 
а, chosen in this manner give the best (in а mean-square-error sense) fit does not 
necessarily mean that they give a good fit. The question of a good fit is involved 
with the convergence of the series, (3-1), to the value of the function at each point. 
Study of the convergence of Fourier series in general is quite complex. However, 
there is a set of conditions that is sufficient (although not necessary) to assure the 
desired convergence. Also, these conditions accommodate virtually all cases arising 
in physical problems. These conditions are known as the Dirichlet conditions and 
state that a function x(t) has a Fourier series representation if: 


1+Т 
1. | х(4)| dt is finite. 
1 


2. There аге no тоге than a finite number of maxima and minima in any finite 
time period. 

3. There are no more than a finite number of discontinuities in any finite time 
period. 


When these conditions are met, the Fourier series representation of x(t) converges 
at every point, 7 = tọ, in the interval to х(1) = [x(tg ) + ха )]/2, where x(tg ) 
and х(і0 ) are the lim,» x(t) as f is approached from the right-hand and left-hand 
sides, respectively. If x(t) is continuous at / = tọ, then the series converges to 
x(tg). However, at a discontinuity the series converges to the arithmetic mean of 
the left-hand and right-hand limits. 

Before illustrating the above properties, it is helpful to obtain an equivalent 
representation. Making use of the relationship e/^*' = cos wot + j sin wot, it-is 
possible to rewrite (3-1) as 


00 


x(t) = ki а,(сов nogt + j sin nogt) (3-3) 


n —o 


From (3-2) it is seen in all cases where x(t) is real that a_, = a, and, making 


use of the even and odd properties of cos n@pt and sin n«gt, (3-3) can be written 
as 


x(t) = ag + > (a, + a7) cos nwt + ја, — o7) sin по! 


п= 
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= 5 + У а, cos not + b, sin nwot (3-4) 
п=1 
+T 
where а, = 2 | x(t) COS NWot dt п -%,1,2,... (3-5) 
d 
1+7 
b, = 2 | x(t) sin N@ot dt m= 0, 1,2... (3-6) 
d 


Note that а, and Б, are real numbers if x(t) is real, whereas а, is, in general, а 
complex number. In all cases, of course, the series (3-1) and (3-4) must sum to 
the same value. Therefore, if x(t) is real, the imaginary parts of (3-1) will add 
to zero. 

Another form of the Fourier series that is often convenient is to combine the 
sine and cosine terms to give a single component with a phase angle. Thus if a, 
and b, are the coefficients of the Fourier series expansion of x(t), then another 
representation is 


x(t) = >, с, cos (2тпі — 0,) (3-7) 
п-0 
с, = Val + b (3-8) 


S5 

|| 

= 

£e 

53 

| 
и 
а |> 
“Sea 


(3-9) 


Conversions among the coefficients of the various representations can be carried 
out using the following identities 


a, = a, + o? = 2 Re(a,) = с, cos б, (3-10) 

b, = Хо, — až) = —2Im(a,) = c, sin Ө, (3-11) 

с, = 2\a,| = Va + P2 (3-12) 

0, = tan! ЕНІ = јап (>) (3-13) 
1 | 1 т 

а, = 2 (dn - jb,) = > Cn(COS 0, - Ј sin 0,) (3-14) 


Іп general the series (3-1) and (3-4) represent the function x(t) over the interval 
t, tot, + T, and nothing is specified about x(t) outside this interval. If, however, 
x(t) is periodic with period 7, then the Fourier series representation will be valid 
for all 7. 

As an illustration of the Fourier series representation of a time function, con- 
sider the periodic rectangular pulse train shown in Fig. 3-1. 
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-fa О to 7 27 f — 


Figure 3-1 Periodic rectangular pulses. 


The Fourier coefficients are found to be 








2 | 2тпі 2 sin 2тт/Т|“ 
а, = = cos p ж =з жне». 
TJ-. T Т 2mn/T |, 
_ 4t, sin Qamt,/T) 
= T 2mnt,/T 
Жы 2тпі 
„= = | sin 22" dt = 0 
T J ta T 


and the corresponding Fourier series is 


2:, 41, У sin (2ant,/T) 2тп 


t) = — + COS t 3-15 

МО = т tU rA лит T (5-15) 

To make the example somewhat more specific, assume that Т = 1073 s and 
t,/T = %. The frequencies present in the Fourier expansion are then f, = 


«,/23 = 1000n Hz plus a dc term. The frequency corresponding to n = 1 is 
called the fundamental, or first, harmonic, which in this case is 1000 Hz. The 
frequency corresponding to n — 2 is the second harmonic, which in this case is 
2000 Hz. Higher harmonics are designated in a similar manner. 

The array of amplitudes of the harmonics is called the (discrete) frequency 
spectrum and for this example is shown in Fig. 3-2. One of the reasons that this 
type of representation is particularly useful is that it is closely related to directly 
measurable quantities. In this instance, by using appropriate filters it is possible to 
isolate each of the frequency components and measure its amplitude, which will 


Amplitude 


e 3 2 5 6 7 
Frequency (kHz) 


O 


Figure 3-2 Frequency spectrum of periodic square wave. 


96 FOURIER SERIES AND TRANSFORMS 


Table 3-1 Fourier Series Representation of Common Waveforms 
ә 


Waveform Fourier Series 
= + Ж” жа Ж” ee У о e ти ти 
^ htl Mim nii 
ПЕТ 
iodi = -- -|/Отп/Т) 
General periodic wave x(/) а, = 1 |, x(t)e (Отп/7041 4) 


а, = 2тп _ 2mn 
245 ШІ, + b, sin t 
2 а, соз — , Sin 7 


n=] 





ыы 2лп 
a, = i| x(t) cos t dt 
а 
2т 
b, = 2 | x(t) sin га 
1 x 
4 | 2 - 
-72| [|o |7/2]7 п = 2п l T 


Odd square wave 


4 ~ (-1y*! 2m(2n — Dt 
-— ——— —— cos ———— ——— 


Even square wave 


1 
| [ I LI Т. 2t, | 4t, У 2nt, 2тпі 
=h [O T 27 T T T sinc UT cos T 


п= | 
Rectangular pulse train 








1 x 
8 1 228 — 1) 
—3 —— HN —— ты | 

Atl” 4 т? 2, n — 1) 2 

Triangular wave 
1 2 v ( - [ye | | Imn 

- — =—{[ 

2 О T er or >, " in T 


Sawtooth wave 


1 
ЗИМА. 2 (1) m 27 ~ СІ» Ат 
71574 7 situm д тавр 


п= | 
Half-wave rectified cosine wave 


A 
A sin (2тВ) — (27В) cos (2тВ) 2AB 
-87 087 T т [1 — cos (27B)] [1 — cos (2тВ)| 
Fractional cosine wave 
i sin [27B(n — 1)] Е sin [27B(n + 1)] 2тт 
өүү. [2zB(n — 1)] [27В(п + 1)] T 


3-2 FOURIER SERIES REPRESENTATION OF TIME FUNCTIONS 97 


be found to be in agreement with (3-15). An alternative physical realization of this 
representation is obtained by combining separate sinusoids of the correct ampli- 
tudes, frequencies, and phases and obtaining a resultant waveform that is the rec- 
tangular waveform of Fig. 3-1. 

The Fourier series representations of several common periodic waveforms are 
given in Table 3-1. The representations of numerous other waveforms can be 
obtained from these by appropriate addition, subtraction, differentiation, or inte- 
gration of these basic waveforms. Such operations are usually possible, although 
in the case of differentiation some precautions (as discussed further in Sec. 3-5) 
are necessary. 

There are a number of reasons why Fourier series analysis is important in the 
study of signals and systems. One reason is simply the physical insight that it 
provides concerning the frequency composition of complicated periodic wave- 
forms. A much more important reason, which is discussed in considerable detail 
later in this chapter, concerns techniques for analyzing signals that are not periodic 
per se because they exist for only a finite time duration. Such techniques turn out 
to be closely related to Fourier series, and a thorough understanding of Fourier 
series is essential in avoiding many problems that might otherwise arise. A third 
reason for the importance of Fourier series in system analysis is that it provides 
one way of determining what happens to a periodic waveform when it is passed 
through a system that alters the relative magnitudes and phases of the various 
frequency components. 

As an example consider the effect of a low-pass R-C circuit on a sawtooth 
waveform as illustrated in Fig. 3-3. A practical circumstance in which this situation 
might occur is in the sweep circuit amplifier of an oscilloscope. The sawtooth 
sweep voltage is amplified and applied to the cathode-ray tube deflection plates. 
Their capacitance is represented by C, and the source resistance of the amplifier is 
represented by R. For a sinusoidal input voltage of frequency о and amplitude У, 
the amplitude and phase of the output phasor is obtained by steady-state ac circuit 
analysis as 


V; _ Vil — joRC) 


Vy = ———— 3-16 
9 1-jeRC 1 + & RC a. 


The Fourier series representation of the sawtooth waveform at the input is 
given by Table 3-1 as 


R 
Sawtooth wave Ы Ы 
voltage generator 
ANY У; (7) C Vo (7) 
чт ы | : 


Figure 3-3 К-С circuits with a sawtooth input. 
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v) 







Note: for AC = 0, (7) = w(£) 


Ѓ 
RC/T« 1 


7 
RC/T 0.3 


Figure 3-4 Distorted sawtooth waveform. 


e 22 1311 
Df) = = У EU ИЙГИ... (3-17) 
Т n=) П I 
where T is the duration of one period. Note that only sine components are present 
and that the radian frequency of each component is 27n/T, п = 1, 2, .... By 
virtue of the phase shift in the К-С circuit, the output waveform will have both 
sine and cosine components. Further, each component will be reduced in amplitude 
in accordance with (3-16). Hence, the Fourier series representation of the output 
waveform may be written as 


= (—1)"*! (s 2mnt 2тпЁС d 
—— — D (3-18) 





2 
vot) = 0 2 пп + QanRC/TY] T P Pp 
This waveform is sketched in Fig. 3-4 for several different values of RC. It is clear 
that, as RC becomes larger, the output waveform departs more and more from the 
desired sawtooth. In order to obtain a more quantitative measure of the amount of 
distortion, as well as to gain additional insight into the physical interpretation of 
Fourier series, it is necessary to look further into some of the mathematical rela- 


tionships involved. 


Exercise 3-2.1 





Find the Fourier series representation for the odd square wave waveform shown in 
Table 3-1. 


3-3 AVERAGE VALUES AND RMS VALUES 


By the average value of a signal is meant the time average or mean height. Math- 
ematically the time average of a signal x(t) over the interval / = t = t, + T is 
given by 
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1 tc Т 
л = = | x(t) dt (3-19) 
T Jt 
For power signals, such as periodic signals, the average is taken over an infinite 

interval so that (3-19) is written as! 
ТІ 
(x(t)) = 5 27, pm x(t) dt (3-20) 
Carrying out the limiting operation in increments of integral numbers of periods 
results in a considerable simplification. Consider a periodic signal with period T. 


NT/2 
e) = lim j| yr 9 d 
1 Т/2 
= lim T С | nm x(t) а (3-21) 
T/2 
(x(t)) = ^ | - x(t) dt = (Оу (3-22) 


In obtaining (3-22), use was made of the fact that, for a periodic signal, the integral 
over N periods is just N times the integral over one period. From (3-22) it is seen 
that the average value is just 1/T times the area under the waveform in one period. 
In terms of the Fourier series representation, it is seen readily that (x(t)); = а/2. 
The average value is frequently referred to as the dc value since it represents the 
value that would be measured by a dc measuring instrument. 

A similar analysis can be made for the mean-square value of a periodic wave- 
form, and it is found that 

T/2 


| 
(ха) = т | a5 tO) at = (00) (3-23) 


The mean-square value is thus 1/7 times the area under the square of the waveform 
in a time equal to one period. When this definition is applied to the Fourier series 
representation, the result is 


| (7/2 го 2 
(ҚА), = = | Е + 2, (a, COS nogt + b, sin n | dt 


T/2 2 оо 
-1f Tya У, (a, cos not + b, sin nwot) 
T J-T/2| 4 E М. ° : | 


п=1 т=1 


oc оо 
+ b > (а, а а cos not cos mogt + a,b,, cos NWot sin ii 
t 
+ b,a,, sin по! cos тор! + Б,Б, sin по! sin тог) 


(3-24) 


'The subscript on the symbol ( ) indicates the time interval over which the average is taken. When this 
is infinite, the subscript is omitted. 
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The following identities (orthogonality relationships) can be used to simplify 
(3-24): 


T/2 T/2 
| cos nwt dt = | sin лог dt = 0 (3-25) 
-T/2 -T/2 


T/2 T/2 
| sin по! sin тор! dt = | cos под! COS тор! dt 


~ #72 туд 
= п = т 
= 42 (3-26) 
0 пет 
T/2 | 
[ sin пі cos то! dt = 0 (3-27) 


When these identities are inserted in ние the result is 


p2 

(ут = = M У (5 + 2 (3-28) 
п=1 

Thus, the mean-square value is given by the square of the dc component plus опе- 

half the sum of the squares of the amplitudes of the harmonics. The root-mean- 

square (rms) value is 


1/2 

= Q^ = 4, LY (a; + i| (3-29) 
п=1 

The ас portion of a waveform is usually considered to be all components except the 

dc portion. Thus, the rms value of the ac component of a periodic waveform is 


ме = JED 68 + 8) (3-30) 
2 кеі 


The mean-square value of а waveform is directly proportional to the power соп- 
tained in the waveform. For example, the power dissipated in a resistor of R О 
when a current i(t) flows through it is 


_ E I os > 
P = lim oT, | 2. КЕ) dt = R(i'(t)) (3-31) 
It is evident from (3-31) that the power contained in any particuiar frequency 
component of a periodic waveform is proportional to 2(а2 + bz), where a, and b, 
are the Fourier coefficients of the frequency component in question. 

As an example of the use of the above relationships, consider the problem of 
determining the amount of distortion that occurs when an audio amplifier does not 
have the power handling capability required to handle the peak level of a signal. 
This is illustrated in Fig. 3-5, and an enlarged view of the output signal is shown 
in Fig. 3-6a. It is assumed that the limiting occurs only on the positive part of the 
cycle. In order to make the example specific it is also assumed that the clipping is 
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Sinusoid Clipped sinusoid 


Amplifi 


Figure 3-5 Amplifier with limiting. 


at 90% of the peak value of the sinusoid, which has been normalized to unity for 
convenience. It is desired to determine the amount of distortion produced by this 
clipping. 

Although it is possible to obtain the desired results by expanding о) in a 
Fourier series, somewhat greater accuracy and convenience is obtained by working 
with the portion clipped off, which is designated as c(t) and is shown in Fig. 
3-6b. Thus, 0((1) can be represented as 


2ті 
0001) = cos T = 41) (3-32) 
The Fourier series representation of c(t) is given in Table 3-1, from which the 
coefficients may be determined immediately. Thus (since A = 0.1 and B = 0.0718 
for this example), 


in o ee ee (эке 


2 т 1 - cos [0.0718(277)] 
2(0.1)(0.0718) sin 277(0.0718)(n— 1) sin 27(0.0718)(n+ 1) 
"e ——————Ó— -------::БББББ:Б::>:.:--:-55:Б:55-->-Ь-::5-5:55Б:5:5:5:55: 
" n{1—cos [0.0718(27)]} 2т(0.0718 (п— 1) 27(0.0718)(n + 1) 
b edt) (3-34) 
For n = 1 andn = 2, 
с(?) 
0.1 


7 
-0.07187 о 00787 





(b) 


Figure 3-6 The clipped waveform and the portion removed. (a) The clipped waveform. 
(b) The portion removed (enlarged). 
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a, = 0.01865 a, = 0.0175 
The amplifier output may now be written as 


2ттї 





2ті Ant = 
0000) = —0.00955 + 0.98135 cos — 0.0175 cos — — У a, cos 


n=3 
(3-35) 
in which the coefficient of the fundamental is just (1 — а)). 


It is now possible to relate the powers in the various frequency components. 
For example, the power in the fundamental is (in a 1-Q resistance) 


P, = (1 — а): = #(0.98135)2 = 0.4811 
and the power in the second harmonic is 
Р. = ṣa: = HOOITSY = 1.542 x 1074 


The total harmonic power, not including the fundamental, can be obtained by 
subtracting the fundamental and dc power from the power of c(t). Thus, 


1 тё а | 
= dan 2 -- | 28 £22 
Ғы, = tf „© (1) dt (2) 20] 


| 0.0718Т ^mt z 
= NN [cos F - 09 | dt — (0.00955)? — 2(0.01865)2 


7.96 x 10 ^ — 0.912 x 10:4- 1.74 x 107" = 5.31 x 107“ (3-36) 


А соттоп way of expressing distortion power is in terms of its percentage of 
the fundamental power. Hence, the percent second harmonic distortion is 
1.542 x 1074 


s nes M 100 = Ола 
772 0.4811 E 


and the percent total harmonic distortion is 


5.31 x 107^ 
p = = X 100 = 0.110% 
“іш 0.4811 ° 
Analysis similar to this can be used in a variety of situations where it is 
desirable to estimate the relative distribution of power among the harmonics of a 
periodic waveform. 


Exercise 3-3.1 





Suppose that the amplifier in the above example is used to amplify a unit peak 
amplitude triangular waveform as shown in Table 3-1. Find the magnitudes of the 
dc component and the second harmonic component appearing in the output of the 
amplifier. 


ANS. — .005, .0097. 
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3-4 SYMMETRY PROPERTIES OF FOURIER SERIES 


There are a number of easily identifiable properties of waveforms that have very 
significant effects on the coefficients in a Fourier series expansion. For example, 
whenever the waveform to be expanded is an even function of 7, that is, x(t) = 
x( — t), only cosine terms are present. This is illustrated by the calculations carried 
out in the previous section. Similarly, whenever the waveform is an odd function 
of t, that is, when x(—t) = —x(t), then only sine terms will be present in the 
Fourier series. Also, in both cases, the values of the coefficients can be obtained 
by integrating over half the period and doubling the result. Thus, the following 
special results apply to calculating the Fourier coefficient of even and odd time 


functions: 
T/2 
2тпї 
x(t) even: a, = 4 x(t) cos ез dt b, = 0 (3-37) 
4 [7 2тпі 
x(t) odd: a, = 0 b, = і x(t) sin Tu dt (3-38) 


Actually, any time function can be resolved into even and odd parts, which lead 
to cosine and sine terms, respectively. The separation is as follows: 


xi + x(—1) à xf) — x(—f) 


x(t) 


2 2 
V ы 
even part odd part (3-39) 
А А 


= 5 + У, а, COS nogt + > b, sin not 
n-] п= 1 
There are other types. of symmetry that аге equally important. For example, 
when a signal has the property that x(t + 7/2) = — ха), which is called odd half- 
wave symmetry, then the Fourier series contains only odd harmonics. This can be 
seen mathematically from the exponential series. That is, 


| (7 
а, = – | x(t)e 7 "2% dt 
T Jo 


7:72 | T 
= -- — јпажу + — — јпож! 
| x(t)e dt |. x(t)e dt 


T Jo Т 
7/2 
7 ji sopor Pw ДАР ас Г (3-40) 


Noting that 7/2 = т/а», (3-40) сап be written as 


Т/2 
> == — јпож! — ona 
а, f x(t)e 9/(] e ) dt 
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ІШ 
- x(t)e 75: dt п ода 
= 41:0 (3-41) 


0 п even 


Thus, only odd harmonics exist. Similarly, it can be shown that for a wave having 
even half-wave symmetry, that is, x(t + T/2) = x(t), the expansion will contain 
only even harmonics. The Fourier coefficients become 


T/2 
aed —jnwot 
ЮГ | x(t)e dt n even 
a, = (3-42) 


0 п ойа 


The expressions for а, апа b, that correspond to (3-41) апа (3-42) involve a factor 
of 4/T in front of the integral. Examples of waveforms having these types of 
symmetry are shown in Table 3-2. 

When a waveform is an odd or even time function and also possesses odd or 
even half-wave symmetry, it is necessary to integrate over only one-fourth of the 
period, with a corresponding increase by a factor of 4 in the multiplying factor in 
front of the integral for calculation of the coefficients. 

Three additional comments about symmetry are in order. First, translating the 
origin to the left or the right has no effect on whether odd or even harmonics are 
present but does alter whether a function is an even or odd time function and, 


Table 3-2 Effects of Waveform Symmetry on Fourier Coefficients 


Waveform Symmetry Effect on Coefficient Harmonics 


None None All 


О ЕЕ ғ; 

AN. /N / Even b= 0 All 
О Л 

ЭЕ Ода a, = 0 All 
= ИА 


Half-wave odd None Odd only 








МГМ, вама 


О 7 half-wave even b, = 0 Even only 





3-4 SYMMETRY PROPERTIES OF FOURIER SERIES 105 














Figure 3-7 Triangular waveform. 


consequently, affects the coefficients а, and b,. This corresponds to the physical 
situation whereby changing the time origin affects the phases of the harmonics of 
a signal but not their presence or absence (or even their magnitude). Second, 
changing the average value by moving the abscissa up or down in the waveform 
does not alter anything in the Fourier series expansion except the dc component, 
ag/2. Third, a function that has even half-wave symmetry can alternatively be 
thought of as actually having a period of 7/2 instead of T. By properly choosing 
the origin in a waveform, the calculation of the Fourier series coefficients can often 
be simplified considerably. As an example, consider the triangular waveform shown 
in Fig. 3-7. By choosing the coordinate axes as shown by the dotted lines, the 
computations are simplified. Thus, when the horizontal axis is placed through the 
mean value of the waveform, the dc term is eliminated. By choosing the vertical 
axis, as shown at (a), an even function containing only cosine terms is obtained, 
and further, since odd half-wave symmetry is present, only odd harmonics will be 
present. By choosing the axis at (b), an odd function is obtained giving only sine 
terms, and again only odd harmonics are present. 

The translation of the axes can be readily compensated for after the expansion 
is obtained. A shift in the vertical direction is accomplished by adding a constant 
equal to the amount of shift desired. A shift in the horizontal direction is obtained 
by replacing t by г + 1, where 1) is the desired shift of the origin in the positive 
direction. As an example, consider again the waveform of Fig. 3-7. Using the (b) 
axes, a zero-average odd function with odd half-wave symmetry is obtained, and 
thus, 


а, = 0 b, = 0 n even 
a, = 0 n odd 
8 (T u | 2mnt 
b, 8 | ; = п ода 
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- : ;(-i1) 9 
т°п 


Hence, the shifted waveform is 
4. , : 
x(t) = — (sin wt — 5 sin Зар! + 3 sin ә + * * =) (3-43) 
т 


То convert this expression to the correct one for the function as originally shown, 
it is only necessary to translate the origin downward by one-half and to the left by 
T/4 = т/2ш,. Thus, 


TERE sin Te» > Зай ESO 3-44 
40-:%- Wo 3 g Sin | 3% 2 (3-44) 


Examination of Fig. 3-7 shows that the function is even around its original origin; 
so the expansion should have only cosine terms. By simple trigonometric identities, 
(3-36) is changed readily to 


| - 1 
х(і) - 5 — = (co Wot + g 506 Зар! + + ) (3-45) 
Translations to other origins can be made as readily. 


There are other types of symmetry that affect the coefficients in predictable 
ways, but they are applicable only in special situations. 


Exercise 3-4.1 






Determine the kinds of symmetry present in the waveforms of Table 3-1 and check 
the effects of the symmetry on the coefficients in the expansions given. 





3-5 CONVERGENCE OF COEFFICIENTS AND MATHEMATICAL OPERATIONS 
ON FOURIER SERIES 


The rate at which the partial sum of a Fourier series approaches the value of the 
function is an important consideration. If one is approximating a function by a 
series, the more rapid the convergence of the partial sum, the fewer the number 
of terms in the approximation required to obtain the desired accuracy. The rate of 
convergence is directly related to the rate of decrease in the magnitude of the 
Fourier coefficients. This rate of decrease in magnitude of the coefficients is, in 
turn, related to the ‘“‘smoothness’’ of the original waveform. For any function 
satisfying the Dirichlet conditions, the coefficients fall off at least as fast as 1/n; 
that is, 


M M 
ал < — аа |,< 1 (3-46) 
n 


where M is some positive integer that is independent of n. 
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If the function has a derivative that satisfies the Dirichlet conditions, then the 
Fourier coefficients are of the order of 1/n’. In general, if the kth derivative satisfies 
the Dirichlet conditions, then the Fourier coefficients will be on the order of 1/n**!. 

For most practical waveforms the primary consideration is the continuity of 
the function and its derivatives. The order of the derivative that first contains delta 
functions is the negative order of n representing the rate of decrease of the coef- 
ficients. For example, a square wave would have coefficients falling off as 1/n, 
whereas a triangular wave would have coefficients falling off as 1/п7. 

It is often possible to obtain new Fourier series representations by means of 
term-by-term differentiation or integration of a known series. It is always permis- 
sible to integrate a Fourier series to obtain the series for the integral of the original 
time function. However, in order for differentiation to be valid, it is necessary that 
the original time function be continuous and have a derivative with only a finite 
number of discontinuities in one period. As an example, consider the sawtooth 
waveform shown in Fig. 3-8. 

This waveform has the equation 


(f) 2t T күн T 
x(t) = = = = 
T 2 
x(t + kT) = x(t) к= 0, = Ll; ces (3-47) 
The Fourier series expansion is 
5 - 5 п+ 1 2 t 
x(t) = — > cx se sin = (3-48) 
п=1 n I 


Integrating this series term by term gives the result 





„| Мане. Tarl 
х0) = рт 4 ә 853 
1 со 
3 === f п+1 5 
“17247 am | n T 
Т 99 —]y*! 2 t 
si" > eae Ди с —1)" — cos 2d (3-49) 
-T Т < Ce 2ттї 
о Кеа: > = os (3-50) 





Figure 3-8 Sawtooth waveform. 
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Figure 3-9 The function х, (7). 


In arriving at (3-50), use was made of the relation X7.., 1/n? = 77/6, which led 

to the constant 7/6. This constant can be checked by computing the average of 

x,(t) from (3-49). The waveform corresponding to (3-50) is shown in Fig. 3-9. 
The derivative of x(t) leads to the series 








2E _ 4 t5 (—1Y'*! co , mni 


(aeos 


(3-51) 


This series is seen to diverge, for certain values of t, since its terms do not decrease 
as n — ©, The reason for this undesirable behavior 15 that x(t) is not continuous, 
and so its derivative contains impulses. 


Exercise 3-5.1 






At what rate would you expect the Fourier coefficients to decrease for (1) a tri- 
angular wave, (2) a sawtooth wave, (3) a clipped sine wave? 










ANS. See Table 3-1. 


3-6 GIBBS PHENOMENON 


In order to round out the discussion on Fourier series, a certain anomalous behavior 
must be described. This unusual behavior is observed when the partial sums of a 
Fourier series are used to represent a waveform at a point of discontinuity. As an 
example, consider the Fourier series representation of the sawtooth wave given by 
(3-48). The kth partial sum is 


2 y Co Las ai 2тпі 


x(t) = 
к п=1 F 


Figure 3-10 shows this approximation plotted for several values of k. It is seen 
from the figure that as k increases, the approximation improves everywhere except 
in the immediate vicinity of a discontinuity. Here the deviation from the true 
waveform becomes narrower but not any smaller in amplitude. This is indeed the 
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Figure 3-10 Gibbs phenomenon. 


case, and even in the limit as k — œ there remains a discrepancy at the point of 
discontinuity of approximately 9%. This behavior is known as the Gibbs phenom- 
enon, after its discoverer. For large numbers of terms in the Fourier series the area 
under the small spike at the discontinuity becomes vanishingly small, so that it 
does not represent any deviation from the true value in a mean-square sense. Its 
principal effect is in the apparent infidelity of reproduction at discontinuities, even 
though it is the best fit of sinusoidal basis functions that is possible. The question 
of the origin of the Gibbs phenomenon is examined later, after the powerful tech- 
niques of the Fourier integral have been considered. At that time, some methods 
of eliminating this behavior are also discussed. 


3-7 FOURIER TRANSFORM 


The Fourier series expansion of a function is a representation in which each basis 
function has its power concentrated at a single specific frequency, namely, some 
multiple of the reciprocal of the period of the original waveform. For signals that 
exist for only a finite time, the Fourier series expansion becomes somewhat artificial 
in that it is valid over some time interval but must be replaced by zero outside that 
interval. Carrying out calculations on systems with this type of mathematical signal 
description is frequently very difficult and confusing. One reason that trouble might 
be anticipated with this representation is that we are trying to represent an energy 
signal by a set of basis functions, each of which is itself a power signal. Suppose 
that an attempt is made to compensate for this by limiting the basis functions to a 
finite time duration, namely, the fundamental period that is set equal to the interval 
over which the signal exists. Under these conditions the basis functions are finite 
lengths of sinusoids, such as cos negt[u(t) — u(t — T)]. This modified signal does 
not have the highly desirable properties of an infinite duration sinusoid. For ex- 
ample, its derivative contains impulses, and the application of this signal to a linear 
system does not result in an output signal of the same form. Most of the advantages 
of expanding a signal in a set of basis functions are lost in this procedure. Fortu- 
nately, there is a simple way around this problem. 
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Figure 3-11 Spectrum of pulse trains with increasing periods. 


As an illustration of how the problems discussed above can be circumvented, 
consider the case of a rectangular pulse train in which the pulse shape stays con- 
stant, but the repetition period is continuously increased. The complex Fourier 
series expansion of a rectangular pulse train is 


x(t) = У aeneo! (3-52) 
t; | sin (n@pt,/2) 

—A[-|———— 3-53 

"n (4) пері /2 i 


where А is the pulse amplitude, 1, is the pulse duration, and T = 2т/ау is the 
repetition period. Figure 3-11 shows the effect on the line spectrum, |a,|, as the 
period is increased from T to 27 to 47. There are two important features to be 
observed in this figure. First, the relative shape of the spectrum is not affected by 
changes in the period but is determined entirely by the pulse shape. The only way 
the period influences the shape of the spectrum is by altering the amplitude in a 
manner inversely proportional to the period. In an equally interesting manner, it is 
clear that the locations of the spectral lines are determined solely by the magnitude 
of the period. As the period is increased, the spectral lines become closer together, 
producing a denser spectrum. At the same time, the absolute amplitudes decrease 
but retain the same relative values among the various components. In the limit as 
the period approaches infinity the spectrum becomes continuous, with each com- 
ponent having a vanishingly small amplitude. A careful consideration of this lim- 
iting case is used to develop a very general way of representing signals, known as 
the Fourier integral theorem, or the Fourier transform. 

Let the time function x(t) be formally expanded over the interval —7/2 < t 
< T/2 in an exponential Fourier series having a period 7. As the period 7 is 
increased, more and more of the time function will be included in the series rep- 
resentation. In the limit as T — >, the entire function x(t) for all t will be included, 
at least formally, in the expansion. The validity of the resulting expression will 
depend on the nature of x(t) and on the validity of the various mathematical op- 
erations carried out in the development. This is discussed later. Consider now the 





3-7 FOURIER TRANSFORM 111 


representation of x(t) as a complex Fourier series over the interval -T/2« t < 


T/2. Hence, 


~ 2тпі 
x(t) = >, a, exp | UT | (3-54) 
„1 B _ ти) а йе 
where On = т | x(t) exp | —J т)“ (3-55) 


The fundamental angular frequency is wọ = 27/Т. In addition to being the lowest 
frequency component, wọ is also the spacing between harmonics. Using this expres- 
sion for « and substituting (3-55) into (3-54) gives 


= 2тт\| в (72 
x(t) = > ехр (2m = | х(т) exp ( —jnog7) ат (3-56) 


n= — > Т 2т =1/2 


If we now let T — ©, the spacing between harmonics becomes a differential; that 
is, о) = 27/Т — dw. The angular frequency of any particular component is given 
by no, which becomes the continuous variable w, and the summation formally 
passes into an integral. Equation (3-56) may then be written in the form 


^  . [de [^ _. 
x(t) = | g^ ef х(тје 897 | (3-57) 
– ос Т Je 
Rearranging terms gives 
ІС | | | 
x(t) = — | | | х(тје 77 i eJ?! dw (3-58) 
27 d-> | 3-0 


This is the Fourier integral relation. Its significance becomes apparent when we 
separate the inner and outer integrals. It is evident that the inner integral is only a 
function of the angular frequency w since time is integrated out. This inner integral 
is called the Fourier transform of x(t) and is designated as 


F{x(t)} = Х(о) = |. x(t)e J” dt (3-59) 


The relation in (3-58) may then be considered as establishing the connection be- 
tween X(w) and x(t). This relation is called the inverse Fourier transform of Х(о)) 
and is written as 


%- ЧХ(ө)) = д) = a | X(o)e/" dw (3-60) 


The functions x(t) and Х(о) are called Fourier transform pairs. It is customary in 
engineering to use lowercase letters for time functions and capital letters for their 
transforms, and this practice is followed here. Thus, the Fourier transform of x(t) 
is X(@), and the Fourier transform of v(t) 15 V(w). А word of caution is in order 
here because this convention of lowercase and capital letters is often reversed in 
discussions of transform methods in mathematical texts. 
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The factor 1/27 contained in the inverse transform (3-60) could just as properly 
have been assigned to the direct transform, or a factor 1/V/27 could have been 
included in each expression. All of these conventions have been followed by var- 
ious authors; however, the relationships given in (3-59) and (3-60) are the ones 
most commonly used in technical literature and will be used throughout this book. 
They have the distinct advantage of allowing a simple and direct conversion be- 
tween the Laplace and Fourier transforms in cases where such a conversion is 
allowable. There is one other convention regarding transform representation that 
should be mentioned. Frequently, the Fourier transform is written as a function of 
the variable jw, so that the transform of x(t) would be X( jw). The actual transform 
expressions are identical to those that are designated here as X(w). Either notation 
is acceptable, provided it is used consistently. However, the use of X( jo) leads to 
some confusion when such expressions as X'(j«) and X,(jw) ж X,(jw) occur, 
because in almost all cases the indicated operations of differentiation and convo- 
lution are meant to be carried out with respect to the variable w and not jw. In 
order to avoid these ambiguities and to eliminate the need for special symbols to 
represent standard operations, the symbolic representation of the transform is given 
consistently as X(@) and not X( ja). 

Using the analogy between the Fourier series and the Fourier transform, it may 
be concluded that the function X(@) analyzes x(t) into a continuum of complex 
sinusoids having amplitudes of (1/27)X(w)dw. If Х(о) is finite, as it is unless 
discrete frequencies are present, then these amplitudes are infinitesimal. This can 
be interpreted as the distribution of the signal in the frequency domain. Such a 
distribution is called a frequency spectrum, and in the case of the Fourier transform, 
(1/277)|X(w)|dw сап be thought of as the amplitude of the signal amplitude іп the 
frequency band of w to о + dw. Noting that w = 27}, it is also clear that 
[X(2arf)|df equals the signal amplitude in the frequency band of f to f + df Hz. 
The Fourier transform can be expressed more clearly in terms of frequency spectra 
by writing it as 


X(w) = А(о)е!%%) (3-61) 
where Alw) = |X(o)| (3-62) 
(о) = tan”! пиа (3-63) 

Ке Х(о)) 


А(о)) is then the amplitude spectrum (often just called the frequency spectrum), 
and @(w) is the phase spectrum corresponding to the phase (at £ = 0) of the 
elementary sinusoid at the angular frequency о. 

Not all time functions can be represented by the Fourier integral. However, 
when such a representation is possible, there is a unique one-to-one correspondence 
between a function and its Fourier transform. This means that there is only a single 
Fourier transform corresponding to a given time function and only a single time 
function corresponding to a given Fourier transform. The determining factor in the 
Fourier representation is whether or not the integrals are convergent. One set of 
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conditions that assures convergence is the Dirichlet conditions. These are given in 
Sec. 3-2 for the Fourier series and are restated here for the Fourier transform. 


1. The function x(t) must be absolutely integrable; that is, 


|. lx(£)| dt < oc 


2. The function x(t) must have no more than a finite number of maxima and 
minima in any finite time interval. 

3. The function x(t) must have no more than a finite number of finite discontin- 
uities in any finite interval. 


Note that the only essential change is that the range of integration in 1 is now 
infinite instead of a single period. These conditions are sufficient to include virtually 
all useful finite-energy signals. However, they exclude a number of important 
signals, such as periodic waveforms and the unit step function, that are not abso- 
lutely integrable. By allowing the Fourier transform to include delta functions, it 
will be found that signals of this type can be handled using essentially the same 
methods as for finite-energy signals. 

The Fourier transform and inverse Fourier transform can also be expressed in 
terms of the variable f, with units of hertz, instead of the variable w, which has 
units of radians/second. This is accomplished by making the change of variable 
о = 2mf in (3-59) and (3-60) and leads to the following equations 


Sx = Xf) = | „ЗЕР а (3-64) 


# dX) = x(t) = | __ X(fyer™ df (3-65) 


The transformations between the variables are 


X(f) = X(o)|, -5;; (3-66) 


X(w) = XF) f- „әл (3-67) 


Equations (3-66) and (3-67) employ a somewhat simplified notation. To be correct 
mathematically the expression for the transform with the variable f should be 
X(24rf), since it is obtained by substituting о = 2т) in the equation for X(o). 
However, it is customarv to suppress the factor of 27 in the symbolic form when 
using the variable f. This should not result in confusion once it is realized what is 
being done. There is little danger of confusion if X(f) or Х(о) is used consistently 
and the change from one variable to the other is straightforward. Note that in the 
inverse transform (3-65) the factor 1/27 is no longer present, making the direct 
and inverse transforms similar except for the sign of the exponent. 
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3-8 DIRECT CALCULATIONS OF TRANSFORMS 
The Fourier transforms of elementary waveforms can be calculated readily by direct 
evaluation of the defining integral (3-59). The following examples illustrate this 


method. 


Unit impulse. The Fourier transform of the unit impulse is very simple but is of 
great importance in signal and system analysis. It is given by 


949(1)} = | u бе“ dt = 1 (3-68) 
This is the expression for the transform for either the frequency variable о or f. 


Rectangular pulse. А rectangular pulse of width T is shown in Fig. 3-12. This 
pulse can be expressed analytically as 


г Т 
1 --<1<- 
x(t) = - - (3-69) 
0 elsewhere 


The Fourier transform is obtained from (3-59) as 


X(w) = | руде dt 


ІШ о іе! Т/2 





ед = —— 
-T/2 — jo 


g*ieT/2 _ „—}®Т/? 
jo 
Converting the exponentials to the equivalent trigonometric function leads to 


sin (wT/2) 


24/0) = «Т/2 


(3-70) 


x(f) 


-772 О 7/2 у = 


Figure 3-12 Rectangular pulse. 
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Figure 3-13 Plot of sinc x = (sin тх)/тх. 


The form given in (3-70) contains the frequently occurring functional form 
(sin x)/x. This function occurs sufficiently often in signal and system analysis that 
it is convenient to use a shortened notation for it. The most common representation 
of this function is in terms of the sinc function, which is defined as 


sin 7X 





sinc x — (3-71) 


TX 

Inclusion of the factor т in the argument of (3-71) leads to considerable simplifi- 
cation when the Fourier transform is expressed in terms of the frequency f instead 
of the angular frequency в. 

The function sinc x is shown in Fig. 3-13. Approximate values can be read 
directly from the figure and a short table of sinc x is given in Table A-6 in Appendix 
A. The function sinc x is an even function of x with its maximum value of unity 
occurring at the origin and having a damped oscillatory amplitude away from the 
origin. The zeroes occur at all integral values of x and correspond to the zeroes of 
sin 7x in the numerator of sinc x. 

Returning now to (3-70) and changing the variable from о to f, we obtain 


T sin (27fT/2) _ sin zTf 
2mfT/2 С qf 


— T sinc (Tf) (3-72) 





X(f) — 


The amplitude spectrum is A(f) — |T sinc (Tf)| and has the form shown in Fig. 
3-14. The question of the phase spectrum is a little more involved. One way to 
express the phase function is 


= ар PEO] a] 0 _ 
ӨС) = tan E хі | = тад T sinc (Tf) 


Although the argument of the inverse tangent is zero at all times, there is more 
than one angle having a tangent of zero. When the denominator is positive the 
angle is along the positive real axis and is 0. When the denominator is negative 
the angle is along the negative real axis and is either + т. The phase spectrum for 
this signal is also shown in Fig. 3-14. An important characteristic of signals is 
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Figure 3-14 Amplitude and phase spectra of а rectangular pulse. 





evident in the behavior of A(f) and @(f) at multiples of 1/7. It is observed that at 
each of these points A(f) has a discontinuity in its slope and that this is accompanied 
by a discontinuity in 0(f). This is a general property of signals and indicates the 
intimate relationship that exists between the phase and amplitude spectra. 

In addition to the details of the spectrum of a specific pulse shape, Fig. 3-14 
also illustrates a very general property of transform pairs. Note that the spectrum 
is concentrated over a band of frequencies in the vicinity of the origin with the 
first null of the major lobe of the spectrum occurring at a frequency f = 1/T. As 
the pulse width is decreased, this first null moves to a higher and higher frequency. 
Conversely, as the pulse width is increased, the first null moves in closer and closer 
to the origin. The relative amplitudes of the various portions of the spectrum are 
unchanged by changes in 7. It is evident that for this pulse shape there is an inverse 
relationship between the time duration of the signal and the frequency spread of 
the spectrum. This is a general property of all signals: The more compact the signal 
in time, the more spread out it will be in frequency, and vice versa. One conse- 
quence of this property is that there is a minimum value of time-duration—bandwidth 
product that can be obtained with any signal. It is readily shown from the defining 
equations of the Fourier transform, (3-59) and (3-60), that 


оо 


| x(t) dt = ХО) ала | хе df = x(0) 


Multiplying these equations together and rearranging factors leads to the relation 


| «o dt | хе df 
0 X0 ” = 1 (3-73) 
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The two factors can be thought of as the equivalent duration and equivalent band- 
width of the signals, respectively. In each case it is seen that the equivalent width 
is the area of the function divided by the ordinate at the origin. This formulation 
is most useful when the origin is also the centroid of the time signal. If the centroid 
is at 1) rather than at the origin, the signal can be translated and the spectrum 
modified by methods that are discussed in Sec. 3-13 to give 


| | x(t) dt | Хе?" df 
= ] 3-74 
Ха) Х(0) 5-74) 


It is seen from these relations that, when the required equivalent widths exist, that. 
iS, 


x(t)) = 0 = ХО) 


their product is a constant, and ап increase in one must, therefore, always result 
in a compensating decrease in the other. 

As an example, consider the rectangular pulse previously discussed but with 
an amplitude of A. The centroid of the pulse is at t = 0, and the equivalent duration 
and equivalent bandwidth are 


A |. x(t) dt T/2 
la = Ano) = |. ї = Т (3-75) 


А | X(f) df | T sinc Tfdf | 

= иы ——— Е - 3-76 
- AX(0) T sinc (0) Т em 
The product ТВ = 1. When the functions do not have central ordinates, as іп 
the case of bandpass signals, a different formulation is required. In this case the 
duration and bandwidth are taken as the radii of gyration of the signal and spectrum 
measured relative to their centroids, and the required relationship states that the 

duration-bandwidth product must be greater than or equal to Ит. 


Exercise 3-8.1 






Find the Fourier transform of the triangular pulse signal shown and sketch its 
amplitude spectrum. 


~ 
1 


“Ite 0 HE t— 





ANS. See Table А-9. 
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Exercise 3-8.2 






Compare the equivalent bandwidths and durations of rectangular and triangular 
pulses that are nonzero over the same time interval. 










ANS. Ratios are 3, 2. 


One-sided exponential pulse. Because of its frequent occurrence in the so- 
lution of linear differential equations, the exponential pulse is of great importance 
in system analysis. Such a pulse is shown in Fig. 3-15 and is represented mathe- 
matically by 


x(t) = e “u(t) (3-77) 


The Fourier transform is obtained by direct application of the defining relations as 


X(w) = |. e "'u(t)e а 








со | e (o 
= | eo Ка 
0 a + jo) 0 
1 
-— (3-78) 
Јо + a 
The amplitude and phase spectra are given in (3-79) and (3-80) and are illustrated 
in Fig. 3-16. 
1/2 
A(@) = (st) (3-79) 
(о) = —tan ! (s) (3-80) 
a 


Two-sided exponential pulse. The two-sided exponential pulse provides a 
means of introducing a very important concept into the discussion of Fourier trans- 
forms. The transform can be calculated by direct application of the defining inte- ~ 
gral. Referring to Fig. 3-17, we have 








to 


Figure 3-15 One-sided exponential pulse. 


3-8 DIRECT CALCULATIONS OF TRANSFORMS 119 


1/а 





Figure 3-16 Amplitude and phase spectra of one-sided exponential pulse. 


0 | oo 
| ее Jot dt + | e J^ dt 
is 0 


X(w) = E 
1 1 
ре дара пи. aii qp (3-81) 
а — Jo а + jo 
se | 2a — (3 82) 
а? + а? 


The important concept exhibited here concerns the relationship of the pole location 
in X(@) and the nature of the time function x(t). A pole is a value of w for which 
X(w) goes to infinity. This term is defined -more accurately in Appendix B. Іп 
(3-82) the poles are the roots of the denominator and are seen from (3-81), which 
is the partial fraction expansion of (3-82), to be о = ja. The portion of the 
time function corresponding to 1 < 0 gives rise to the pole at w = — ја, and the 
portion of the time function corresponding to t > 0 gives rise to the pole at о = 
t ja. This is a general property of the Fourier transform; that is, poles at negative 
imaginary frequencies correspond to functions existing in negative time, and poles 
at positive imaginary frequencies correspond to functions existing in positive time. 
This property can be used to break up the transform into portions corresponding 
to positive and negative time functions, and it can be used to determine if a given 
transform corresponds to a time function existing only for positive or negative time. 






x(t) 
х(7)=е"%' ;>0 
= ear 7<0 


О о 


Figure 3-17 Two-sided exponential pulse. 
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Derivative of a time function. The Fourier transform of the derivative of a time 
function, when that derivative exists, can be expressed in terms of the transform 
of the original function. The relationship can be derived in a number of ways, but 
a particularly simple method is the following one, which starts from the definition 
of the inverse transform. 


b I | 
x(t) — ~ | X(w)e! dw 
2T /-% 


dx(t) = d d ЈА jot 
dt dt Е Ма | 
Жы | 
^ 3 | jox(a)e! dw (3-83) 
2T /-> 


Since there is a unique one-to-one correspondence between a Fourier transform апа 
its inverse and since the right-hand side of (3-83) is the inverse Fourier transform 
of jwX(w), it immediately follows that 


F-H jwX(w)} = ex) (3-84) 
dt 
and, conversely, 
g JEO., І 
1 di | = јоХ(о)) (3-85) 


Thus, it is seen that the transform of a derivative is just jw times the transform of 
the original function. Where the variable f is employed, the relationship becomes 


% EJ = j2wfX(f) (3-86) 


Exercise 3-8.3 






Use (3-86) and the transform of a triangular pulse given in Table 3-4 to find the 
transform of the function shown. 









t— 





ANS. 





fT? 
T sinc? (Tf /2) 
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Exercise 3-8.4 


Find the Fourier transform of the doublet 6’(t) and its derivative ó"(t). 


ANS. — o, jw 





Circuit analysis. As an example of the use of the Fourier transform in circuit 
analysis, consider the R-C circuit shown in Fig. 3-18, in which an exponential 
current pulse is applied and it is desired to determine the resulting voltage across 
the capacitor. Using Kirchhoff 's current law, the differential equation for the circuit 
is found to be 

du(t) _ 


vt) + 2,7 = К0 (3-87) 


Designating V(w) as the transform of v(t), the transform of (3-87) is found to be 


12 
jo + 1 





Ү(о) + j2oV(o) = 9(12e 'и(г)) = (3-88) 


Solving for V(w) gives 


6 


"ub = а + Пе + 5 


(3-89) 


The right-hand side of (3-89) can be written as the sum of the two terms as follows?: 


“ 2А 12 








Viw) = (3-90) 


jo + sz је + 1 






{2A 


"WE 


О ј —— 


Figure 3-18 R-C circuit excited by an exponential pulse. 


^A rational function such as (3-89) can always be expressed as the sum of simple fractions whose 
denominators are the factors of the denominator of the original function. This is called a partial fraction 
expansion and is discussed in detail in Chap. 5. 
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Figure 3-19 Voltage in circuit of Fig. 3-18. 


The voltage is obtained by taking the inverse Fourier transform of (3-90). Thus, 
using (3-78), the following result is obtained: 


12 12 
0-1 _ ? 
P E 1 jo + | enu 


12 12 
jo ^ 5 jo + 1 


{ren - 12е”! t=0 
0 1<0 








v(t) 








(3-93) 


The resulting voltage is sketched in Fig. 3-19. 

A little study of the process just carried out reveals that it closely resembles 
steady-state ac analysis. The Fourier transforms of the terms in the differential 
equation lead to new terms that are identical to the impedances encountered in 
steady-state ac circuit analysis. In the example just considered, these impedances 
are jwC and R. The principal difference is that instead of a phasor representing a 
single sinusoidal driving function, we use the Fourier transform of the driving 
function. It will be recalled, however, that the Fourier transform can be considered 
as a continuum of sinusoidal functions. The analysis of circuits can be readily 
carried out by representing the circuit elements by their corresponding impedances 
(or admittances) and representing the driving functions by their Fourier transforms. 
The circuit is then solved, as in the case of steady-state ac circuit analysis, for the 
unknown response in the frequency domain. The response in the time domain is 
obtained by taking the inverse Fourier transform. This technique is very powerful 
and is widely applicable. The concept of the Fourier transform approach to circuit 
analysis is of the utmost importance and will be used frequently in later discussions. 
In actually carrying out computation of circuit response, however, it will be found 
that the closely related Laplace transform (to be discussed in Chap. 5) leads to 
somewhat simpler algebraic expressions and is, therefore, generally preferred. Al- 
though the Laplace transform is of great utility in obtaining time-domain solutions, 
there is also much that can be learned about systems and signals by considering 
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their frequency-domain characteristics. This requires use of the Fourier transform 
or interpretation of the Laplace transform as a Fourier transform. Because of this, 
it is important to have a good understanding of the physical significance of the 
Fourier transform and to be able to manipulate and interpret such transforms. When 
the initial conditions in the circuit are not zero, the computations are somewhat 
more involved. This matter is discussed in Chap. 5. 


Exercise 3-8.5 








Write the differential equation corresponding to the following transform equation: 
22222 
jo + 2 jo * 1 


ANS. d?v/dt? + 3 dv/dt + 2v = 
(t) — 3600). 








Ү(о) = 





3-9 ELEMENTARY PROPERTIES OF THE FOURIER TRANSFORM 


Before considering application of the Fourier transform to specific problems, it is 
worthwhile examining some properties inherent in the transform itself. 


Symmetry of x(f) about the time origin. The real and imaginary parts of the 
Fourier transform are dependent on the oddness and evenness of the corresponding 
time function. This relationship can be examined in detail by making use of the 
fact that any signal can be considered as being made up of an even part and an 
odd part relative to the time origin as discussed in Sec. 3-4. Thus, if x(t) is a given 
time function, and x,(t) is the even part, and x,(t) is the odd part, 


x(t) = x,t) + x(t) (3-94) 


The even function x,(t) has the property that x,(—t) = x,(t), and the odd function 
x,(t) has the property that x,( —7) = —x,(t). Substituting — t for t into (3-94) and 
using these properties give 


x(t) = x(t) + x(—1) (3-95) 
2 
же == (3-96) 


An example of a function and its odd and even parts is shown in Fig. 3-20. 
By use of these relations, the Fourier transform of an arbitrary time function 
can be found as follows: 
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x(t) 

7--> 
хо (7) 
О t— 
xo(£) 
О t— 


Figure 3-20 A time function and its odd and even parts. 


X(w) = |. x(t)e ^ dt 
= | u [x (t) + x,(t)](cos wt — j sin ot) dt 


= | |, Xt) cos wt — jx{t) sin wt + x(t) cos wt — jx,(t) sin cr] dt 
(3-97) 


Since the second and third terms in the integrand are odd functions of 1, their 
integrals over symmetrical limits are zero. Therefore, 


со 


X(w) = |. x,(t) cos wt dt = i| 


: x, (t) sin wt dt (3-98) 


Since the integrands are even, X(w) can also be written as 


Х(о) = 2 | x,t) cos wt dt — j2 | X(t) sin wt dt (3-99) 
ene. semen Ni азн 
Real part Imaginary part 


From (3-99) the following properties may be deduced for real time functions: 


Even time functions lead to pure real transforms. 

Odd time functions lead to pure imaginary transforms. 
The real part of X(w) is an even function of о. 

The imaginary part of X(w) is an odd function of w. 
The amplitude spectrum |X(w)| is an even function of о. 


"Arr 


This follows from 


Х(о)) = V[Re X(w)]} + [Im Х(о)]2 
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in which all of the terms under the radical are even because the square of 
either an odd or an even function is even. 

6. The phase spectrum 6(w) is an odd function of w since the ratio of an odd to 
an even function is odd and the arctan is an odd function. 


These properties are useful in sketching transforms, in checking mathematical op- 
erations, and in deducing properties of time functions from their spectra, and vice 
versa. From (3-98) we can write X(@) in terms of an odd and an even part, as 


follows: 
X(w) = Хо) + X,(@) (3-100) 
Хдо) = | B x(t) cos wt dt (3-101) 
X(o) = -j | И x(t) sin wt dt (3-102) 
Exercise 3-9.1 


From their oddness or evenness what can be said about the real and imaginary parts 
of the Fourier transforms of the functions shown? 


x( t) х t) x,( t) 


L^ f t t 


Symmetry of Х(о) about the origin. Just as in the case of symmetrical time 
functions, there are also special properties associated with symmetry in the fre- 
quency domain. Expressing X(w) as the sum of an odd and an even part, we һауе 


ANS. Nothing, Re {X(@)} = 0, 
Im {X(@)} = 0. 





x(t) = E | (Х.(о) + X,(w)]e/ dw (3-103) 
277 )-= 


Expanding е?“ in terms of cos wt and sin wt and using the oddness and evenness 
of the resulting integrands gives 


ІС | (^ 
x(t) = = | Х (о) cos wt dw + j — | Х.(о) sin wt dw (3-104) 
27 J-> Am 2-% 
Note that there can be no imaginary part to x(t), since we are restricting consid- 


eration to real time functions. The even and odd parts of the time function asso- 
ciated with a given transform are, from (3-104), 
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1 со 
x(t) = — || Х (о) cos wt dw 
2п J-9 
1 оо 
= — | Ке X(o) cos wt dw (3-105) 
27 Ј –= 
lf | 
xi xj = | X (w) sin wt dw 
27 Ј – = 


1 оо 
= --- || Im X(o) sin wt dw (3-106) 
2T 2 –% 


These relationships could also have been found directly from (3-101) and (3-102) 
because of the uniqueness between transform pairs. 


Causal time functions. Time functions that are identically zero prior to some 
specified time are called causal time functions. Unless otherwise specified, it is 
assumed that a causal time function is zero for t < 0, since a simple translation of 
the time scale can always be applied to the time function to make its occurrence 
correspond to t = 0. Causal time functions have great importance in system anal- 
ysis since all impulse responses of physical systems have this characteristic. The 
Fourier transform of a causal function has the important property that either its real 
or its imaginary part is sufficient to specify the time function completely. Consider 
the causal function x(t), which has the property that x(t) = 0 for t < 0. The even 
and odd parts of x(t) are for t > 0, 


х@ = mn = kx«() (3-107) 
x(t) = moon = dat (3-108) 
Therefore, x(t) = 2x,(t) = 2x,(t) >» 0 (3-109) 


Now, since x,(t) сап be found from X,(@), and x,(t) can be found from Х,(о)), it 
follows that x(t) can be found either from the real part, X,(@), or from the imaginary 
рагі, —jX,(w). The required equations аге 


1 co 
x(t) = — | Х„(@) cos wt dw 
TJ-* 


1 oo 
= — | Re X(@) cos wt dw (3-110) 
TT — 69 


1 со 
J— | X (w) sin wt dw 
4T — ОО 


ШЕ | 
-- -- | Im Х(о)) sin wt dw (3-111) 
т )- 
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It must be remembered that (3-110) and (3-111) are only applicable to time func- 
tions that are zero for negative values of time. 

Just as the even and odd parts of X(w) are uniquely related to each other, it is 
found that the amplitude spectrum А(о) and the phase spectrum 60(«) are also 
uniquely related to each other for causal functions. In particular, it is found that 
only functions meeting certain requirements belong to the class of functions that 
could be transforms of causal time functions. One of the most powerful require- 
ments of this kind relating to the amplitude spectrum of a causal function is the 
Paley-Wiener criterion,’ which may be stated as follows: 


| ^ | А(о)| 


а та gt Oe” (3-112) 


Two requirements оп A(@) are immediately evident from (3-112). First, А(о)) can- 
not go to zero over any band of frequencies, for then |In A(w)| would become 
infinite, and the integral would also become infinite. Second, the amplitude spec- 
trum cannot fall off to zero more rapidly than exponential order, or again the 
integral will become infinite. These results are of great significance in relationship 
to the physical realizability of systems that are specified in terms of the Fourier 
transform of their impulse response, a subject that is discussed in the next section. 


3-10 SYSTEM FUNCTION 


A general linear system is shown in block-diagram form in Fig. 3-21. As was 
discussed in Chap. 2, the output y(t) can be expressed in terms of the input x(t) 
and the impulse response h(t) by means of the convolution integral as follows: 


y(t) = |. h(A)x(t — A) da (3-113) 


This integral applies when the initial energy storage in the system is zero. When 
the effects of nonzero initial energy storage must be taken into account, the situation 
becomes somewhat more involved, and discussion of that problem is deferred until 
Chaps. 5 and 7. The simpler problem of zero initial energy storage is, however, 
very important because it provides much insight into system operation and system 


ш ЕЕ е 
h (f) 


Figure 3-21 General linear system. 


ЭК. Paley and М. Wiener, ‘‘Fourier Transforms in the Complex Domain," Am. Math. Soc. Collog. 
Rule 19, 1934. Also see G. Valley and N. Wallman, Vacuum Tube Amplifiers. New York: McGraw- 
Hill Book Company, Inc., 1948, pp. 721-727. 
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properties, as well as providing the solution to many practical problems. The 
Fourier transform provides a particularly simple method of solving (3-113). Taking 
the Fourier transform of both sides of (3-113) gives 


Y(o) = |. |. h(A)x(t — A) a | eI dt 


Interchanging the order of integration on the right-hand side, changing the variable 
of integration, and carrying out the indicated operation leads to the following result: 


Y(o) = |. h(A) | - Aye?" а ал 


- | А) | | (дете ie ал 


| h(A)e ЈУ Х(о) ал 


Х(о) | (he ^^ dÀ 


X(w)H (w) (3-114) 


Two important results are implied in (3-114). First, the Fourier transform of the 
convolution of two functions is equal to the product of the Fourier transforms of 
the functions taken separately. Symbolically, this may be stated as 


99х10) * 00) = Х,0о)Х (о) (3-115) 


Second, the Fourier transform of the output of a linear system is given by the 
Fourier transform of the input multiplied by the Fourier transform of the system 
impulse response. Because of its frequent use, the Fourier transform of the impulse 
response, H(w) = #{h(t)}, is called the system function, or transfer function, and 
represents another mathematical model for the system when there is no initial stored 
energy. The system function is generally found as the ratio H(w) = У(о)/Х(о) by 
solution of the circuit equations of the system. Use of the system function concept 
often greatly simplifies computation of system response and is of great value in 
the theoretical analysis of systems. 

The system function H(w) is the ratio of the component of the output at the 
frequency w to the component of the input at the same frequency. This ratio is 
commonly called the frequency response of a network, or system. It should be 
noted that H(w) contains both amplitude and phase information. The value of Н(о) 
at some particular frequency can be measured by applying a signal of known 
frequency and amplitude and measuring the output signal. The ratio of the phasors 
representing the input and output sinusoids gives the value of H(w). The physical 
explanation of why H(w), the Fourier transform of the system impulse response, 
is the frequency response of the system is readily obtained by formally carrying 
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Figure 3-23 Transformed circuit of Fig. 3-22. 


out the computation of the response of a system in the frequency domain when a 
unit impulse is applied. The output will be the product of H(w) and the Fourier 
transform of the unit impulse. As shown previously, the Fourier transform of the 
unit impulse is 


90) = 1 8061 (3-116) 


From (3-116)* it is seen that the spectrum of the unit impulse is uniform; that is, 
all frequency components are present with equal amplitudes and zero initial phase. 
When a signal having these characteristics is applied to a system, the output is a 
direct measure of the transmission of each frequency component, and this in turn 
is just the frquency response of the system. The uniform spectrum exhibited by 
the unit impulse is the primary characteristic which makes it such a valuable test 
signal. Unfortunately, an impulse is not a physically realizable signal because of 
its infinite amplitude and infinite frequency extent; however, by using signals hav- 
ing uniform spectra over the transmission band of a system, it is possible to obtain 
system responses that, for all practical purposes, are indistinguishable from the 
true impulse response. Thus, pulses make suitable test signals, provided they are 
sufficiently narrow. 

As an example of a system function, consider the simple R-L circuit shown in 
Fig. 3-22. As discussed previously, such circuits can be analyzed by replacing the 
circuit elements with their equivalent impedances using the frequency variable 
w and then proceeding in the same manner as in steady-state analysis using the 
Fourier transforms of the input and output signals. The circuit obtained using this 
procedure is shown in Fig. 3-23. The system function can now be written down 
by inspection as 


“Тһе double arrow is a shorthand notation relating a function and its transform. The same representation 
will also be used in connection with the Laplace transform. 
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h(t) 
RIL 






“Wi O Ril но“ же? (у) 


заана панели 90° ШАЙЫ eet 





w = 


Figure 3-24 System function and impulse response for circuit in Fig. 3-23. 


о) —R R/L. 
HW we) МІН jo + RIL PM 


The impulse response corresponding to H(w) is 


-g-i 2g RIL 
h(t) = 9 1H») = F (5 Lx zl 


e F'/Ly(t) (3-118) 


C129 


Time constant. The system function and impulse response corresponding to 
(3-117) and (3-118) are shown in Fig. 3-24. Several important points should be 
considered in connection with this example. A frequent method of describing a 
circuit is in terms of its time constant. By this is meant the interval of time during 
which an exponential term in the response changes by a factor of 1/e. In the present 
instance it is seen that, when / goes from t = 0 to t = L/R, the exponent goes 
from 0 to 1. Therefore, the time constant is L/R. In general the time constant is 
the reciprocal of the factors multiplying ¢ in the exponential terms. Many circuits 
have more than one time constant; for example, h(t) = (e ' + e “Уи(1) has time 
constants of 1 s and 0.5 s. For a single time constant circuit, the time constant is 
simply related to the frequency response. In fact, at an angular frequency equal to 
the reciprocal of the time constant, the amplitude spectrum has dropped to 1/%2 
of its value at the origin. This is the half-power point on the frequency response 
curve, since a sinusoid having its amplitude reduced by a factor of 1/%2 has its 
power reduced by one-half. 

It frequently is desirable to be able to sketch rapidly the impulse response or 
system function associated with a particular system. In the time domain an expo- 
nential can be easily sketched by making use of the fact that at the end of an 
interval equal to one time constant, the amplitude decreases to e ! — 0.368 of its 
value at the beginning of that interval. For crude sketches this factor can be ap- 
proximated as 3 or 0.4, and good qualitative results obtained. To make the sketch, 
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A(w)-dB 





w-rad/sec 


Figure 3-25 Frequency response on a logarithmic scale. 


intervals of duration equal to one time constant are marked off. Starting with the 
value at 1 = 0, values at each succeeding interval are plotted using the above 
factor. After four time constants, the amplitude is down to 1.8% of its initial value 
and cannot be distinguished from 0 on a linear scale plot. 


Bode diagram. Rapid plotting of the frequency response is also very useful and 
can often be done in a simple manner with reasonable accuracy. The most fre- 
quently used plot, called a Bode diagram, after an early researcher on feedback 
systems, employs a logarithmic frequency scale. The amplitude spectrum is plotted 
in decibels,” and the phase spectrum is plotted in degrees. The use of logarithmic 
scales allows a very wide range of amplitudes and frequencies to be accommodated 
on a compact graph. The frequency response corresponding to Fig. 3-24, assuming 
a time constant of 1, is shown in Fig. 3-25, using a logarithmic frequency scale 
and a decibel amplitude scale. 

The amplitude spectrum is particularly simple to sketch if the asymptotes are 
sketched first. The asymptotes are straight lines intersecting at the half-power fre- 
quency. The low-frequency asymptote is determined by the variation in А(о)) as 
w — 0. From (3-117) it is seen that in the present case A(w) = (а? + 1) /2->1 
for small w. For large о, A(w) —> 1/о. In terms of decibels, these become the lines 
А(о) = 0 апа A(w) = - 20 log w; they are shown as dotted lines in Fig. 
3-25. 

This same sketching procedure can be extended to more complicated system 
functions. In general, for lumped-parameter, time-invariant, linear systems, the 
system functions occur only as ratios of polynomials that can be factored into linear 


“Тһе decibel is a logarithmic (to the base 10) measure of the ratio of the powers іп two signals x, and 
x, and is defined as 


Р, 
- 101 
Р 98 p 


х2 ав х2 


x] X 
= 20 log — 


X5 








= 10 102 


51%; 


Тһе last two expressions are based on the proportionality between the power іп a signal and the square 
of the signal amplitude. 
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and quadratic factors in w. The contribution of each factor is computed separately. 
The procedure is best explained by an example. Consider the following system 
function: 


10(jw + 4) 


ОД eure > ee M Tera 
(jo + 1)(— о + 5jo + 100) 


(3-119) 
For purposes of computation it is convenient to replace jw by s and to put all factors 
into the form Ts + 1 or 7?s? + 2475 + 1. Carrying out this procedure on 
(3-119) leads to the expression 


0.4(0.25s + 1) 


На) = + 00.0152 + 0.055 + 1) 


(3-120) 
This can be further simplifed by assigning an amplitude and phase to each factor, 
giving 

0.4A,(s)/ 04S) 
А (5)/ 916)A 00) / 910(S) 


where the subscripts refer to the critical frequency corresponding to that factor, 
that is, the angular frequency w, at which the magnitude of Tw = 1. The amplitude 
spectrum can now be written as 

0.4А (о) 


А(о)ав = 20 log A Gai е | (3-122) 


H(s) — (3-124) 


20 log 0.4 + 20 log А.(о) — 20 log A,(w) — 20 log Ао) 
(3-123) 


Thus, by expressing the amplitude of each factor in decibels, the overall amplitude 
is found from their algebraic sum. The constant factor is the low-frequency gain 
and, in this case, is 20 log 0.4 = —8 dB. The linear factors contribute in a manner 
similar to that of the previous example. A normalized plot of A(w) and @(@) for 
H(s) = (Ts + 1)~' is shown in Fig. 3-26. If the factor is in the numerator instead 
of the denominator, all that is required is to change the signs of A(w) and 0(o) 
from negative to positive and use the same magnitude as read from Fig. 3-26. 
Some easy-to-remember numbers are that at the critical frequency the departure 
from the asymptotes is 3 dB, at one-half and twice the critical frequency the 
departure is 1 dB, and at 0.1 and 10 times the critical frequency the departure is 
essentially 0. Below the critical frequency the slope of the asymptote is zero, and 
above the critical frequency it is — 20 dB per decade, or 6 dB per octave. 

The factor (7252 + 2475 + 1) ! is handled similarly, but it represents a 
resonant response in which the damping is determined by ¢. The normalized re- 
sponse for this factor is shown in Fig. 3-27. As before, the contribution of this 
term at low frequencies is 0 dB; however, at high frequencies the asymptote falls 
off at 40 dB per decade, or 12 dB per octave, as would be expected from the 
asymptotic form of A(@w). When such a term is in the numerator, the signs of A(w) 
and 0(«) are reversed as before. 
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Figure 3-27 Frequency response for the factor (7752 + 2275 + 1) '. (a) Gain curves. 
(b) Phase-shift curves. 
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Figure 3-28 Amplitude spectrum of (3-119). 


The procedure for plotting A(w) is as follows: Determine the critical frequen- 
cies, sketch in the asymptotes, and correct the curve away from the asymptotes by 
the deviations of each factor from its asymptotic value as determined from Fig. 
3-26 or Fig. 3-27. The result of carrying out this procedure for the system function 
given in (3-119) is shown in Fig. 3-28. 

The phase spectrum 6(«) is determined by adding the phases of each factor at 
each frequency. The validity of this procedure is evident from (3-121) when use 
it made of the fact that when multiplying phasors, the phase angles add, and when 
dividing phasors, the phase angles subtract. The subtraction of phase angles is 
accomplished in the above procedure by using negative phase angles for denomi- 
nator factors. Figures 3-26 and 3-27 give the phase values for linear and quadratic 
factors. Using data from these curves, the overall phase of Н(о) in the example 
just considered is shown in Fig. 3-29. 


Exercise 3-10.1 


Find the transfer functions Н (о) = У.(в)/У(о) and Но) = V.(w)/V,(w) for the 
circuit shown. 


+ wt) - 


ANS. jo/( jo + 1/КС); 
1/RC/(jw + 1/RC). 
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Figure 3-29 Phase spectrum of (3-119). 


Exercise 3-10.2 
| Sketch the amplitude and phase spectrum of H(w) = jw/(jw + 2)(jw + 4). 


3-11 IDEAL FILTERS 


As is evident from Fig. 3-26, a system function of the form H(w) = a/(jw + a) 
has a constant amplitude at low frequencies and falls off at higher frequencies. 
Another way of saying this is that the attenuation of signals at low frequencies is 
low (0 in this case) and increases at high frequencies. The attenuation is the frac- 
tional loss in signal amplitude that occurs when a signal is transmitted through a 
system and is usually measured in decibels. A circuit having the above type of 
frequency response is called a low-pass filter. There are many other kinds of filters, 
including bandpass, bandstop, high-pass, and equalizing filters. Often it is con- 
venient to consider certain idealized forms of filter characteristics. The amplitude 
response of an ideal low-pass filter is shown in Fig. 3-30. The ideal low-pass filter 
is characterized by a system function whose magnitude is constant over the angular 
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Figure 3-30 Ideal low-pass filter characteristic. 
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Figure 3-31 Ideal bandpass filter characteristic. 


frequency band, W = f = W, where W is the bandwidth of the filter measured in 
hertz. The amplitude of the system function is referred to as the gain of the system 
and is unity for the ideal filter shown. 

The ideal bandpass filter is characterized by unity gain over a band of fre- 
quencies of width W radians per second symmetrically located about the center 
angular frequencies + fọ as shown in Fig. 3-31. 

Both the ideal low-pass and ideal bandpass filters have the property of passing 
all frequency components lying within their passbands and completely attenuating 
all other frequency components. It is worth noting that systems having character- 
istics like an ideal filter are not physically realizable. That this is the case may be 
seen readily by applying the Paley-Wiener criterion to Н(о). Inserting H(«) into 
(3-112) gives the requirement 


Гной ay 
– ] + o? 


Since all ideal filters have frequency bands over which |H(o)| is 0, the logarithm 
is infinite, and the criterion is not met. In a later section the theoretical responses 
of ideal filters to various input signals are considered, and it is shown that for such 
systems there is an output prior to application of the input. As a practical matter, 
a given amplitude spectrum can be approximated arbitrarily closely over any finite 
band of frequencies with a real filter provided sufficient time delay (linear phase 
shift) is permitted. If the Paley-Wiener criterion is satisfied, an exact synthesis can 
be accomplished (theoretically) with a finite time delay. If the Paley-Wiener cri- 
terion is not satisfied, an exact synthesis requires an infinite time delay, but an 
approximation can be obtained with finite time delay. 


3-12 ENERGY SPECTRUM 


In developing the Fourier transform concept, we have discussed the idea of am- 
plitude and phase spectra, which relate to the relative magnitudes and phases of 
the infinitesimal signals making up a continuum of complex sinusoids representing 
the original signal. The idea of signal spectra can be put on a more intuitively 
satisfying basis by considering the distribution of signal energy as a function of 
frequency. The required relationship is found by expressing the energy in the time 
domain and then writing an equivalent expression using inverse transforms of the 
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frequency-domain representation of the time function. As discussed in Chap. 1, 
the instantaneous power in a signal is generally taken as the square of the signal 
amplitude. Thus, for the signal x(t), the instantaneous signal power is [x(t)]^. 
Actually, this is a true power for only certain situations. For example, if the signal 
were a voltage across a resistance R, the true instantaneous power would be 
(1/R)[x(t)]*. If R = 10, then [x(t)]? is the true power. However, if R is something 
different from 1 Q, then [x(z)]? is only proportional to true power, with the constant 
of proportionality being 1/R. A similar situation occurs when x(t) is a current. The 
power is always proportional to the square of the signal amplitude, but the constant 
of proportionality varies with the particular resistance level in the circuit. In order 
to avoid carrying along extra constants in computation, it is customary in signal 
analysis to consider that the units of power are the squares of the units of the signals 
involved. For a signal voltage the power is, therefore, measured in volts squared 
and energy measured in volts squared-seconds. This is equivalent to assuming that 
the signal voltage is measured across а 1-0 resistance. A similar relationship is 
used for signals measured in other units. Little confusion results if the units are 
included, and talking about power is greatly simplified when this convention 15 
employed. 
Using this convention, the energy in a signal x(t) is given as 


Е = | хур dt 


Letting X(@) be the Fourier transform of x(t), this can be written as 


| _ хора = | XQ) Е | |. X(a)e?" | й (3-124) 


Interchanging the order of integration on the right-hand side of (3-124) and геаг- 
ranging gives 


| 0р а = = | Xo) | | 0де? «| do (3-125) 


The factor in this integrand that is enclosed in brackets is seen to be X(— о). 
Therefore, (3-125) can be written as 


| xr dt = 2 | X(w)X(— w) dw (3-126) 
—% 20 J-- 


This can be put into a somewhat simpler form by noting from the definition of the 
Fourier transform that if x(t) is real (that is, if it has no imaginary part), then 
Х(-о) = X*(w), the complex conjugate of X(w). Using this relationship, (3-126) 
can be written as 


| [x(t)]* dt = | X(w)X*(w) dw 
ав Эл J-> 


1 co 
~ | IX(w)|? dw (3-127) 
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Expressed in terms of the frequency f, this expression becomes 


| _,, POF dt = | ХОР af (3-128) 


The relationship in (3-127), which is a fundamental property of Fourier trans- 
forms, 15 called Parseval’s theorem. In words, Parseval’s theorem states that the 
energy in the signal x(t) is equal to 1/27 times the area under the square of the 
magnitude of the Fourier transform of x(t). The quantity |X(w)|? is called the energy 
spectrum, or energy-density spectrum, of x(t), since, from (3-128), it can be in- 
terpreted as the distribution of energy with frequency.® The units of |X(w)|? are 
dependent on the units of x(t); for example, if x(t) were a voltage, then |X(w)|? 
would have units of volts squared-seconds per hertz. 

A greater understanding of the significance of the energy spectrum is obtained 
by considering how the system function of a linear system alters the spectrum 
of a signal transmitted through the system. It was previously shown that, for the 
case of a simple system having a system function Н(о), the output and input are 
related by 


Y(w) = Н(о)Х(о)) 
The energy spectrum of the output is then found to be 
Yw)? = Y(o)Y*(o) 
[H(w)X(w) |[H*(@)X*(@)| 
= |H(@))|X(@)/? (3-129) 


From (3-129) it is seen that the output signal energy spectrum is related to the 
input signal energy spectrum by the quantity |H(w)|*. Because of this relationship, 
[H(@)|? is sometimes called the energy transfer function of the system. 

Using the energy transfer function concept, it is possible to obtain a physical 
interpretation of the energy spectrum. Suppose that a signal having an arbitrary 
energy spectrum is passed through an ideal bandpass filter having a narrow pass- 
band centered at a frequency f,. The energy transfer function of the filter will be 
unity for those components lying in the filter passband and will be zero for all 
other components. The energy spectrum of the output will therefore be just that 
portion of the energy spectrum of the input corresponding to the frequencies in the 
filter passband. Figure 3-32 shows a typical example of such an arrangement. The 
total energy of the output will be given by 


co fi- W/2 
E, = | ра == [мора 


fi-—W/2 


*More precisely, |Х(в) Ав/2т) is the signal energy contained in the differential frequency band from 
w to w + Ao, and |X(f)" Af is the energy contained in the frequency band from f to f + Af. 
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Figure 3-32 Measurement of energy spectrum. 


For a sufficiently narrow filter passband (narrow enough so that the input spectrum 
is essentially constant over the band), the output can be approximated as 


E, = 2W| Vf )l* 
Solving for |V,(f,)|* gives 


E 
2 > 9 
Кл мет 


From this expression it is evident that |V,(f)|? сап be interpreted as the energy per 
unit bandwidth. 

As an example of the energy spectrum of a signal, consider the rectangular 
pulse signal, which was discussed earlier. From (3-70) we have 


W^ = T sinc (T) (3-130) 


The energy spectrum, |X(f)|*, of the rectangular pulse is shown in Fig. 3-33. 
It is seen that the energy is concentrated in the low-frequency portion of the spec- 


Pr(f)]* 


7? 
-4/7 О 1/T ya 








Figure 3-33 Energy spectrum of rectangular pulse. 
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trum. The extent of this concentration can be found by computing the energy in 
the first loop (that is, for |f| < 1/7) and comparing this to the total energy. The 
ratio, found by numerical integration, is 0.902. Thus, 90.2% of the energy in a 
rectangular pulse is contained in the band of frequencies below a frequency equal 
to the reciprocal of the pulse length. As a useful rule of thumb, it is often assumed 
that a pulse transmission system having a bandwidth equal to the reciprocal of the 
pulse width will perform satisfactorily. Actually, if high-fidelity reproduction of 
the pulse shape is required, a much greater bandwidth will be necessary. However, 
it can be seen that a system with this bandwidth will transmit most of the pulse 
energy. 


Exercise 3-12.1 











A time function of the form u(t) = е “‘u(t) is applied to an ideal low-pass filter. 
Find the filter cutoff frequency that will permit half of the energy to be transmitted 
through the filter. 


ANS. а/2т. 


3-13 FOURIER TRANSFORMS CORRESPONDING TO MATHEMATICAL OPERATIONS 


Certain mathematical operations performed on time functions give rise to modified 
functions whose Fourier transforms can be obtained by performing suitable math- 
ematical operations on the Fourier transform of the original function. By studying 
some of the more frequently occurring mathematical operations and establishing 
the corresponding operations in the time domain and the frequency domain, great 
flexibility and power are added to the Fourier transform technique. An example 
that has already been considered is differentiation in the time domain, which was 
found to correspond to multiplication by j« in the frequency domain. A number 
of additional operations will now be considered. In all cases it is assumed that X(@) 
is the Fourier transform of the unmodified function x(t). 


Scaling. By scaling is meant multiplication of the variable in the time function 
by a constant. This has the effect of expanding or contracting the time scale, 
depending on whether the magnitude of the constant is less than or greater than 
unity. If the constant is negative, the time scale is reversed. The Fourier transform 
of a scaled-time function can be obtained as follows: 


F{x(at)} = | и x(at)e і dt 


The cases of positive and negative a must be considered separately. Consider first 
the positive a and change the variable of integration to A — at. 
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F{x(at)} - | 2 x(A)e ЈеМа ДА 


When a is negative, the limits on the integral will be reversed when the variable 
of integration is changed; the final result is 


F{x(at)} = --x (2) а< 0 


These two results can be combined to give 


|] о) 
x(at) > — X (s) (3-131) 
ај ла 
Using the frequency variable f, this becomes 
ЗЧ i 
ха) <> — X | – (3-132) 
а ма 


Ав an example of scaling consider the unit rectangular function rect (t). For 
this function the Fourier transform is 


1/2 | 
- sin (w/2) 
ор — јал а == oe ЫЙ Ms >) E 
F{rect (t)} | aa? t | 2/2 | (3-133) 
Using the variable f this becomes 
F{rect (t)} = m 
т] 


rect (1) <> sinc f 


This function can be time scaled to give the rectangular pulse discussed in con- 
nection with Fig. 3-12. Thus 
(t) t 
x(t) = rect | — 
T 


Accordingly, from (3-133) and (3-131) the Fourier transform of x(t) is 


- uM 1)| _ „sin ӘТ/2 
F{x(t)} = en БІ = Pe 72 


which is seen to agree with the expression given in (3-70). 

Scaling is useful in extending a table of transforms of normalized functions to 
cover more general cases. It also illustrates once more the property that, as we 
expand the time scale of a function, its frequency spectrum is contracted. In ad- 
dition, it is seen that the amplitude of the spectrum also changes. This latter effect 
is necessary to maintain an energy balance between the two domains. 
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x(t) 


О 7 tr 


Figure 3-34 Delayed pulse signal. 


Delay. When a new variable t — tọ is substituted for the original variable ¢ in a 
time function, the resulting function is an exact replica of the original function 
delayed by. an amount tọ. The Fourier transform of the modified function is 


Fi{x(t — t9) = | x(t — tg)e 7^ dt 
Changing the variable of integration and carrying out the indicated operations gives 


Fix(t — to) 


| х(Аје JAF) dr 


e јео | _ X(A)e је“ da 


= 67/9 Х(о) 
x(t — tg) €» e 19 X(w) (3-134) 


Delay in the time domain is, thus, seen to correspond to introduction of a phase 
shift in the frequency domain that varies linearly with frequency. As an example 
of the use of (3-134), consider the rectangular pulse shown in Fig. 3-34. This signal 
is identical to the pulse signal previously considered except that it is delayed by 
an amount 7/2. Therefore, 


— T/2 
Т 
The corresponding transform is then found from (3-132), (3-133), and (3-134) 
to be 


y(t) = x(t — T/2) = rect | 


| sin wT/2 
Y(w) = Te JeT/2 — —— 3-135 
Expressed in terms of the frequency f, this can be stated as 
| in ТТ | 
Y(f) = Te" mS ы Те 7771 sinc (Tf) (3-136) 
aI f 


Modulation. Multiplication of a time function by the imaginary exponential 
e/0' causes a translation in the frequency domain. Thus, 
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Fleir x(t)} = | _ Хе Ju oot dt 


= Х(о — wg) 
eJ"v'y(r) <> Х(о — w) ог  X(f — fo) (3-137) 


The relation in (3-137) can be thought of as a process in which the complex sinusoid 
is modulated by the time function, x(t). If, instead of 2)", we consider the real 
function cos «t, we obtain the following relation: 


- joot 4 Jot | 
F{x(t) cos wot} = | u x(t) E EEG e /” dt 
x(t) COS wt <> 5Х(о — юу) + 5Х(о + в) 
€ 3X(f — fo) + 3X(f + fo) (3-138) 


Thus, modulation of a cosine wave by a time function x(t) leads to a new function 
having a spectrum consisting of half the original spectrum translated along the 
positive frequency axis by an amount f, and half the original spectrum translated 
along the negative frequency axis by the amount — fo. 

As an example of this process, consider the generation of a pulse of radio 
frequency (rf) energy such as is used in radar systems. A typical operating fre- 
quency of a radar system is 10 GHz. A short pulse of rf energy is transmitted, and 
the elapsed time from transmission to reception of an echo from a target is 
measured. Since the velocity of propagation of radio waves is 3 Х 108 m/s, the 
range to a target would be 150 m for each microsecond of round-trip delay. By 
making the pulse duration short, it is possible to discriminate among closely spaced 
targets. For example, а 1 ps pulse should provide distinct returns from targets 
separated by 150 m in range. The problem with going to very short pulses is that 
high peak powers are then necessary to obtain sufficient energy in the pulse for 
detection purposes. Further, as the pulse duration is decreased, the bandwidth of 
the amplifiers must be increased. Іп the case of a 1 us pulse modulating a 10 GHz 
carrier, the signal can be expressed as 


x(t) = Arect (10%) cos 27(10!9) 


Since the Fourier transform of rect(1067) is 107 6%іпс(10 5f) it follows from (3-138) 
that the spectrum of x(t) is 


ХІУ) = 5 sinc[10-*(f + 10/9] + 5 sinc[10- (f — 1019] 


This spectrum consists of sinc functions centered at =10 GHz. The nulls of the 
sinc function occur at all integer values of the argument (except zero). Therefore, 
the nulls are spaced around +10 GHz at 1 MHz intervals. The general shape of 
the spectrum is shown in Fig. 3-35. It is evident from the figure that a bandwidth 
of 2 MHz would be required just to pass the main lobe of the spectrum. The effect 
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Figure 3-35 Spectrum of | ws rf pulse. 


that this bandwidth limitation would have on the time function would be to alter 
its shape and to spread it out in time, thus reducing its discriminating power. This 
will be discussed further in the next chapter. 


Reversal. When a time function is reflected about the origin, the corresponding 
spectrum is also reflected about the origin. In equation form this is 


x( —1) © X(— o) (3-139) 


This relationship follows immediately from the expression derived for scaling, 
where the scale factor is — 1. As an example of (3-139), consider the exponential 
pulse x(t), shown in Fig. 3-36a. This pulse can be thought of as the reflection of 
the exponential pulse in Fig. 3-36b. The transform of the pulse in Fig. 3-36b is 
simply e/^^ times the transform of a unit amplitude exponential pulse at the origin, 
which is given in (3-78). The required transform is, therefore, 

| 1 -67/% 
Fix (1)) = eo = (3-140) 


jo + а Jo — е 








а = — 0 





ea 7 fg) 


Figure 3-36 Reflection of time functions. 
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Symmetry. Because of the similarity between the integrals defining the Fourier 
transform and the inverse Fourier transform, there is a very close relationship 
between the transform of a particular function of / and the inverse transform of 
that same function of w. The precise relationship is 


X(t) <> 2тх( — о) (3-141) 


1 
— Жү) 49 о) (3-142) 
27 
The corresponding relationship when the Fourier transform variable is f is some- 
what simpler and is given by 


Alt) &» x( f) (3-143) 


These relationships can be used to extend tables of transforms and also to gain 
further insight into corresponding time and frequency representations of signals. 
As an example of this relationship, consider the time function corresponding to a 
transform that is constant over a specified frequency band and zero elsewhere. This 
situation is illustrated in Fig. 3-37a, in which the shape of the transform is assumed 
to be a rectangular spectrum of width 2W Hz and unity amplitude. The phase 
function is assumed to be zero. Such a transform corresponds to the transfer func- 
tion H(f) of an ideal low-pass filter. Accordingly, the inverse transform will be 
the impulse response A(t) of such a filter. The inverse transform сап be found 
directly from (3-142) by using the previously established transform for a pulse 
signal; that is, 





T | Тї | f 
( ) 


In the present instance we can write the frequency function as 


- Ей 
Н(У) - гесі (£) 


Therefore, the corresponding inverse transform is 








h(t) = 2W sinc 2Wt (3-145) 
A(t) 
(7)! 2W 
[1l 
“ж.ш M PR ^yow О sew ж 
(а) ( b) 


Figure 3-37 System function and impulse response of low-pass filter. 
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Table 3-3 Fourier Transforms of Mathematical Operations 


m MR UA I =. SS aaa 


Operation 


Transformation 


[Inversion 


Superposition 


x(t) 


x(t) 


ir | 
— X(w)e! dw 
25 J-@ 


axı(t) + ах) 


Х(о) 
i x(t)e )*' dt 


Х(о)) 


а Х (о) + а;Х.(о) 





X(f) 
|. x(t)e 2"! аг 


ХО) 


a,X\(f) + аХ.У) 


Reversal х(—1) X( — w) X(— f) 
Symmetry X(t) 2тх(- w) x( — f) 
1 
Scaling x(at) — X (5) ЕЖ f 
la| Та lal Na 
Delay x(t — tg) e /0X(w) е-2тһох(7) 
Modulation e/”0'x(t) Х(о — о) X(f — fo) 
Time а" (t) (jw)"X(w) тј) Х 
differentiation 1" s MUS Gef) X0) 
Frequency : gx 4” ју a" 
differentiation сан ЈУ qur ^®) (4) ар ХР 
Integration [ | : X(w) Е X(f) 
A Yig с 
g b x(t) dt + | ха jv рај 


Integration 


Convolution 


Multiplication 


қ 1 1 
| x(t) dt — X(w) + тХ(0)6(о) — X(f) + 2X(0)8(f) 
-ü jo jf 
Ху жх) = |. xy(A)xy(t — A) ал X\(@)X7(@) X\(f)X(f) 
1 59 © 
x(t) x(t) x]. X(€)Xx(@ — 2) dé |. ХХ, — ә dé 


a 


This impulse response is shown in Fig. 3-37b. It is clear from the figure that this 
is not a physically realizable system, because the output occurs prior to application 
of the input. One way of approximating the ideal filter response is to employ a 
system having a response similar in form to that of Fig. 3-37b but delayed in time. 
The greater the delay, the more nearly the shape of Fig. 3-37b can be reproduced 
by a physically realizable filter. The effect of the delay in the frequency domain 
is to produce a phase shift that varies linearly with frequency. 


Convolution in the frequency domain. It is shown in Sec. 3-10 that convo- 
lution in the time domain corresponds to multiplication in the frequency domain. 
From the symmetry properties of the Fourier transform, it follows that convolution 
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of two transforms in the frequency domain corresponds to multiplication of the 
original functions in the time domain. The exact relationship is as follows: 


| [| l 
xat) <> 7 | Х|(&)Х,(® — 8) 4 = 5— Х|(@) * Xw) (3-146) 
т 2 —% 2T 


xxt) <> Xi) * XX(f) (3-147) 


These expressions can be verified formally by inverting the right-hand side. The 
relationships given in (3-146) and (3-147) are particularly useful in the study of 
modulation processes when one of the time functions has a transform consisting 
of impulses. Examples of this will be considered in later sections. 

A collection of the most frequently used Fourier transforms of operations is 
given in Table 3-3. Table 3-4 lists a number of elementary transform pairs. Ad- 
ditional transform pairs are given in Table 3-5 that relate to signals with nonzero 
average power. These and other useful tables are collected together in Appendix 
A. More extensive tabulations of Fourier transforms are available in the references 
listed at the end of the chapter. 
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The ordinary Fourier transform is limited to the transformation of functions that 
are absolutely integrable—that is, functions that obey the inequality 


|. Ix(£)| dt < о 


A number of functions having great usefulness do not meet this requirement; for 
example, a sine wave or a step function does not. Many such functions can, 
nevertheless, be handled by allowing the Fourier transform to contain impulses or, 
in some cases, higher-order singularity functions. This procedure can be put on a 
rigorous mathematical basis by means of the theory of generalized functions’; 
however, it will be sufficient for our purposes to justify this approach by consid- 
ering the impulse as a limiting form of a proper function and by showing that 
correct results are obtained when this method is used. 
Consider the function sgn(t), called signum f, which is defined as 


=] t<0 
sgn(f) = 0 і = 0 (3-148) 
+] i> 0 


7A. H. Zemanian, Distribution Theory and Transform Analysis. New York: McGraw-Hill Book Com- 
pany, Inc., 1965. 
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Table 3-4 Fourier Transforms of Energy Signals 
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Table 3-5 Fourier Transforms of Power Signals 
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sgn (7) 
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Figure 3-38 Signum function, sgn(t). 


This function is shown in Fig. 3-38. It is evident that it has a zero average value 
and is not absolutely integrable. The Fourier transform of this function cannot be 
computed in the formal manner, since the integral does not exist. Consider instead 
a sequence of functions that approaches sgn(t) as a limit. Such a sequence can ђе 
obtained by introducing a suitable convergence factor multiplying sgn (1). А suit- 
able function is е ^"! sgn(r). The transform may now be computed as 


F{son(t)} = Эт е”! sgn(r)) 
a0 


Interchanging the limiting and integration operations gives? 


lim ~ad sgn(t)e / dt 


а>0 


F{sgn(t)} 


0 m 
= lim |. — e(t Jot dt + | gator а 
а>0 0 
ет (tio ~ 
= lim Je oe——À 
af | «-—Jo9 |... —(a + jo) |o 








EE 3 


а — jo v cum 


= lim 


а>0 


(3-149) 


|. 
| 
a m 
"E 


2 
sen(t) <> — 
jo 


The amplitude of the spectrum is shown plotted in Fig. 3-39. 
The spectrum of a constant can be found in a similar fashion using the same 
type of convergence factor: 


F{1} = lim | e ele Jt qr 


— 00 
а>0 


"This interchange of operations is the source of trouble in justifying mathematically a derivation of this 
type. Mathematical proof of the validity of the results obtained by this method of derivation is well 
beyond the assumed mathematical level of the readers. The best justification that can be offered to the 
reader is that correct results are obtained when transforms obtained in this manner are used. 
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Figure 3-39 Amplitude spectrum of sgn(t). 

















0 со 

= lim | ee “јен dt + | е (+700 а 

а>0 == 0 

| ela Tjo) 0 e (jo = 
= lim - --- 

a0 | а = ЈО |_. at ЈО |, 

; | 1 
= lim — + = 

ао МЕ — JO а + Jw 


li да (3-150 
= 1m ———|— = 

a>0 а? + а? 
It is seen that the limit as а — 0 in (3-150) is 0 except when о = 0, for 


which case an indeterminate form is obtained. The indeterminate form can be 
evaluated by L’Hospital’s rule to give 


| | Р ) 
lim | — 
a0 2a 





= со (3-151) 
The area under the function is found to be 

оо 2 oc 

Area — | ——— do = uns (2) 
"ue др ce ug I Ие 
T T 
-2(---)|-2 3-152 
(E+) =2 (3452) 


The results of (3-151) and (3-152) can be interpreted as corresponding to an impulse 
at the origin having a strength of 27r. Therefore, the Fourier transform of a constant 
can be written as 


ФА) = 2т(0) (3-153) 
] <> то(о)) or 1 <> Of) (3-154) 


This result сап be extended to include sinusoidal functions in the following manner: 
By considering the imaginary exponential e/^* to be the product of (1)e/^* and 
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invoking the modulation theorem of the Fourier transform, we can obtain its trans- 
form as 


Жер = F{1 + e2} = 2лб(о — wy) (3-155) 
From (3-155) the transform of the sine and cosine functions is found to be 


еге E е J|? 
Fieve eui = 64 


2 
cos Wot €» п[8(0 — у) + (0 + 0) (3-156) 
ог cos Wot <> lef — fo) + OF + fo) 
sin wt <> — јт до — ақ) — (0 + ә) (3-157) 
or sin 001 <> —j3[&(f — fo) — AF + fo)l 


From these relationships and the various transform operations, it is possible to 
derive formally (although not rigorously) most of the transforms needed. For ex- 
ample, the transform of the step function can be found using the equality u(t) = 
2 + 5 sgn(t) as follows: 


ЩЙ = Fk + isgn(D) = (o) + ге 


u(t) <> 7d(w) + 4 (3-158) 
jo 


Because the transforms of sinusoids consist only of impulses, it is very easy 
to carry out convolution operations involving these transforms. As an example, 
consider the determination of the spectrum of an amplitude-modulated signal. Such 
a signal can be represented as 


x(t) = АП + m(t)] cos 27fot (3-159) 


“Іп (3-159) the modulating function m(t) is usually normalized to һауе a maximum 


value of unity in order to prevent the coefficient 1 + m(t) from going negative 
when m(t) is negative. This requirement is a practical one in the sense that, if it 
is not met, distortion will occur when the signal is detected by ordinary methods. 
Mathematically, it makes no difference how large m(t) becomes. The function m(t) 
can have either a continuous or a discrete spectrum. The spectrum of the total 
signal is the Fourier transform of (3-159). This can be obtained by means of the 
convolution theorem as follows: 


X(f) = ЖАП + m(t)] cos 2т)61) 


A 
= 1107) + МОР) * [607 + fo) + HF — Јој 


> N 


A A 
= — [Xf + fo) + &f — fo] + 4 MU + fo) + 2 M — fo) (3-160) 


N 
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Figure 3-40 Amplitude modulation. (a) Modulation spectrum. (b) Carrier spectrum. 
(c) AM signal spectrum. 


It is seen that the spectrum consists of a discrete component at the cosine (carrier) 
frequency fy and a reproduction of M(f) around + fọ. Figure 3-40 shows the 
amplitude spectrum for a typical example. 

A useful expression for the Fourier transform of an indefinite integral can be 
obtained by considering the intergal as the convolution of a function, x,(¢), and 
the unit step. Thus, 


x(t) | x,(A) dA = | зо = X) ал 


X(t) * u(t) 


From (3-115), which states that the transform of the convolution of two func- 
tions is equal to the product of the transforms of the functions taken separately, 
we have 


1 
Хо) = X (w) | + го) | 


jo 
Therefore, 
1 
| xı(À) dA ш?” X\(w) + 7X,(0)5(w) (3-161) 
t | | 
| х\(А) dA © —— X(f) + zX (Oe) (3-162) 
Mm j2mf 2 


This relationship is useful in transforming integral equations and in various ana- 
lytical studies. 

Since a periodic function can be expressed as a sum of imaginary exponentials, 
which can be Fourier transformed, it is possible to compute the Fourier transform 
of a periodic function by taking the transforms of each term in the expansion. 
Suppose that we are given a periodic function x(t) with period T. We can proceed 
formally to obtain the Fourier transform of x(t) by first writing the Fourier series 
for x(t) as 


x(t) = > ае" 


n= — 00 
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The Fourier transform then becomes 


X(w) = А 2, em 


п= — о 


со 


Y а, { е jnwon 


n= — со 


оо 


2т > a,O(@ - nog) 


n= —© 


The constants а, can be expressed in terms of the Fourier transform of x;(t), the 
waveform over one period, as follows: 


T/2 
= = —jnwot 
2, = 7 || p" x(t)e dt 


1 | “ | 
= - the Jno" dt 
F Jo Xr(t)e 


1 
- т Хт(поо) 
Therefore, 
X(@) = w > Хт(поу) Alw — по») (3-163) 
r oc 2тп 2тп 
I i 2 -164 
«өз Y x (22) 6(0 =) (3-164) 
Converting to the variable f instead of w, the relationship becomes 
Xf) = 2, a, ðf – nfo) (3-165) 
1 c n n 
Nor Х„(=—]| ð = == 3-166 
х) 92 2 ‚(© (; : (3-166) 
х2(7) 
1 
fo 
=f O 7 Fe 


Figure 3-41 The sampling function х,(7). 
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Figure 3-42 Amplitude spectrum of the sampling function. 


The Fourier transform is thus seen to be a series of impulses at the harmonics of 
the repetition period with strengths determined by the shape of the waveform in 
one period. 

As an example of the Fourier transform of a periodic function, consider the 
sampling function x,(t), shown in Fig. 3-41. The Fourier transform of the truncated 
function x,7(f) is 


1 
x(t) 73 ~ = 
X,7(t) = 
0 elsewhere (3-167) 
sin 01/2 [/. 
X,(o) = ф ———-— 15 


01/2 па 


Therefore, the Fourier transform of x,(t) is 


2710) «^ sin znto/T 2тп 
Хо) == y ЛЫ DT 34 
AO) = ud s тш/Т | Т ) (3-168) 
b «x Sin znto/T n 
X(f-9 y (f -F 3-169 


The amplitude spectrum of x,(t) is shown plotted in Fig. 3-42 for t,/T = 3. 
Another important signal is the unit impulse train. Consider a function x(t) 

composed of an infinite train of unit impulses having a repetition period 7. Such 

a function is shown in Fig. 3-43. The Fourier transform of this function is very 


х(7) 


-27 -T О 7 er м t— 
Figure 3-43 Unit impulse train. 
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important in sampling theory and can be determined quite readily by first expanding 
x(t) in a Fourier series and then taking the Fourier transform of the terms in the 


expansion. Following this procedure we obtain 


x(t) = У &t — nT) 
27 
п = — о Т 
The coefficient а, is given Бу 
| (772 
= же —jnwot жа ізі 
a, = 7 |. ó(t)e 7% dt 
Therefore, x(t) can be written as 
| со 
t = e ^t 
x(t) = Т, 2 
Taking the Fourier transform gives 
| оо 
Х(о) a > {e "eon 
Г жа —@ 
то x 
= 2— Хо — 
T A (w nog) 


ў за — пт) = == x 5( 


n= — œ n= — о 


In terms of the frequency f, (3-174) can be written as 


> б – ie > s(r- 2) 














IX (о) 
2т/7 | 
-4т/7 -2т/7 О 2т/7  4m/T ш--- 
|Х (7) 
1/7 
“ОҒ — UT О VT 2/7 f— 


Figure 3-44 Amplitude spectrum of a unit impulse train. 


g) = =m 


(3-170) 


(3-171) 


(3-172) 


(3-173) 


(3-174) 


(3-175) 
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Thus, it is seen that an impulse train in the time domain has as its Fourier transform 
an impulse train in the frequency domain. The amplitude spectrum is shown in 
Fig. 3-44. 

Some of the more frequently used transforms of signals having nonzero average 
power are given in Table 3-5. 


3-15 GIBBS PHENOMENON 


When an attempt is made to recover a signal from its Fourier transform, a very 
striking kind of behavior is encountered whenever the original function contains 
discontinuities. At each discontinuity the reconstructed function invariably displays 
overshoots, as shown in Fig. 3-45a, which represents the reconstruction of a unit 
step function using only a limited portion of the spectrum. This same behavior, 
known as the Gibbs phenomenon, is mentioned in connection with the reconstruc- 
tion of a discontinuous signal from its Fourier series components. One’s initial 
reaction to such a phenomenon is to conclude that it is the result of not using 
enough of the spectrum in the recovery process. However, increasing the spectrum 
utilized does not cause the overshoot to go away. All it does is to compress it along 
the time axis in the vicinity of the discontinuity. This is illustrated in Fig. 3-45b, 
in which a spectral width twice as large as in Fig. 3-45a is used in reconstructing 
the original time function. 

The cause of the Gibbs phenomenon can be seen by considering the recon- 
struction of a function x(t) from its truncated spectrum, which is given by 


Xf) Ле 
Хи) = (3-176) 
0 elsewhere 
This can be written as 
_ Ей 
X(f) = X(f) rect (£) (3-177) 








xo(7) 





О t — 


Figure 3-45 Reconstructed step function, (a) Spectrum truncated at х,. (b) Spectrum 
truncated at 2x,. 
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X DE > 5-- 
а. aoc arene: CW 2W 


7-009(2w) 


Figure 3-46 Inverse transform of rect (f /2W). 


The reconstructed function 15 then 


gel f 

F (хо rect (5)! 

x(t) * spes (£)! (3-178) 
2W 


x(t) ж 2W sinc 2Wt (3-179) 


X(t) 


From (3-178) it is clear that the reconstructed function X(t) is the convolution of 
the true function, x(t), and the ‘‘window’’ function shown in Fig. 3-46. It is easy 
to see that in the vicinity of a discontinuity this convolution will lead to anticipatory 
‘‘wiggles’’ as it slides toward the discontinuity and echoing wiggles as it leaves 
the discontinuity. The overshoot is best handled by considering the problem ana- 
lytically. In the case of a step function the convolution is 


sin27Wr — 1 [(' sin 27WA 
u(t) = + ду SWL] а TA, 3-180 
u(t) = u(t) Wr 2] A ( ) 
Letting € = 27WA, this becomes 
1 2тул 
atr = = | sin E n (3-181) 
пЈј-> 6 


This integral cannot be expressed in terms of elementary functions, but can be 
directly written in terms of the sine integral function Si (x), which is available in 
tabular form. The sine integral is defined as 


Si (x) = | —— dé (3-182) 


Making use of the fact that Si(—x) = Si(x) and Si(~) = т/2, the expression 
(3-181) can be written as 
+ 


u(t) = Si(27Wt) (3-183) 
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Figure 3-47 The function У + (1/7)Si(x). 


The quantity 2 + (1/7)Si(x) is shown plotted in Fig. 3-47. From this figure and 
(3-180), it is clear that the discontinuity at = 0 will be preceded by the oscillations 
corresponding to the portion of Fig. 3-47 to the left of the origin and followed by 
the oscillations to the right of the origin. The minimum of the anticipatory oscil- 
lations has a magnitude of 9% of the discontinuity and occurs at 27Wt = — тог 
t = —1/2W relative to the true position of the discontinuity. The maximum of 
the overshoot is also 9% of the magnitude of the discontinuity and occurs at t = 
1/2W beyond the discontinuity. The peaks of the oscillations are att = +n/2W, 
and their frequency of oscillation is approximately W. It is clear from this analysis 
that increasing the width of the spectrum only changes the time scale of the oscil- 
lations and does not alter their amplitude in any way. 

The type of analysis carried out here can be used to explain many unusual 
results that are obtained when signals are reconstructed from truncated spectra. It 
can also be used to devise methods of eliminating overshoot or the anticipatory 
oscillations. For example, by choosing a ‘‘window function’’ in the frequency 
domain whose transform is better behaved than that of the rectangular window, 
the overshoot can be completely removed. One such function (not by any means 
the best) is a triangular window of unit amplitude at f = 0 extending to = W. The 
corresponding time function is 


aan ІІ = W sinc? Wt (3-184) 





Ae Ay О Ми Ойы) рь 


Figure 3-48 Inverse transform of а triangular window. 
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О f = 


Figure 3-49 Reproduction of step with a triangular window function. 


The general shape of this function is shown in Fig. 3-48. Since the function is 

always positive, its integral will be monotonic and so cannot have any overshoot. 

The result of convolving this function with a step is shown in Fig. 3-49. It is seen 

that, although there is no overshoot, there is a substantial loss of rise time. A 

somewhat better window function is the so-called Hamming window, which is 
defined by 

т] 

0.54 + 0.46cos — |Д <и 
Xy(f) = W (3-185) 


0 elsewhere 


The result of reproducing a step with a spectrum truncated by this function is shown 
in Fig. 3-50. It is seen that in this case a more pleasing reproduction is obtained. 
The mean square error between the reproduced signal and the original is greater 
when the tapered window functions are used, but the result is generally more 
realistic in appearance. It is usually worth employing spectral window functions 
when signals containing discontinuities are being reconstructed from their spectra. 
The same arguments apply directly to Fourier series, and similar results can 
be obtained by tapering the coefficients in accordance with the corresponding values 
of the window function to be used. The particular amount of taper for any particular 
component will be dependent on the extent of the spectrum to be included. 


О гей 


Figure 3-50 Reproduction of a step using a Hamming window function. 


3-16 PRACTICAL FILTERS 161 


Exercise 3-15.1 











Show that the effects of using a Hamming window can be obtained by first recon- 
structing the signal on the basis of a rectangular window of width + W to give 
Х1(4) and then combining quantities according to the formula 


1 1 
{ ж= • { { 42 { 
200) 0.23Х, ( 5 | + 0.54£,(t) + 0.23%, ( + 5 ) 






3-16 PRACTICAL FILTERS 


It was pointed out in Sec. 3-11 that ideal filter characteristics having rectangular 
passbands do not correspond to physically realizable structures. As a consequence, 
the best that can be done is to approximate the ideal response by some nonideal 
but physically realizable network, or system. Many approaches to this problem 
have been developed and are considered in detail in books on network synthesis. 
In order to illustrate the kind of approximations that are made, as well as to present 
a very widely used filter structure, one particular type of filter will be considered 
in some detail. The low-pass filter will be considered first and the results then 
extended to cover other filter types. 

Three low-pass filter characteristics that are physically realizable are shown in 
Fig. 3-51. In Fig. 3-51а the filter characteristic is such that it is the flattest possible 
curve at the origin that can be obtained for a given number of filter elements. This 
is called a maximally flat filter and will be considered in detail shortly. The filter 
characteristic of Fig. 3-51b is not as smooth as that of Fig. 3-51а, in that it has 
ripples in the passband. However, by allowing these ripples to be present, it is 
found that a much higher slope of the filter characteristic can be obtained in the 
vicinity of the cutoff frequency. Figure 3-51с is a further step in this direction in 
which ripples are present in both the passband and the stopband. These various 
filter characteristics result from selection of particular sets of coefficients for the 
powers of о occurring in the numerator and denominator of the transfer function, 
Н(о), and the choice among them is made on the basis of the specific application. 


|At£)l |407) [A)| 


(a) (b) (c) 


Figure 3-54 Three low-pass filter characteristics. 
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The case of the maximally flat transfer function (also called a Butterworth 
filter) is particularly simple in that H(@) is specified in terms of its energy transfer 
function as 


1 
E i o 

қа)” = Uo To” (3-186) 
where « is the cutoff frequency or half-power frequency, and n is the order of 
the filter and corresponds to the number of energy storage elements present in the 
network. For о << ауу the transfer function is unity, and for а) > wọ it is seen that 
ІН(о)) falls off at a rate of 20n dB per decade. Some further insight into the behavior 
of |H(w)| is obtained by expanding it in a power series as follows: 


| + (2)] 


I (оу“ 1-3 (оу 13507 
е 4I ez „... 
2 Wo 2.4 Wo 2-4-6 Wo (3-187) 


It is evident from (3-187) that the first 2n — 1 derivatives of Н(о))) are 0 at the 
origin, and this is the reason for calling this a maximally flat transfer function. A 
family of curves representing normalized responses for various orders of maximally 
flat transfer function is shown in Fig. 3-52. The maximally flat transfer function 
is useful for theoretical studies as well as for the design of practical filters. The 
general process of arriving at the correct values for the components required to 
realize a particular response function can become quite involved and will not be 
considered here. However, some typical low-pass filter configurations are shown 
in Table 3-6. In all of these examples the gain at the origin is unity, and the half- 
power frequency is 1 rad/s. The impedance level of these filters can be changed 
by a factor k by multiplying the resistances and inductances by k and the capaci- 
tances by 1/k. Such scaling leaves the transfer function unchanged. The halfpower 
frequency of the filters can be changed by a factor k by dividing both L and C by k. 


IH(o) 


O.2 04 06 0810 2.0 40 








Figure 3-52 Maximally flat transfer function. 


с9) 





ҮХө) Го) V (w) 
ке) =» din 77 же = 7: 
1 
+ Tolw) 
Iu) 1 Volo) И (w) А 








0.500 


1.500 





1.082 1.531 0.383 1.577 





0.894 1.694 0.309 1.382 1.545 


| | tos pem i 


*Element values for L, C, and R are expressed in henrys, farads, and ohms, respectively. 
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As an example of the use of Table 3-6 consider the design of a second-order 
LPF with a voltage transfer function whose halfpower frequency is 5 kHz and 
whose input and output impedances are 1000 О. From Table 3-6 the elements of 
the normalized filter are: 


R = К = 10 
С = 1.414Е 
L = 1.414Н 


To change the halfpower point to 5000 Hz requires multiplying both L апа С by 
1/10^z = 3.183 x 10”, and to change the impedance level to 1000 requires 
multiplying R and L by 1000 and dividing C by 1000. The resulting parameters 
are then 


R = 10009 
С = 0.045 uF 
L = 45.0 mH 


It is possible to generate the circuit of a bandpass filter from that of a low- 
pass filter. The transformation is as follows. 


1. Leave all resistances unchanged. 

2. Reduce all capacitances by a factor of 2 and place an inductor in parallel with 
each such that the two elements resonate at the center frequency wọ of the 
bandpass system. 

3. Reduce all inductances by a factor of 2 and place in series with each a capac- 
itance of the proper value to resonate at wp. 


The resulting bandpass system will have a response to a modulated carrier whose 
envelope (modulation) is approximately the same as the response of the low-pass 
system to the envelope alone. The approximation is very good for narrowband 
systems. There is no formal procedure for going from a bandpass circuit to an 
analogous low-pass circuit, since such analogs do not always exist. Fig. 3-53 shows 
the conversion of a second-order LPF with a 5 KHz halfpower frequency to a 
bandpass filter covering the range of =5 kHz at a center frequency of 1 MHz. 


1 КО 45 mH 1 kQ 1.13 pF 22.5 mH 


045 pF 1 ко 





Figure 3-53 Low-pass—bandpass conversion. 
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Transfer functions for other filter types can be obtained readily from those of 
low-pass filters by means of appropriate transformations of the frequency variable. 
In doing this, it is convenient to designate the transfer function of the normalized 
low-pass filter as H(A), where A is a normalized frequency variable. The transfor- 
mations are shown below. 


1. Normalized low-pass transfer function. H(A) is any low-pass transfer function. 


| (Х)] 
1 
(3-188) 


O 1 = 


2. Low-pass filter with cutoff frequency ос А = w/w.. 


| "“(ш)| 
| (3-189) 





ir 
| (3-190) 
О 


4. Bandpass filter with upper and lower cutoff frequencies of о, and «o; 
А = (o? — w,@))/o(@, — о). 


| (а) | 
1 
(3-191) 


5. Band elimination filter with upper and lower cutoff frequencies о, апа ш; 
А = око, — ә)/(ө,ө) — 0”). 


ШЕ 


| | 2 (3-192) 
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Exercise 3-16.41 


If a low-pass filter has a transfer function H(w) = 1/(1 + јо), find the transfer 
function of a filter that will pass the band of frequencies from 100 to 200 rad/s. 


ANS. H(w) = -/100о/ (o? — j100m — 2 x 10%). 
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PROBLEMS 


3-2.1 Compute the exponential Fourier series expansion for the periodic wave- 
forms shown and sketch the amplitude spectrum of each. 


x,(t) x(t) 








О Fo аг — O T/2 7 37/2 2r 


Triangular wave Half-wave rectified sinusoid 


Figure P3-2.1 


3-2.2 Compute the trigonometric Fourier series expansion for the periodic wave- 
forms shown using the results given in Table 3-1. 


x(t) 





Figure P3-2.2 


3-34 A rule of thumb that is often used in the design of amplifiers for square 
waves is that the amplifier should pass all harmonics up to the tenth in order to 
obtain good reproduction of the waveform. 
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a. Investigate the validity of this rule of thumb by computing the distortion in the 
output of this amplifier as a percentage of the total power in the output. 

b. Plot the waveform resulting from retention of 5, 10, and 15 harmonics of the 
square wave. (Hint: Use a digital computer. ) 


3-3.2 For the periodic waveform shown, compute the total power in the waveform 
and the power that would be passed by a unity gain amplifier that passes all 
frequency components up to 800 Hz and none above that frequency. 


x(t; 


SAN SIN e 


5 6 7 дине Figure P3-3.2 








3-3.3 Acertain amplifier is nonlinear in the sense that the output is not proportional 
to the input. The relationship between input and output is given mathematically by 
volt) = 000) + Tolv. 

а. For a sine wave of unit amplitude as the input, compute the percent harmonic 
distortion, which is defined as 100 times the ratio of the rms value of the 
harmonic components to the rms value of the fundamental component. 

b. An approximate way of measuring the percent harmonic distortion of a com- 
ponent is to measure the ratio of the rms amplitude of residual harmonics when 
the fundamental is eliminated (for examples, by a filter) to the rms value of the 
fundamental and harmonics combined. Verify that the error of such an estimate 
is less than 5% if the harmonic distortion does not exceed 30%. 


3-41 Complete the table on page 169 relating the symmetry properties of a wave- 
form to the components present and the expressions for the Fourier coefficients. 


3-4.2 The first quarter cycle of a periodic waveform is shown in Fig. P3-4.2. 
Sketch the waveform over one complete cycle for each of the following cases: 





Figure P3-4.2 


a. x(t) is even and contains only even harmonics. 
b. x(t) is even and contains only odd harmonics. 
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Mathematical 
expressions 


Symmetry 


condition 


Special 


characteristics 





T/2 
4 21. 
x(t) = x(— t) Cosine terms only = tf x(t) cos E dt 
x(t) even 
half-wave 
r) 


x(t) = "e 
ке) | + —] = x(—t) 


(For Problem 3-4.) 





. x(t) is odd and contains only even harmonics. 
. x(t) is odd and contains only odd harmonics. 
. x(t) 1s odd and contains both even and odd harmonics. 
x(t) is neither even nor odd and contains only odd harmonics. 


^ D & О 


3-54 Using the Fourier series representation for a triangular wave as given in 
Table 3-1, find the Fourier series representation for a square wave and check with 
the result given in the table. 


3-5.2 When a waveform can be accurately represented by straight-line segments 
(called a piecewise linear approximation), the Fourier series coefficients can be 
calculated readily by differentiating twice to obtain a series of impulses and then 
making use of the relation 





p Ba 
f) - X Pe еле 
n= —90 по 


where |, is the exponential Fourier series coefficient for f"(t). 


a. Derive the above relationship. 
b. Use the procedure described above to derive the Fourier series coefficients for 
the following waveforms: 
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7 27 т--- 
-1 Figure P3-5.2 


3-8.4 State which of the following time functions are not Fourier transformable 
on the basis of the Dirichlet conditions and give the reasons. 


10 
a. x(t) = їи(—1) b. x(t) = cos (£) 





С. X3(t) = u(t — 2)u(t + 2) КЕТСЕ 


р == 1 


3-8.2 Find the equivalent duration and bandwidth of the gaussian pulse 
exp( — жт”). Compare the bandwidth of a gaussian pulse with the bandwidths of 
rectangular and triangular pulses having the same equivalent duration. 


3-8.3 Using the Fourier transform, find the voltage across the resistor in the circuit 
shown for an input of 100 е! u(t). 


v, (f) ко y,(t) 
а Figure РЗ-8.3 


3-91 When a function has odd or even symmetry about the origin, it is possible 
to compute the transform of the complete function from that portion of the func- 
tion corresponding to positive time only, f , (t). The required relationships are as 
follows: 


ft) = f(—t) = ] „(–Пи(–—1) + у, Oud 
<> 2 Re 3f ,(O} 
fot) = –Ј(- 0) = =f (put) + f (0м) 


<> 2j Im Af O} 


a. Derive the above relationships. 
b. Use the above expressions to compute the Fourier transforms of the waveforms 
shown in Fig. P3-9.1 starting from the transforms of the causal functions. 
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Figure P3-9.1 


3-9.2 Using (3-112), explain why each of the following transforms cannot cor- 
respond to a causal time function. 
2f 


а. X(f) = rect (24) b. Y(f) = e 7f 


3-104 Find the system function corresponding to each of the following impulse 
responses: 

a. h(t) = [e — e ?']u(t) 

b. h(t) = ó(t) — е "'u(t) 

c. h(t) = 26027) — 8'(47) 


3-10.2 Find the system function, Н(о) = У(о)/УХо), for the network shown 
and sketch the amplitude response and the phase response. 


2 mH 2 mH 
+ 


v; (7) во 16.2 Vo (7) 
Ж Figure P3-10.2 


3-10.3 Compare the frequency responses of the two networks shown. The differ- 
ence іп the two responses is due to the “‘loading’’ effect of the two cascaded 
networks. It is a commonly used rule of thumb that changing the impedance level 


10 kQ 10 kQ 
+ "Tl DC + 
v; (7) (АҒ Т ТАҒ | Volt) 
10kQ aces 10 ко 


+w mi H 
| Isolation | 
и (7) БЕ”; | М | 1uF Vo (7) 
22 _ 4d. лаб у= | . Figure P3-10.3 
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of one network relative to the other by a factor of 10 will eliminate this effect 
except for a loss in gain. Check the validity of this procedure for the network 
shown in Fig. P3-10.3. 


3-10.4 For the given circuit shown on the right, find: 


а. The system function, Н(о) 

b. The system differential equation by 
transform methods 

c. The impulse response, A(t). 





Figure P3-10.4 


— 2t 


3-M4 А time function of the form е “и(1) is applied to an ideal low-pass filter 


for which 
ЛЕМ 


0 elsewhere 


| 
HU = | 


For what value of W does this filter pass exactly one-half of the energy (оп а 1-0 
basis) of the input signal? 


3-11.2 Ап ideal delay line is a device for which the output signal has the same 
size and shape as the input signal but occurs at a later time. Consider the following 
systems, each of which contains an ideal delay line with a delay of 1 us. Determine 
the system function relating the input and output voltages. 


14 ЗЕ 
о —T—NN—] т | 
v (7) Tu и(7) + 
_| Subtracti - _ 
MERC a | = pou Volt) = vG)- (7) 
(а) - " 
T — mo- 
p у2(7) | 
из | 
| ү! 


[os | Figure P3-11.2 
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3-121 For many communications problems it is desirable to have a pulse signal 
with a large fraction of its energy concentrated within a specific bandwidth. 


a. Compare the fraction of the energy contained in the frequency band |f| < (1/T) 
for the three pulses shown. 

b. The energy contained in a particular pulse for a given amplitude is also impor- 
tant. Compute the relative energies of each of.the pulses shown. 

c. Which pulse would you select for signaling purposes and why? 


eT 


T 





-7/2 O 7/2 te» -7/2 О 772 te» -7/2 O 772 7— Figure P3-12.1 


3-131 A time function x(t) has a transform of 
Jo 
Ae) = —————— 
(o) ао? — 3jo — 2 
Using the results of Sec. 3-13, write the Fourier transform for each of the following 
time functions: 


a. x(2t + 1) b. e ""x(t + 1) 
с. = d. {== 27) 

а 
е. x(1 — t) f. x(t) cos t 


3-13.2 Using Tables 3-3 and 3-4, write the time function corresponding to each 
of the following Fourier transforms. 





ae? | b. sinc? 2fe 77) 
c eJ? а jo 
` —jw + 1 1 + jo 


3-144 Find the.Fourier transforms of the following time functions: 
a. x(t) = A cos wotu(t) 
b. x(t) = (1 + m cos ој) cos(@pt + Фф) 


a . 
с. x(t) = 2 + У а, COS not + Б, sin nwot 
п=1 


3-14.2 Find the Fourier transforms of the following time functions using frequency 
convolution: 


а. f(t) = [1 + m(t)] sin wt 
b. e “ sin wotu(t) 


с. x(t) = COS «,t sin e»t 
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3-4.3 Find the Fourier transform of the following periodic time function, which 
is composed of segments of exponentials with time constants of 0.5 s. 


Figure P3-14.3 


3-14.4 Find the Fourier transform of the function shown using the general result 
for the Fourier transform of a periodic function. 


x(t) 


NIN 


Figure P3-14.4 


3-161 It is desired to filter the waveform x(t) = cos 27(200)t + cos 27(500)t to 
recover the first term. If a third-order, maximally flat Butterworth bandpass filter 
is used, find the half-power frequency, B, that would be required in order to 
attenuate the second term by 30 dB. The energy transfer function for the Butter- 
worth bandpass filter is given as: 


5 1 where f, is the desired center 
HAP = 2 frequncy, п = order, В = 
f — fo ча, : 
L4 | В/2 | half-power bandwidth. 


3-16.2 It is required to design a third-order low-pass filter with a maximally flat 
voltage transfer function having a cutoff frequency of 10 KHz. 


a. Determine the expression for the filter transfer function. 
b. Sketch the circuit configuration and specify the component values for the filter. 


3-16.3 Transmission of a modulated carrier through a bandpass system can often 
be analyzed very simply in terms of an analogous low-pass system. The procedure 
is as follows: A time function identical to the modulation signal is applied to the 
low-pass analog of the bandpass system. The output of the low-pass system is 
identical to the modulation that would be present on the carrier at the output of the 
bandpass system. What restrictions on the signal spectrum and system function are 
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required for this procedure to give valid results? How is the low-pass analog related 
to the bandpass system function? 
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-0 | Figure РЗ-16.3 


3-16.4 Using the low-pass to bandpass transformation, find the equivalent band- 
pass filter corresponding to the low-pass filters shown in Fig. P3-16.3a and b. 
Determine and sketch the response of the circuit in Fig. P3-16.3c. 


3-беп! А frequently used method of comparing two finite energy signals is by 
computing their correlation function, which is defined to be 


қт) = | _ FiO fit = 0 di 
The correlation coefficient or normalized correlation function is defined to be 


r(7) 


Ж) EN acc EE 
| fit) dt |. Боа 


Signals are said to be correlated (that is, alike) to the extent that their correlation 
coefficient approaches unity. 


a. Prove the validity of the following expression for the correlation function: 
пт) = 9 ҶЕСРРР*) 
b. Show that the area under a correlation function is equal to the product of the 
areas of the two correlated signals. 


c. Show that the following relationship among derivatives of functions is valid for 
a correlation function: 


pinta) = | |. Ро — т) dt 


d. Compute the autocorrelation function (that is, the correlation of a function with 
itself) of a rectangular pulse of unit height and duration T. 
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3-Gen2 The triangular-shaped pulse shown in the accompanying figure is applied 
to an ideal low-pass filter having a cutoff frequency of 100 Hz. Compute the output 
waveform of the filter. 





t— Figure P3-Gen 2 


3-Gen 3 The high-frequency performance of an amplifier can be measured in 
terms of its response to a unit step input. One measure of performance that can be 
obtained from such a test is the rise time, which is defined as the time required for 
the output to go from 10 to 90% of its final value. 


a. Compute the rise time of an ideal low-pass filter having a bandwidth of W Hz. 
b. Determine the half-power bandwidth of a single-stage, low-pass R-C filter hav- 
ing the same rise time as the ideal filter. 


3-Gen 4 In order for a network to transmit a waveform without distortion, it is 
necessary that the output waveform be identical to the input waveform; that is, 
y(t) = x(t — tọ), where tọ is an arbitrary delay factor. What characteristics must 
the system function possess for distortionless transmission to occur? 








4-1 





Fourter Analysts 
of Discrete Signals 


INTRODUCTION 


Digital computers have become a very important tool for signal and system anal- 
ysis. Many engineering analyses that were once done experimentally are now car- 
ried out by computer simulation, which often gives results much more quickly and 
inexpensively. With the advent of large-scale integrated circuits, microprocessors 
are now practical as components in a variety of systems ranging from microwave 
ovens to automobiles to guided missiles. This widespread use of digital processing 
requires that the signals being processed be converted into discrete sequences of 
values in order to be compatible with the digital format required by the computer 
or microprocessor. In this chapter methods of representing signals and systems by 
discrete approximations will be considered, and the basic requirements for effective 
application of such procedures will be developed. First, the idea of representing a 
continuous time function by samples will be considered and then the use of these 
samples for signal and system analysis will be examined. The discrete Fourier 
transform will be defined and its use in system analysis studied. Finally, an ex- 
tremely efficient method of computing the discrete Fourier transform called the fast 
Fourier transform (FFT) will be described. The fast Fourier transform has had the 
greatest impact on signal analysis and signal processing of any development in 
recent years and is likely to remain important for many years to come. 


4-2 SAMPLING THEOREM 


An important and useful result in signal analysis is the property that a band-limited 
signal can be uniquely represented by a set of samples taken at time intervals 
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Figure 4-1 Signal sampling and reconstruction. 


spaced 1/2W s apart, where W is the signal bandwidth in Hz.' The terminology 
"uniquely represented’’ means that the original signal can be exactly recovered 
from the samples. The validity of this statement can be demonstrated readily for 
the low-pass case by considering the system shown in Fig. 4-1. Here the signal is 
sampled periodically by the switch, and the period of the sampler is assumed to 
be 1/2W. The sampling operation can be mathematically represented as the product 
of the input signal x,(t) and the sampling function x,(t), which was discussed in 
Sec. 3-14, and corresponds to a unit amplitude periodic rectangular wave. The 
output of the sampler, x,(t), is, therefore, given by 


x(t) = x,(t)x,(t) (4-1) 
The spectrum of x(t) is found from the convolution theorem to be 
XXf) = ХР * ХО) (4-2) 


The spectrum of x,(f) is a series of impulses at the harmonics of the sampling 
frequency (2W), and the convolution of (4-2) leads to a replication of the spectrum 
of x,(t) around each of these harmonics. The magnitude of the spectra reproduced 
at each harmonic depends on the magnitude of the 6 function in X,(f) at that 
frequency and can be computed readily from (3-169). A set of typical spectra is 
shown in Fig. 4-2. It is evident that if the spacing between the impulses equals or 
exceeds twice the bandwidth of x,(t), there will be no overlapping of the spectra 
centered at adjacent harmonics. This is the reason for the requirement that the 
sampling frequency be 2W. This is often referred to as the Nyquist rate, named 
after one of the early researchers in this field. In order to recover the original 
signal, it is necessary only to separate the spectral component centered at the origin 
from the remainder of the spectrum. This can be accomplished by means of a low- 
pass filter with bandwidth У, and the result is shown as X4(f) in Fig. 4-2. The 
waveform x,(t) will be a replica of x,(1), since its spectrum is identical except for 
a scale factor of 20/10, where tọ is the “оп ішпе” of the sampling switch. By 


ГА band-limited signal of width W is one whose Fourier transform is identically 0 everywhere except 
in a frequency region of width W when f > 0 and a corresponding region when f < 0. From the Paley- 
Wiener criterion of (3-112), it is clear that such a signal can never be causal. 
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Figure 4-2 Sampled signal spectra. 


including an amplifier having a gain С = 1/2Wtọ, the original signal would be 
recovered exactly. It is important to note that the duration and shape of the pulses 
in x,(f) do not affect the process of recovering x,(t) from its samples. АП that is 
required is that x,(t) be periodic with a fundamental frequency at least twice as 
great as the highest frequency component in x,(f). 

The low-pass filtering operation described above for recovery of the original 
signal from its samples can be carried out in the time domain rather than the 
frequency domain. Such an operation might be required, for example, in carrying 
out an analysis or making a simulation on a digital computer. Assume that the 
sample values of a band-limited function x(t) are known at discrete-time instants 
t, = n/2W. The value of x(t) for any value of t is related to the values at the 
sampling times by the following expression: 


а sin 27W(t — n/2W) 
25. Un) элуу — n/2W) 


> x (=) sinc(2Wt — n) (4-4) 


п= — о 


x(t) (4-3) 


From (4-4) it is seen that the value of x(t) at any particular point is a weighted 
sum of values at earlier and later sampling instants, with the weighting factor being 
sinc(2Wt — n). The amplitude of the sinc function decreases inversely with the 
first power of n; so it may be necessary to use many terms in (4-4) to obtain a 
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desired degree of precision. By sacrificing some of the sharpness in cutoff of the 
filter characteristic, it is possible to obtain more rapid convergence. 

The derivation of (4-4) can be made in the following manner. Since it is known 
that X(f) is 0 outside the interval – У < f < W, it can be expanded in a Fourier 
series in f, giving 


X(f) = >, aem (4-5) 
1 W 
- – jamf/W) : 


It is evident, however, that o, is just the inverse transform of X(f) evaluated at 
t = —n/2W, so that 


ZW eun 


хі =>; > х (z) => 


Now taking the inverse transform of X(f) and recalling that it is O outside of + У, 
(4-5) gives 


_ -l | ENJ Е (=) ита ЛУ „Rafi 
x(t) = %- (X(f)) == > oo ы ейті qf 
d 
W 


W 
— Л(тп/М) + 2a) f 
в” Е? | -w* ч 


1 со —п eg 27W + n/2W) __ e J27Wt + n/2W) 
= — oa leS 
2, 2W 


~) 


(4-7) 


N 


у „< j2mt + n/2W) 


= A Ж (2) sinc (2Wt — п) 


where the last equation is obtained by replacing —n with n in the summation. 
An important consideration in the use of sampled signals is the question of 
what happens if the signal is not limited in frequency content to a value less than 
one-half the sampling frequency. Similarly, the question arises as to what distortion 
occurs in the reconstruction process if the filter cutoff is not sharp enough to exclude 
portions of the spectrum coming from higher harmonics of the sampling frequency. 
These are very real problems and must be considered in any practical use of the 
sampling theorem. Figure 4-3 illustrates the case in which the sampled signal has 
frequency components greater than one-half the sampling frequency. This is re- 
ferred to as undersampling. It is seen that the spectral component centered around 
the first harmonic overlaps that centered around zero frequency. Thus, there is no 
portion of the spectrum of the sampled signal that corresponds to the spectrum of 
the original signal, and it is, therefore, not possible to exactly recover the original 
signal when undersampling has occurred. This overlapping of spectra is referred 
to as aliasing and is a major source of distortion in the reconstruction of signals 
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Figure 4-3 Effects of undersampling. 


from their samples. Aliasing can be avoided by sampling at very high frequencies 
or by filtering the signal before sampling to properly restrict its bandwidth. In any 
case it is possible to compute readily the amount of distortion that will occur for 
a given situation. The general effect of undersampling is to reinforce the even part 
of the spectrum and to diminish the odd part of the spectrum, as can be seen from 
Fig. 4-3. 

The effects of aliasing can be expressed in terms of a signal-to-distortion ratio 
(SDR), which is defined as the ratio of the power in the recovered waveform 
corresponding to the original signal to the aliased power in the recovered waveform. 
Assuming impulse sampling and recovery by ideal low-pass filtering, the SDR is 
given by 


fs/2 
[ хора 


BDR = Su (4-8) 


2 
J. n ХОР af 


Clearly, if there is no power at frequencies above half the sampling frequency, the 
SDR will be infinite. However, in many practical situations the bandwidth of the 
original signal is limited by a filter that does not have an extremely sharp cut-off. 
An example of this might be a second-order Butterworth filter. If the signal being 
sampled is assumed to have an energy spectrum determined by such a filter having 
a half-power bandwidth of W, the SDR would be 


[ 2 df 
1 L (Лу, 
spr = 201+ И) (4-9) 


brew 
5/21 + (f/W)* 
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Figure 4-4 SDR for second-order Butterworth spectrum. 


The resulting SDR depends on the ratio of the sampling frequency to the filter 
bandwidth and is shown in Fig. 4-4. It is evident from the figure that the sampling 
frequency must be substantially greater than 2W in order to give good quality 
recovery of the signal, e.g., to provide an SDR > 40 dB. 


Exercise 4-2.1 





A speech signal is to be digitized by sampling and quantizing the continuous-time 
signal. Assuming the highest frequency present is 3.5 kHz and quantization to 128 
levels (7 bits) is adequate. What is the number of bits required to store 1 min of 
speech? 








ANS. 2.94 х 10°. 





Exercise 4-2.2 


If a signal has a second-order Butterworth spectrum with a half-power frequency 
of 3.5 kHz, what is the SDR if sampling and reconstruction are done at twice the 
half-power frequency? 


ANS. 5.5 dB. 





4-3 DISCRETE FOURIER TRANSFORM 


In the two preceding sections, the representation of signals and. systems by samples 
of continuous-time functions was considered. With the widespread use of digital 
computers for analysis, simulation, and actual signal processing, a need has de- 
veloped for more general methods of working with sampled signals. Frequently, 
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such signals correspond to the values of a continuous waveform sampled at periodic 
intervals. In other cases, however, the signals are part of a completely digital 
processor and are discrete-time signals that are defined only at the sampling in- 
stants. In either case the signal consists of a discrete sequence of numbers corre- 
sponding to the samples. The Fourier transform, as previously defined, of such a 
sequence of discrete-time samples does not have any significance, if, in fact, it 
can be considered to exist at all. This is because any attempt to compute such a 
transform would give a value of zero, since the discrete-time samples have no area 
associated with them. In order to circumvent this problem, it is possible to consider 
each sample as being associated with a suitable *'sample representing’’ function 
such that a transform can be computed. A desired property of sample representing 
functions is that their influence on transforms computed in this manner can be 
readily taken into account and removed if desired. It is possible to carry out the 
development of an expression for a discrete Fourier transform (DFT) along these 
lines. However, it turns out that in order to obtain the proper form, a number of 
a priori assumptions must be made, and certain of the intermediate steps include 
some rather involved expressions. An alternative approach, and one that turns out 
to be considerably simpler, is to define the DFT of a sequence and then show how 
it is related to the more familiar Fourier series and Fourier transform. This latter 
procedure will be followed here. 
Let a sequence of samples be represented by 


{x(nAt)} = х(0), xAt), x(2At), .. . , x((N — DAD 


The discrete Fourier transform is a sequence of (complex) samples {X,(kQ2)} in the 
frequency domain defined by? 


N-1 
X kQ) = У, x(nADe Ат — k—0,1...,N—- 1 (4-10) 

n=0 
where N is the number of samples, and О = 2z/NAt is the separation of the 
components in the frequency domain. With this definition there are only N distinct 
values of Xp)(kQ) that can be computed, since X5(KQ) is periodic in О with a period 
of МО. In order to see this, consider the calculation of X5(kOQ) for К greater than 


N by a small integer Кү; i.e., k = N + А, k; = 0, 1, 2, .... Equation (4-10) 
then gives 
N-1 
Xy(KkQ) = > x(nAt)e ЖАУ- k)n 
n=0 
But eg JONAm ич е (27NAm/NA:) = e n —] 


and therefore, 


"Various definitions appear in the literature. This опе is consistent with the transform of an impulse- 
sampled function and the z transform discussed in Chap. 5. It differs by a factor N from the Fourier 
series coefficient. 
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N-1 
ХКУ + Е)01- У x(nAt)e 9^ = X (КО) (4-11) 
n=0 
Thus, it is seen that any value of X,(kQ) for k > М — 1 can be expressed in terms 
of a smaller argument, Хр(к О), where k) = k modulo №.? In view of the above, 
it is clear that Ху(к О) сап be thought of as a sequence of N numbers or as a periodic 
sequence of numbers that repeats after N. 
There is also an inverse discrete Fourier transformation (IDFT), Fh !, whereby 
Ix(nAt)) can be recovered exactly from {X,(kQ)}. This transformation is given by 
N-1 


| | 
x(nAt) = 95 X,(kQ)) = = У Xp (kA) eA (4-12) 
k=0 
The validity of the inverse transformation can be established by substituting the 
value for X,(kQ) from (4-10) into (4-12), giving 
N-1 N-1 


— > > хтАре ЖАтА има (4-13) 
N k=0 m=0 


х(пАг) = 


Combining the exponents of the exponential terms and reversing the order of sum- 
mation gives 
n= N= 


l 
> x(mAt) e} Atkin — m) (4-14) 
0 


| 
x(nAt) = — 
N m=0 k= 


Recalling that О = (27r/NAt), the inner sum can be written as 
N-1 
S(n = т) аған 2 e Q9 «/N)n — т) (4-15) 
k=0 
This sum is obviously М if п = т, modulo N. For п # т, modulo М, the sum 
will be zero. This is most easily seen by writing (4-15) as the summation of a 
geometric progression with the multiplier, e/?7"~”™/!, Thus, 


N~] , D ж е2т(п-т) 
__ - (24 k/N)(n—m) — а 
S(n — т) = 2, еј m 7 = 0 (4-16) 

since the numerator is identically zero and the denominator is not. Using this result, 
(4-14) can be written as 

DX І 

x(nAt) = — У, S(n — m)x(mAt) = — (N)x(nAt) = x(nAt) 

М т=0 М 
It is interesting to note that the IDFT is identical to the DFT except for the mul- 
tiplicative factor 1/N and the reversal of sign in the exponent. The similarity to 
the continuous transform is also clearly evident. 


ЗА number is written modulo N by expressing only the remainder after all integral multiples of N have 
been subtracted. The number 15, modulo 4, is 3; for modulo 10, it is 5. 
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Calculation of the numerical values of the DFT and IDFT is actually inde- 
pendent of the sampling interval At. This can be seen by noting that QnkAr = 
2ankAt/NAt = 2ank/N. Eq. (4-10) and (4-12) can therefore be written as 


N-1 

X(k) = У, хте“ РМ (4-17) 
п=0 
1 М—1 

x(n) = = 2, Х(Юе 27k/N (4-18) 


In order to associate the sample values of (4-17) and (4-18) with particular fre- 
quencies or times, it will be necessary to use the sampling interval. Thus the kth 
sample of X(k) corresponds to a frequency of 27k/NAt radians/second or k/NAt 
hertz. Similarly, the nth sample of x(n) corresponds to a time of nAt. However, 
for many computational and analytical purposes, the time interval can be suppressed 
to give simpler expressions. 


Exercise 4-3.1 





Find the DFT of 11, 0, 0, 1} and the ШЕТ ог (2, —1 — j, 0, —1 + jj. 


ANS. 2, 1 +], 0, 1 — jh 
(0, 1, 1, 0). 






Properties of the discrete Fourier transform. As will be discussed shortly, the 
DFT is useful in approximating the Fourier transform of a continuous function. 
However, it should be borne in mind that the DFT is actually an exact relationship 
between an original sequence x(n) and an image* sequence X,(k). The IDFT is 
capable of producing samples x(n) for values of n outside the range 0 = n < № — 1. 
However, these values are simply repetitions of values of x(n) taken on within this 
range. Such values can be thought of as corresponding to a periodic extension of 
{x(n)}, or the entire sequence can be considered as being arranged around a circle 
with N divisions, one for each sample. 

There are several properties of the DFT that are useful in carrying out or 
interpreting calculations involving these transforms. First of all, the DFT is linear; 
that 1s, 


F pax, (n) i bx(n)} = aFp{x,(n)} + bF xo (n)j (4-19) 


where ¥p{x(n)} is taken to mean the DFT of the sequence {x(n)}. 
The various operations involving the DFT are analogous (but not identical) to 
those for the continuous Fourier transform. For example, the IDFT of the product 


^A Fourier transform is frequently referred to in the older literature as an image. This is particularly 
appropriate in the case of the DFT. 
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of two DFTs is the convolution of the original sequences. However, the convolution 
is a periodic, or circular, convolution. To see this, consider two sequences {x,(n)} 
and {x,(n)}. In order to simplify the notation, let the sequences be represented by 
x(n) and y(n) and let their DFTs be Xp(k) and Yp(k). In order for this type of 
operation to have meaning, it is necessary, of course, that both sequences have the 
same sampling interval and the same number of samples. If one sequence has fewer 
sample values than the other, enough zero-value sample values can be added to 
make the numbers of samples equal. 
Consider now the IDFT z(n) of the product of the two DFTs; that is, 
N=] 


| | 
дп) = — У, Хр  Ур(кОје РМ (4-20) 
N k=0 | 
Substituting the defining relations for X5(k) and Y,(k) from (4-17) gives 


| Nal Гм-і o N-1 | | 

z(n) жй somes 2, x(iAt)e 2" > y(mAt)e—27km/N e j2mkn/N (4-21) 
N k=0 i=0 т-0 

This сап be written as а triple summation over the indices k, i, т. By interchanging 

the order of summation so that the summation over k is innermost and factoring 

out х(ї) and y(m), the following expression is obtained: 

N-—1 N—1 


N=] 
z(n) = > 2, x(i)y(m) 2. виси (4-22) 


1 
М 
The inner summation is of the same form as encountered in connection with 
(4-15) and is zero except for combinations of i = (n — m) modulo N, for which 
case it equals N. Thus, (4-22) can be written as 


N-1 

z(n) = 2, x(i)y(n — i) (4-23) 
М— 1 

= У xn - iyli) (4-24) 


i=0 


where the quantity n — i in (4-23) and (4-24) is understood to be modulo М. The 
interpretation of (4-23) or (4-24) is most easily seen by considering x(i) and y(i) 
to be arranged in circles as shown in Fig. 4-5 for N — 6. As in ordinary convo- 
lution, one sequence is ''folded'' (that is, reversed) and indexed around by ап 
amount n relative to the other. The terms are then multiplied serially, and the 
products are summed. An exactly equivalent result is obtained by considering the 
original sequences to be periodic, with period N, and then carrying out the normal 
folding and shifting operation employed in ordinary convolution. In this case the 
summation is carried out over a single period. This is shown in Fig. 4-6. For 
obvious reasons this type of convolution is called circular, or periodic. 

The analogous operation for continuous Fourier transfoms can be thought of 
as aperiodic convolution. It is usually the aperiodic type of convolution that is 
encountered in system analysis problems, and in order to simulate it using the DFT, 
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Figure 4-5 Circular convolution. 


it is necessary to extend the interval with zero-value samples so that there is no 
overlap when periodic convolution is employed. This process is illustrated in Fig. 
4-7. 

A result analogous to that of time delay in continuous functions is obtained 
with circular shifting of discrete sequences. Thus, 


DFT{x[(n — i) mod N]} = Xy(K)e ?7*/N (4-25) 


It is seen that moving i samples from the end of a sequence to the beginning is 
equivalent to multiplying the DFT by a linear phase function. 

There are some symmetry properties of the DFT that are useful. A sequence 
{x(n)} can be considered as even if x(n) = x(N — n) and odd if x(n) = 
—x(N — п). When these sequences are plotted around a circle or periodically 
extended, these definitions are seen to correspond to conventional interpretations 





i i 
| i | 
L| LI 
E NE ПЕРЕ ee 
то рег за [5 6 тв 
Хп), п = 2 


а 


г 3 4 


F 





л—-- 


Figure 4-6 Periodic convolution. 
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Figure 4-7 Approximation of a periodic convolution. 


Table 4-1 Symmetry Properties of 


the DFT 
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х(п) Хр(к) 

Еуеп Even 

Odd Odd 

Real Real part even; 


imaginary part odd 


Imaginary Real part odd; 
imaginary part even 
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of even and odd functions. With regard to the DFT, it is readily shown that an 
even sequence of real values has a DFT that is real and even, and an odd sequence 
of real values has a DFT that is odd and pure imaginary. These and other related 
properties are given in Table 4-1. Because of the symmetry of the DFT and IDFT, 
the headings of the two columns can be interchanged without altering the validity 
of the relationships. 


Exercise 4-3.2 






Carry out the periodic convolution of the following sequences by multiplying their 
DFTs and inverting. Check by convolving in the time domain. 


{1, 1, 0, 1} + (1, 0, 0, 1} 






ANS. {2, 1, 1, 2}. 
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The fast Fourier transform (FFT) is the name applied to various algorithms that 
rapidly make the computations required to obtain the DFT of a sequence. A dra- 
matic reduction in computation time is obtained by making use of the fact that, 
when the number of points in a sequence is the product of several factors, the 
sequence can be broken up into smaller sequences whose transforms can be deter- 
mined with fewer computations and from which the transform of the original se- 
quence can be obtained readily. As an example of how the number of computations 
required can be greatly reduced, consider the following algorithm known as the 
decimation-in-time algorithm. In this context decimation refers to a reordering of 
the computation sequence that is the key to the increased efficiency of the proce- 
dure. The DFT is defined as 
N-1 
Хр(ко) = У, x(nAt)e Јат 
n=0 
where О = 277/NAt, N is the number of samples in the sequence, and Аг is the 
sampling interval. Using the simplified notation and, further, representing Xp(k) 
by X,, the DFT can be written as 
N-1 
X, = У, же Рту (4-26) 
n=0 
Letting 
We = oa (4-27) 


it follows that 


190 


FOURIER ANALYSIS OF DISCRETE SIGNALS 


N-1 
X, = 5 х, (4-28) 
n=0 
Before proceeding let it be assumed that N is an even number and, in fact, that it 
is a power of 2. The summation in (4-28) can now be divided into the sum of two 
subsequences corresponding to n even and n odd; thus, 
N/2-1 N/2-1 
X, = b ха WN * Maa E (4-29) 
n=0 n=0 
Now since 


е2т/(М/2) — „йт/мМ 


it follows that 


Ws m Ww» 
and (4-29) can be written as 
N/2—1 М/2-1 
A, = 2, ха, а + УМ 2, хоо (4-30) 
= G, + WH, о=к=М 1 (4-31) 


where С, is the DFT of the sequence of even numbered points апа Н, is the DFT 
of the sequence of odd numbered points; 1.е., 


N/2—1 

G= 2, хз (4-32) 
N/2—1 

H= > Xy WN/2 (4-33) 


п= 


The following identities are easily established. 


N 
Gy = Ginn (periodic with period У (4-34) 
— : 40 
Н, = Hk+n/2 (кеміс with period У (4-35) 
М2 = — wh (4-36) 


Using these identities (4-31) can be rewritten as two equations 


-N 


X} = б, + Wek k=0,1, — 1 (4-37) 


TT 2 
| М 
Xk+N/2 == С, к= Н, К = 0, 1, «ғ-ға 2 = 1 (4-38) 
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If G, and Н, are already known for k = 0, 1,...,N/2 — 1 computation of 
the N-point DFT using (4-37) and (4-38) requires N (complex) additions. The term 
WH, can be calculated once for each k and used in both (4-37) and (4-38) thus 
reducing the number of complex multiplications from N to N/2. 

This process of decomposing the DFT sequences into sequences half as long 
can be repeated to obtain simplified computation of G, in the form 


С, = D, + МЕ k=0,1,..., 


— 


(4-39) 


Alz RIZ 


мені 


(4-40) 


The values of С, can each be computed with N/2 complex additions and N/4 
complex multiplications if the values of D, and Е, are known. Similarly, the values 
of H, can be computed if the values of B, and С, are known. The process of 
computing an N-point DFT by combining two N/2-point DFTs can be continued 
until 1-point DFTs are reached. The DFT of a single point is just the point itself. 
If N = 2”, then the I-point transform is reached in log, N steps. Going from step 
to step the number of transforms doubles, but the number of points per transform 
decreases by a factor of 2. Therefore, N complex additions and N/2 complex 
multiplications are required at each step to compute all values of the DFT at that 
step. The entire DFT, therefore, requires N log; N complex additions and (N/2) 
log, N complex multiplications. This is compared with the N(N — 1) complex 
additions and (У — 1)? complex multiplications required for direct computation of 
the DFT. 

A convenient way to represent the computation procedure graphically is by a 
flow graph. The basic element of the flow graph is shown in Fig. 4-8. The open 
circle represents an adder-subtracter in which the sum always appears at the top of 
the output and the difference appears at the bottom. The arrowhead represents a 
multiplier with the value of the multiplicative constant given adjacent to the arrow- 
head. In general the variables and constants are complex numbers. Figure 4-9 shows 
the first step in forming an 8-point DFT from two 4-point DFTs. The flow graph 
for the complex 8-point DFT obtained by successive bifurcation of the sequences 
is shown in Fig. 4-10. 


x ах + by 


y ax - by 


Figure 4-8 Basic element of flow graph. 
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Examination of Fig. 4-10 and (4-37) and (4-38) shows that the basic operations 
involved in the decimation-in-time algorithm are computations of the form 


А + BW 


А — BW% 


The flow graph of this operation is shown in Fig. 4-11 and is often referred to as 
a butterfly because of its appearance. At each stage there are N/2 butterflies, and 


х(0) = Xo 
„шы 4- POINT 
х (3) Xs 


— — À 
х;(2)= Xs DFT 








x(1) 
© 
x(5) wo 2 
x(3) <> | 
w2 


k 


k 
W 
B N 


Figure 4-11 FFT butterfly. 
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NV 


(a) Original waveform 





(b) Periodic extension of (a) 


-«Ж 
SK. 
— JM 


(c) Segments of (b) having same DFT as (a) 


Figure 4-12 Waveforms having the same DFT obtained from periodic extension of 
original waveform. 


each butterfly involves only one multiplication, since the quantity BWX, can be 
computed and saved. Because of this butterfly structure, only one additional mem- 
ory location is required to transform an N-point sequence stored in memory pro- 
vided that the computed results are stored in the same locations as the original 
data. A computer algorithm that uses the same locations to store input and output 
is called an in-place algorithm. 

FORTRAN and BASIC programs for computing the FFT and IFFT are given 
in Appendix D. Also included is a program for computing the DFT and IDFT 
when the number of points is not a power of 2. 

Many of the problems encountered in using the FFT for signal and system 
analysis can be avoided if the DFT and IDFT are each interpreted as periodic 
functions. In the time domain the N samples cover the interval 0 to (М — 1)At 
representing one period starting from the time origin. However, any other segment 
extending over one period of the periodic replication (in positive and negative time) 
of this sequence will have exactly the same DFT. This is illustrated in Fig. 4-12. 

Virtually all FFT algorithms are indexed for positive integers from 1 to N, and 
it is usually desirable to keep the unity index as the time origin. A simple way to 
do this is to make whatever periodic extension of the waveform is required to 
produce the set of values over one period whose initial point is the origin. At points 
of discontinuity, it should be remembered, the Fourier representation converges to 
the average of the limits on each side of the point of discontinuity, and this value 
should be used if one of the sample values falls exactly on the discontinuity. Figure 
4-13 illustrates how the sample values are chosen to represent sequences that are 
samples of waveforms existing in an interval different from 0 = г < T. The 
importance of this type of transformation will become clearer when some examples 
are considered shortly. 
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| 


— 12 


Figure 4-13 (а) Noncausal waveforms. (b) Causal waveforms whose samples have the 
same DFTs as the corresponding noncausal waveforms. FFT indices are shown in 
parentheses in the right-hand figures. 
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With these rather extensive preliminaries out of the way, it is now possible to 
consider how the DFT can be used in signal analysis. First of all, consider a 
continuous-time function x(t) that exists over the time interval, 0 = = T$. As 
shown in Chap. 2, such a function can be represented exactly by a continuum of 
impulses. A less exact but more computationally tractable representation can be 
obtained by representing the function as a sequence of equally spaced impulses, 
where the strength of the impulse at = nAt is the area under the function x(t) in 
the interval At(n — 3) < t < At(n + 5). Such a representation is shown in Fig. 
4-14. 

If the sampling interval At is small enough so that ће function does not change 
appreciably over one interval, then the strength of the 6 function can be taken as 
Atx(nAt). Thus, the representation can be written as 


М—1 


x(t) = &(t) = Atx(t) У, 66 — nåt) 
n=0 
М—1 
= At У, x(nAns(t — nåt) (4-41) 


n=0 
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Figure 4-14 Impulse approximation of functions. 


This type of representation is very useful (and quite accurate) when the computa- 
tions to be made involve convolutions (or integrations) of x(t) with other functions 
that do not change very much over the intervals of length At. Such applications 
include computing the spectrum up to a frequency on the order of x = (1/2Ar) or 
computing the output of a linear system having a relatively smooth impulse re- 
sponse. By making the interval Аг smaller, the fidelity of the representation can 
be extended to higher frequencies. As an example, let it be assumed that it is 
desired to compute the Fourier transform of the approximating function represented 
by (4-41). The calculation can be done using either the frequency variable о or f. 
It is very helpful to be able to shift between these variables in order to simplify 
calculations whenever possible. Because it is more directly interpreted in terms of 
the sampling frequency the variable f will be used here. From (4-41) the Fourier 
transform of the impulse approximation to x(t) is 


oc N-1 
gt) = ХО = || e ?7f д; У x(nAnd(t — nAt) dt (4-42) 
шы п-0 
М—1 
= At У, (пе "АЎ (4-43) 


n=0 
When f = k/NAt it is seen that (4-43) gives At times the DFT of [x(nA1)); i.e., 
ХО], -умм = AtFplx(nAn)} (4-44) 


From (4-44) it is seen that the DFT of the sampled time function is equal to 1/At 
times the sequence of samples taken at intervals of Af = 1/NAt from the Fourier 
transform of the 6 function approximation to the continuous-time function. 

There is another way to express the continuous Fourier transform of Х(7) that 
provides considerable insight into the proper interpretation of the DFT as an ap- 
proximation to the continuous FT. Since it is assumed that x(t) exists only over 
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the interval 0 = 1 = Ty = NAL, it is evident that extending the summation of 
(4-41) beyond N — 1 will not alter the result; that is, 


MN 


a(t) = Att) У, ба — nAt) = Axt) У, (t — nåt) (4-45) 


n=0 n= — 00 


The Fourier transform of (t) may, therefore, be written in the equivalent form 


25560); 


n= — 20 


X(f) = fano У д — nan] (4-46) 


| < n 
AX) * = У, 3 


n= — 99 


i X (у - z) (4-47) 


Evaluating (4-47) at f = k/NAt gives 


4 = k n 
Х ке" = Х | — - — 4- 
(Р) uva 2 i z) (4-48) 
and equating this result to the right-hand side of (4-44) gives 
| ж k n 
F Ар = — Ade жы жыш 4-49 
хам) =. 2 E z) or 


From (4-49) it is seen that the discrete Fourier transform of the sequence of samples 
{x(nAt)}, n = 0, 1, ..., № — 1 is equal to 1/At times samples at f = k/NAt 
of the infinite replication of X(f) along the f axis at intervals of 1/A: = f,, where 
f, is the sampling frequency. 

When the DFT is used to approximate samples of the continuous Fourier 
transform, it is generally assumed that contributions from X(k/NAt — n/At) for 
n 5 0 are negligible, and this leads to the simple expression 


Xl -anan = At¥p{x(nAn} (4-50) 


However, it is evident from (4-49) that the error of this approximation at any index 
k is 


= k п 
є = У x(4-2) п = 0 (4-51) 


In order to obtain a good approximation to samples of the continuous Fourier 
transform using (4-50), it is necessary that (4-51) be made sufficiently small. This 
is generally accomplished by choosing At small enough (i.e., making the sampling 
frequency high enough) to assure that the replications of X(f) along the frequency 
axis are sufficiently removed from the origin so that these contributions are 
negligible. 

An example will illustrate the procedure for using the DFT to approximate the 
spectrum of a finite duration signal; i.e., a signal whose spectrum is not band- 
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x(t) 


-10 1 7(т5)— 





«t D 4 T 27 
ј—— 
Figure 4-15 Waveform to be transformed. (a) Original waveform. (6) Waveform 
periodically extended. 


limited. The signal to be considered is a unit-amplitude triangular pulse of duration 
2 ms. It is desired to obtain a frequency resolution of 100 Hz and to obtain the 
spectral components to at least 25 kHz. The time function is Л(10?7) and is shown 
in Fig. 4-15a. In order to use the FFT it is necessary to convert it to an equivalent 
causal function by periodically extending it and using the samples in the period 
starting at the time origin. The periodically extended function X(t) is shown in Fig. 
4-15b. The periodically extended function may be written as 


со 


Ж) = У, x(t + kT) (4-52) 


When the original function x(t) is a pulse type of function whose duration is less 
than 7, the periodic function x(t) will consist of distinct replications of x(t) at 
intervals of T. However, when the duration of x(t) is greater than T, the periodic 
extension will have aliasing (i.e., portions of the replication in one period will 
extend into another period) giving rise to distorted reproductions of x(t) in the 
intervals of T. In either case it is this periodic function that must be used to assign 
the sample values х(пА1) used in the FFT. If one of the points falls on a discon- 
tinuity in the waveform, some improvement in accuracy will result from assigning 
to that point an amplitude equal to the average of the left and right limits; i.e., 


x(nAt) = $[x(nAt*) + x(nAt~)]. It is to this value that the Fourier transform 
converges. 
The highest-frequency component that is computed by the DFT is 
| 17, 
= — = == 4-53 
j 2АГ 2 ( ) 


where f, is the sampling frequency and At is the sampling interval. Therefore, the 
sampling frequency must be twice as high as the highest-frequency component to 
be computed. In the present example this requirement can be written as 
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1 
— = 25 x I0 Н <2 х 10-5 , 
TP 0° Hz мах s (4-54) 


The spacing of the frequency components of the DFT is, from (4-50), 


ot. 
Af == 9 (4-55) 


For the present example this requires that 


1 
— = 100 
NAt 


1 | 


N2=— =——————; = 500 4-56 
100At 100 x 2 x 107 ie 


Since N must be a power of 2, it will be taken to be the first such number greater 
than 500, or N = 2? = 512. If it is desired to have a spacing of frequency samples 
of exactly 100 Hz, then Аг must be such that 


1 
10047 


1 
251200 


For most applications to experimental data, it is necessary to select a Ат corre- 
sponding to a sampling frequency that is readily implemented by the hardware 
system. For example, in the present instance a sampling frequency of 50 kHz might 
be employed. This would lead to a frequency spacing of Af = f,/N = 50000/512 
— 97.6 Hz instead of the specified value of 100 Hz. When the signal is available 
as an analytical expression, such a compromise is not necessary. 

Using the sampling interval given in (4-57), the total duration of the periodi- 
cally extended signal will be 7 = NA: = 512(1/51200) = 0.01 s, and the signal 
to be sampled and transformed is as shown in Fig. 4-16. The point corresponding 
to the FFT index n = 1 is the sample value at t = 0. In this particular waveform 
x(t) goes to zero at t = 1 ms. This falls between samples 52 (t = 0.966 ms) and 
53 (t = 1.016 ms). Also note that the last point corresponding to n = N = 512 
occurs one sample interval short of the complete period. 





= 512 


At 


19.53125 ps (4-57) 
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Figure 4-16 Augmented time function. 
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The FFT values must be multiplied by Аг in order to obtain an approximation 
to samples of the Fourier transform. The analytical values of the Fourier transform 
are obtained from 


F{A(10°r)} = 107° біпс (10727) (4-58) 
and at the frequency intervals specified in this example leads to 
X(100k) = AtX,(k) = AMFFT(K + 1) =k =0,1,...,N—1 (4-59) 


A comparison of the magnitude of the spectrum computed using the DFT and 
the correct value is given in Table 4-2 for the first 30 frequency samples. A plot 


Table 4-2 Magnitude of Computed Spectrum of 2 ms 


Triangular Pulse 


f А1Х (Р) хо) Error 

0.00 1.00006Е-03 1.00000Е-03 6.10352Е-08 
100.00 9.67593E-04 9.67531E-04 6.14332Е-08 
200.00 8.75203Е-04 8.75150Е-04 6.25092Е-08 
300.00 17.36904Е-04 7.36840Е-04 6.39413Е-08 
400.00 5.72852E-04 5.72787Е-04 6.52926Е-08 
500.00 4.05351E-04 4.05285Е-04 6.61362Е-08 
600.00 2.54638Е-04 2.54572Е-04 6.61847Е-08 
700.00 1.35403Е-04 1.35338E-04 6.53870Е-08 
800.00 5.47602Е-05 5.46963E-05 6.39612E-08 
900.00 1.20072E-05 1.19448E-05 6.23453E-08 
1000.00 6.10719Е-08 1.17757E-32 6.10719Е-08 
1100.00 8.05672E-06 7.99613E-06 6.05985Е-08 
1200.00 2.43706E-05 2.43095E-05 6.11450E-08 
1300.00  3.93026E-05 3.92400E-05 6.25965Е-08 
1400.00 4.68226E-05 4.67581E-05 6.45128Е-08 
1500.00 4.50979E-05 4.50316Е-05 6.62543E-08 
1600.00 3.58664Е-05 3.57992E-05 6.71930E-08 
1700.00 2.30135Е-05 2.29466E-05 6.69399E-08 
1800.00 1.08697E-05 1.08042Е-05 6.55073E-08 
1900.00 2.74348E-06 2.68014E-06 6.33390Е-08 
2000.00 6.11826E-08 1.17757E-32 6.11826Е-08 
2100.00  2.25379E-06 2.19395E-06 5.98376E-08 
2200.00 7.29243E-06 7.23256E-06 5.98625Е-08 
2300.00 1.25974E-05 1.25360E-05 6.13467E-08 
2400.00 1.59746E-05 1.59107E-05 6.38421E-08 
2500.00 1.62779E-05 1.62114E-05 6.649 15E-08 
2600.00 1.36254Е-05 1.35571E-05 6.83226Е-08 
2700.00 9.16539Е-06 9.09679E-06 6.86075Е-08 
2800.00 4.53216Е-06 4.46500Е-06 6.71550Е-08 
2900.00 1.21487Е-06 1.15045E-06 6.44190Е-08 


——————-—-————————— 
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Figure 4-17 Error in FFT approximation of triangular pulse of 2 ms duration (У = 512, 
At = 19.531 ps). 


of the magnitude error over the entire 25 kHz frequency interval is shown in Fig. 
4-17. It is evident from the table that even at 2900 Hz the fractional error is 
becoming significant. At the very high frequencies the error is on the order of 
100%. This error is due to a variety of causes such as round-off error in the 
computer, the fact that the signal is not band-limited, and the finite size of the 
sampling interval. By using double-precision calculations and reducing the size of 
At an improved estimate could be obtained. 

There are unusual results that occur in certain circumstances when computing 
with the DFT. These results are usually explainable when the periodic nature of 
the transform and its corresponding time function are taken into account. As an 
example assume that it is desired to compute an approximation to the continuous 
Fourier transform of a rectangular pulse u(t) — u(t — 1) by means of the discrete 
Fourier transform. For purposes of discussion let At = 5, thus dividing the signal 
into five segments. The sample sequence will consist of five 15; that is, х(пА/) = 
1, п = 0, 1, 2, 3, 4. This is illustrated in Fig. 4-18. 

The discrete Fourier transform is computed to be 





4 
Fy{x(ndt)} = >) x(nAr)e Јат) 
n=0 
E a 5 k=0 
= > е (Qmk/5) — (4-60) 
п=0 0 k#0 
x(t) 
1 1 4 { 4 
5 5 5 5 5 
О 1 2 3 4 
n =27/7—= 


Figure 4-18 Samples of а rectangular pulse. 
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Samples of the continuous Fourier transform can now be computed from (4-50) 
and (4-59) to be 


5 kl 
F{u(t) — ut — 1) ы = AtFp{x(nAn} H 


0 k#0 
1 k=0 
= k = 0, 1, 2, 3,4 
0 kz0 
(4-61) 


Thus, the approximation to the continuous Fourier transform consists of a single 
pulse of unit magnitude at the origin and is zero elsewhere. 

On the surface this is a very unsettling result, since we know that the Fourier 
transform of a rectangular pulse is of the form (sin x)/x. Fortunately, there is a 
reasonable explanation for this unexpected result. The exact expression for 
Fp{x(nAt)} is given by (4-49) in terms of the continuous Fourier transform. For 
the waveform under consideration 


nl 





| sin 20) 
X(w) = e (1/20 T 
20) 
and therefore, Ф„{х(лАт)} is 
a | sin z(k — 5n) 
Fe Ар = mul au.) сол sr Ra 4-62 
pnd); 2. “ mk — 5n) (4-02) 


That is clearly zero except for k = 0. The reason is that the spacing between 
components is such as to cause the samples to fall at the nulls in the spectrum, as 
shown in Fig. 4-19. This difficulty can be overcome by placing some augmenting 
zeroes after the initial sequence of samples. The number of zeroes used depends 
on the resolution desired in the frequency domain. The spacing between harmonics 
is Q = 2m/NAt or Af = 1/NAt, and, therefore, increasing N while keeping Ar 
constant will bring the frequency components closer together. For example, if 
5 zeroes are placed after the five samples, the sequence becomes {x,(nAt)} = 
{1, 1, 1, 1, 1, 0, 0, 0, 0, 0) and the DFT becomes 
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Figure 4-19 Sample spectrum of unit pulse. 
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Figure 4-20 Spectrum of augmented signal. 


9 
d px (nAt)} = 2, x (2) е /Qvn/10) (4-63) 
n=0 

The spacing of the frequency components is now О = 27/NAt = т, and the 
components corresponding to k = 0, 1, 3, 5, 7, 9 fall between the nulls, while 
the components corresponding to k = 2, 4, 6, 8 are at the nulls. This is illustrated 
in Fig. 4-20. Consider now the component corresponding to k = 1. This component 
is computed from (4-63) to be 


9 
Ху(т) - > x (2) e У 2т/10) 


п= 0 


= е? + e Ј2т/10) 4. e Ј4т/10) + e (67/10) + e (87/10) 


= 1.00000 — j3.07768 
Х(т) = |AtX,(m)| = 0.64721 (4-64) 


The correct value computed from the analytical expression is X(7) = — /0.63662. 
The error in the magnitude of X(w) is 0.01059, or 1.7%. As discussed in connection 
with (4-51), this error can be thought of as resulting from contributions from the 
replications of the spectrum at all multiples of МО = 27/At. This phenomenon 
is illustrated in Fig. 4-21 for the present example. Errors of this kind are referred 
to as aliasing and result from the presence of significant spectral components in 
the signal at frequencies in excess of 1/247, that is, greater than half the sampling 
frequency. This type of error can be reduced by using more closely spaced samples. 
For instance, in the present example, if Ат is made 10 there will be 10 samples of 
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Figure 4-21 Spectrum replication in the DFT. 
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unity and 10 zeros, provided О = 27/NAt is held constant. This should cause the 
replicated spectra to be twice as far away as in the case just considered, and, 
therefore, the error should be reduced. To test this we will recompute the approx- 
imation to the continuous Fourier transform at о) = т using these parameters: 
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9 
X(o)],.... = 16 > x(nAt)e~ 427/20) == is У е /Qn/20) 
n=0 "i 


0.1 — j0.63138 (4-65) 
0.63925 


IX (m) 


The error in the magnitude is 0.00262, or 0.41%, which represents an appreciable 
improvement. 

In practice, it is not generally possible to compute the error analytically, and 
the usual procedure is to keep reducing the sampling interval and recomputing the 
transform until no change in the desired number of significant figures occurs. This 
value of А7 is then used in subsequent calculations. The number of samples (іп- 
cluding augmenting zeroes) is determined by the desired resolution from the rela- 
tionship О = 27/NAt, or N = 27/QAt. 

The algorithms usually employed to compute the DFT assume that the data 
starts at the origin, and the points run from n = 1, 2, 3, ..., №, corresponding 
tot = 0, At, 2At, ..., (№ — 1)At. When the functions involved have values to 
the left of the origin, some modification of either the data or the result is required 
in order to obtain the correct approximation to the Fourier transform. One procedure 
is to compute the transform as if the first point were at the origin and then, using 
(4-25), compute the spectrum of the data translated to the left by multiplying by 
e 9^" where m is the number of samples of х(пАт) that lie to the left of the 
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Figure 4-22 Translation of negative time portions of waveforms. 
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origin. An alternative, and often more convenient, procedure is to make use of the 
fact that the DFT and its inverse are periodic with periods of 27/Аг rads and 
NAt s, respectively. Because of this periodicity it is possible to correctly compute 
the transform by using the points in sequence starting with the point at т = 0 after 
the waveform has been periodically extended, including any augmenting zeroes 
required. Some self-explanatory examples are shown in Fig. 4-22. 

Another requirement on the number of zeroes to be included in the approxi- 
mating sequence comes about when convolution operations in the time domain are 
being carried out by multiplying the transforms of the functions. The circular 
convolution operation that occurs when the DFT is used will fold over and produce 
distortion unless a sufficient number of zeroes is added to the time-domain func- 
tions. Specifically, if one function has a duration of N,At and the other МА7, then 
the period of the approximating sequences should be equal to or greater than 
(N, + N5)At to avoid foldover. 


Exercise 4-5.1 










It is desired to use the FFT to compute the spectrum of a signal having a four- 
second duration. A resolution of 5 Hz is to be obtained up to a maximum frequency 
of 20 Hz. How closely should the waveform be sampled, how many samples will 
be required, and how many augmenting zeroes will be required? 


ANS. 96, 0.025, 256. 





4-6 APPLICATIONS OF THE FFT 


Convolution. The development of rapid methods for computing the DFT has 
revolutionized many areas of signal processing and made practical the use of fre- 
quency domain techniques that would otherwise be totally impractical. An obvious 
application of the FFT is that of carrying out high-speed convolution. The procedure 
is to compute the DFTs of the data sets to be convolved, multiply them together 
term by term, and then compute the IDFT. The result of this operation is the same 
as that of carrying out the convolution in the time domain using the rectangular 
rule for integration. In using this procedure to carry out aperiodic convolution, it 
is necessary to keep in mind the periodic nature of the DFT. The effects of the 
periodicity are to cause contributions from the replications to fold back into the 
adjacent period producing distortion. 

Consider the aperiodic convolution of the two finite-duration waveforms shown 
in Fig. 4-23a. In order to avoid foldover it is necessary to augment the sampled 
waveforms with sufficient zeroes so that there will be no overlap of nonzero com- 
ponents in adjacent periods. If there are K, samples in one waveform and K, 
samples in the other, then their aperiodic convolution will have Кү + K, — 1 
samples. In order that there be no aliasing, the total period will require at least 
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Figure 4-23 Convolution using the DFT. (a) Original waveforms. (b) Sampled waveforms 
in causal form. (c) Convolution from IDFT (N = 8). (d) Convolution from [DFT 
(N = 16). 


K, + K, — 1 points. For the example of Fig. 4-23, assume a sampling interval 
of 0.25 8. The convolution will then produce 8 + 4 — 1 = 11 samples. Therefore 
choosing N = 16 will assure that no aliasing will occur. The sampled waveforms 
are shown in Fig. 4-23b. The DFTs of the waveforms, their product, and the [DFT 
are shown in Table 4-3. The IDFT is actually the convolution of the two sequences 
{x[n]} and {y[n]}, and in order to approximate the values of samples of the con- 
volution of the time functions, these values must be multiplied by the sampling 
interval. This quantity is shown in the last column of Table 4-3 and is plotted in 
Fig. 4-23d. 

In order to illustrate the distortion that results when an insufficient number of 
augmenting zeroes is added the same convolution was carried ош for N = 8. Тһе 
result is shown in Fig. 4-23c. It is evident from the figure that aliasing has occurred 
and the proper aperiodic resultant cannot be extracted from the IDFT in this case. 


Filters. A different use of the FFT is in the derivation of the impulse response of 
a filter whose frequency response is specified. This will be illustrated by considering 
the design of a low-pass filter. Let it be assumed that it is desired to filter a signal 
so as to strongly attenuate all components above a frequency of 10 Hz and to 
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Table 4-3 Convolution Using the DFT 


x[n] 


— 
~ 


1.000 
0.750 
0.500 
0.250 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 


сл Војо о со с л о ~ — 


Уіп| 


0.500 
1.000 
1.000 
1.000 
0.500 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 


X[k] 


4.00 + j0.000 
3.284 + j0.000 
1.707 + j0.000 
0.405 + j0.000 
0.000 + j0.000 
0.181 + j0.000 
0.293 + j0.000 
0.130 + j0.000 
0.000 + j0.000 
0.130 + j0.000 
0.293 + j0.000 
0.181 + j0.000 
0.000 + j0.000 
0.405 + j0.000 
1.707 + j0.000 
3.284 + j0.000 


Y[k] 


4.000 
2.514 
0.000 
— 0.748 
0.000 
0.334 
0.000 
— 0.099 
0.000 
= 0.099 
0.000 
0.334 
0.000 
— 0.748 
0.000 
2.514 


+ 30.000 
- j2.514 
— 72.414 
— j0.748 
+ j0.000 
— j0.334 
— j0.414 
— j0.099 
+ 70.000 
+ 70.099 
+ 30.414 
+ 70.334 
+ 70.000 
+ 30.748 
+ 72.414 
+ 72.514 


ДК] = X[K] Y[K] 


16.000 + j0.000 


8.256 - j8.256 
0.000 — j4.121 
—0.303 — j0.303 
0.000 + j0.000 
0.060 — j0.060 
0.000 — j0.121 
—0.013 — j0.013 


0.000 4- j0.000 
—0.013 + j0.013 
0.000 + j0.121 
0.060 + j0.060 
0.000 + j0.000 
—0.303 + j0.303 
0.000 + j4.121 
8.256 + j8.256 


2|п| 


2.000 
2.750 
3.000 
2.750 
2.000 
1.125 
0.500 
0.125 
0.000 
0.000 
0.000 
0.000 
0.000 
0.125 
0.500 
1.125 


accomplish this by convolution in the time domain. The ideal LPF is shown in 
Fig. 4-24 along with the corresponding impulse response. There are two difficulties 
with this filter that are immediately evident. First, the impulse response is infinitely 
long; second, the filter is noncausal. As a first approach to solving these problems, 
the impulse response will be truncated and a delay introduced to make it causal. 
The resulting impulse response after truncating at the third zero crossing is shown 
in Fig. 4-25. 

The FFT can be used to compute the transfer function of this filter. In order 
to get a good appreciation of what has happened in the frequency domain, fre- 








Figure 4-24 Ideal 10 Hz LPF. 
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het) 








Figure 4-25 Causal impulse response of 10 Hz LPF. 


quencies much higher than the cut-off will be included. This is done by sampling 
at closely spaced intervals; i.e., with a high sampling rate. The highest-frequency 
component in the DFT will be half the sampling frequency f,, which will be 
selected to be 100 Hz or higher. The spacing between the frequency components 
is 1/NAt = f,/N, and by choosing f, some multiple (or submultiple) of Ма 
convenient scale in the frequency domain can be obtained. For the present case let 
N = 128 = f,so that Af = 1 Hz. The total duration of the sampled impulse 
response is then NA: — N/f, — 1 s and is shown in Fig. 4-26. Note that aug- 
menting zeroes have been added for 39 = п = 127 in order to get the required 
duration. The equation for the sampled impulse response is then 


Л 


20 sinc ж E = is) | 0zn-38 
h(n) = 128 (4-66) 


0 39 = и = 121 


The magnitude of the DFT is shown in Fig. 4-27. It is evident from this figure that 
substantial changes in H(f) have occurred making it quite different from the ideal. 
The difficulty has resulted from the truncation operation and has to do with the 
Gibbs phenomenon discussed in Sec. 3-15. A simple way to look at the problem 
is to recognize that the truncation is equivalent to multiplying the time function by 
a rectangular window whose width is equal to the duration of the truncated wave- 


О 19 58 i 127 
n 


Figure 4-26 Sampled causal truncated impulse response. 
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Figure 4-27 Frequency response magnitude for the truncated impulse response. 


form. This multiplication in the time domain corresponds to convolution in the 
frequency domain so that the DFT of the truncated waveform is the result of 
convolving the ideal filter characteristic with the transform of the window function. 
For a rectangular window the transform is a sinc function that has large sidelobes, 
and it is these sidelobes that give rise to the ripples in the composite transfer 
function H,(f) shown in Fig. 4-27. 

This problem can be ameliorated by making the truncation with a window 
function having a more gradual cutoff that, in turn, leads to lower sidelobes in the 
frequency domain. A function frequently used for this purpose is the Hamming 
window, whose functional form 15 


2 T T 
0.54 + 0.46 cos 7 "294%; 
w(t) = (4-67) 
0 elsewhere 


where T is the width of the window. This function is symmetrical about the origin 
and must be delayed the same as /,(t) was to obtain a causal function as shown in 
Fig. 4-28. Using this window function extending over the same interval as the 
rectangular window, the expression for the filter impulse response becomes 


2т(1- 0.15) 
0.3 


0 elsewhere 
(4-68) 


ооа + 0.46 соѕ | sinc 200 — 0.15) ОЙ == 0.3 
h(t) = 
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Figure 4-28 Delayed Hamming window. 


In terms of the sample index this becomes 
2т(п/128 — 0.15) 
0.3 


0 39 = n 127 
(4-69) 


ооа + 0.46 соѕ | sinc 20(n/128 — 0.15) 0-<п<38 
h(n) = 


О 16 32 48 64 79 96 11 127 


[] === 


Figure 4-29 Windowed impulse response. 
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This impulse response is shown in Fig. 4-29 and the magnitude of its Fourier 
transform is shown in Fig. 4-30 to the same scale as that of Fig. 4-27. It is seen 
that the use of the window function got rid of most of the variations in the 
frequency-response function while still preserving the low-pass filtering action. 
Other window functions can be used to give variations of these results if desired. 

As an illustration of the filtering action obtained with this filter it will be used 
to separate a signal in the passband of the filter from one outside the passband. 
Let the input waveform be represented by 


x(t) = 10 sin 277(5)t + 15 sin 27(25)t (4-70) 


This waveform along with the resultant obtained by convolution with the filter 
function of (4-68) is shown in Fig. 4-31. The effectiveness of the filter is clearly 
evident in the figure. 

As an example of another kind of computation that can readily be made with 
the FFT, consider the case of the radar pulse discussed previously. A short pulse 
of rf energy is passed through an amplifier that limits its bandwidth. In order to 
see the effect of this band-limiting operation on the pulse shape, we can proceed 
in the following manner. To make the example more concrete, assume that the 
pulse duration is | ps and the carrier frequency is 10 GHz. Now dealing with 
samples of signals oscillating at 10'° Hz and attempting to graphically display the 
results is very difficult. Fortunately, it is often possible to carry out computations 
relating to ‘‘bandpass’’ signals, i.e., signals centered around a carrier, using a low- 
pass equivalent representation. The procedure can be made very general but in- 
volves the use of special representations called analytic signals. In certain fre- 
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Figure 4-30 Frequency response of windowed impulse response. 
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Figure 4-31 (a) Original waveform. (b) Low-pass-filtered waveform. 


quently occurring situations, however, the relationship is very simple. If the signal 
can be represented as 


x(t) = m(t) cos 27fot (4-71) 
and the processor can be represented as 
g(t) = A(t) cos 27fot (4-72) 
Then the output of the processor will be 
y(t) = x(t) * A(t) 
= 9 (ЕМА + fo) + $M(f – fo) 
[sH(f + fo) + $H(f — fol} 


= 4% {MF + Јона + fo) + МУ — Јона – fo) (4-73) 
+ Mf + Јона — fo) + MF – Јона + fy) 


In many cases of interest the quantities M(f) and H(f) have small bandwidths 
relative to fo; i.e., x(t) and g(t) are **narrowband"' signals. In such cases the last 
two terms may be neglected because one or the other of the factors in each term 
will be very small for any value of f. The output y(t) can then be expressed as 


y(t) = F {М + Јона + fo) + MF — Јона – fot 
= $[m(t) * h(t)] cos 2т)01 (4-74) 
Thus the “‘envelope’’ of the signal after it has passed through the processor is 
a(t) = ти) * h(t) = 29 ҶМОРНОР) (4-75) 


Returning now to the example of the radar pulse, we сап express m(t) as 
rect(10°t). If the filter is assumed to be an ideal bandpass filter centered at fo 
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and extending out to the first nulls of x(t) then its transfer function can be 
expressed as 








G(f) = rect | il Б) + гес! | i ТУ (4-76) 
from which the equivalent low-pass transfer function is 
H(f) = 2 rect m (4-77) 
2 X 10 
The envelope of the output signal is then 
A(f) = 2M(f)H(f) (4-78) 
a(t) = 2% 41079 sinc 10797 - 2 rect (5 x 10~7f)} 
= 10° °F (sinc (10797) rect (5 х 10~7f)} (4-79) 


The inverse transform in (4-79) cannot be expressed in terms of elementary func- 
tions. However, it can be readily approximated using the FFT. The original pulse 
had a duration of 1 us, and it would be expected that the filtered pulse would be 
somewhat distorted and extended in duration. In order to get a reasonable repre- 
sentation of the shape of the pulse, a sampling interval on the order of 0.05 ps 
will be selected. A total duration of 20 us will be assumed leading to N~ 20/0.05 
— 400. In order meet the power of two requirement, N will be selected to be 512. 
Now we can choose either At or Af to be a convenient number. Using At = 
0.05 us gives T = 0.05 X 512 = 25.6 us and Af = 1/T = 1/25.6 x 
1079 = 3.9062 x 10* Hz. Since the half width of A(f) is 1 MHz, there will be 
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Figure 4-32 Periodically extended spectrum of band-limited rf pulse. 
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Figure 4-33 Envelope of 1 ys rf pulse band-limited to 2 MHz. 


106 
[ T ES — 26 frequency samples from the origin to the first null. 


The negative frequency position of A(f) will be moved to the end of the periodically 
extended form of A(f) and will consist of 25 points. The intervening points will 
consist of 512 — 26 — 25 = 461 augmenting zeros. To convert values of the 
FT to samples of the DFT, it is necessary to multiply each sample by 1/А/ = 
2 x 10’. The resulting spectrum is shown in Fig. 4-32. In equation form the spec- 
trum is given by: 


A(k) = 2 x 10’ x 1079 sinc[(k — 1) х 1079 x 3.9062 x 104] 
— 20 sinc(.039062(k — 1)) 1 = к= 26 
ге d) 27 = k x 487 
— 20 sinc(.039062(k — 257)) 488 = k = 512 


The IFFT of A(k) is shown in Fig. 4-33. It is seen that the band-limiting 
operation broadened the pulse from its original width of 1 js and also introduced 
some sidelobes that were not present initially. By changing either the shape of the 
original pulse or the filter transfer function, it is possible to modify the shape of 
the envelope in many different ways. The FFT provides a simple way to carry out 
such studies. 


Summary of DFT and FFT properties. As an aid to properly using the DFT and 
FFT, some of the key properties are summarized here. 


1. The DFT of equally spaced samples of a function must be multiplied by A: 
(sampling interval), to obtain an approximation to samples of the continuous 
Fourier transform. 
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2. In order to gain maximum computational efficiency, the total number of sam- 
ples is normally required to be a power of 2; that is, М = 2", where m is an 
integer. 

3. If there is a total of N samples in the time domain, then there will be № complex 
samples in the frequency domain. | 

4. The first N/2 + 1 samples (that is, k = 0 — N/2) in the frequency domain 
may be considered as the positive frequency components having frequencies 
of 0 to 1/2At Hz. The last N/2 samples are used for the negative frequency 
components. This occurs automatically for periodic functions but is intro- 
duced artificially here from known symmetry conditions. Thus, there will be 
N + 1 known frequency components, counting both positive and negative 
frequencies. 

5. The spacing between frequencies will be 1/NAt = f,/N Hz, and the highest 
frequency will be 1/2At = f,/2 Hz. 

6. Augmenting zeros may be added to the time sample sequence to increase the 
frequency resolution, and closer spacing of time samples may be used to 
increase the highest frequency present in the spectrum. 

7. When using the DFT for carrying out aperiodic convolution, enough aug- 
menting zeros must be added so that the period is at least N = М, + №, — 1 
samples long where №, and N, are the number of time samples in the time 
functions being convolved. To obtain correct numerical values, the IDFT of 
the product of the DFTs of the sample sequences must be multiplied by the 
sampling interval Ar. 

8. Some of the useful relationships among the variables used in DFT calculations 
are listed below. 


At = Т/М = Mf, 
T = NAt = ЏАЈ 


Af = 1/T = f,/N 
fmax = f,/2 = 2/At 
N = ТА = f,/Af = 27, Af 


f, = 1/At = МАЈ = N/T 


1 
FpAx(n)} = Xp(k) = л ХО) 
f = ИМА! 


Exercise 4-6.1 






Using the data in Table 4-3, check the DFT and IDFT using the relations 
М—1 М1 


У, x[n] = X[0] ала ы > X[k] = x[0] 
N %50 


п=0 
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PROBLEMS 


4-21 А singer’s performance is to be recorded by sampling and storing the sample 
values. Assuming the highest frequency tone to be recorded is 15,800 Hz, what is 
the minimum sampling frequency that can be used? How many samples would be 
required to store a 3-min performance? If each sample is quantized into 128 levels, 
how many binary digits (bits) would be required to store the 3-min performance? 


4-2.2 A low-pass waveform m(t) has a maximum frequency content of 4000 Hz. 
After sampling, the signal is to be reconstructed by passing the samples through a 
single-section R-C low-pass filter. Specify an appropriate sampling rate and filter 
bandwidth and discuss the relationship of these parameters to the distortion of the 
reconstructed signal. 
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4-2.3 A bandpass waveform x(t) is to be sampled and then reconstructed by 
passing the samples through a bandpass filter. If the samples are to be taken every 
At s and the sampling width 15 10, determine the minimum sampling rate if 
F{x(t)} = X(f) exists only for 100 = |f| = 120 Hz. Does there exist a maximum 
sampling rate? 


4-2.4 Тһе time function x(t) = 5 cos 20007; cos? 4000zt is sampled 9000 times 
per second. If reconstruction is to be accomplished by passing the sampled signal 
through an ideal low-pass filter of bandwidth 5200 Hz, determine the output time 
function, assuming the filter has zero phase shift and unity gain over its passband. 
Compute the mean square error of the output time function. What is the minimum 
sampling rate that permits the signal to be uniquely reconstructed? 


4-31 Compute the DFT of the following sequences: 


a. {x(n At)} = 11,0, 0) At = 1/25 
b. іх(п А = 11, 0, 0, 1, 0, 0} At = 28 


4-3.2 Carry out, in the time domain, the periodic and aperiodic convolution of 
the following sequences and sketch the results. Using the DFT and properly aug- 
mented sequences, compute the periodic and aperiodic convolutions of the se- 
quences 


{x,(nAt)} = (1, 1, 1, 1} At=1s 
{x,(nAr)} = 12, 2, 1, 1} Ar= 18 


4-41 Compute the constants W4 required in the 8-point decimation-in-time FFT 
algorithm. How many are real and how many are complex? 


4-4.2 Make a table of the numbers of complex multiplications and addition re- 
quired for direct and for the decimation-in-time algorithm computation of the DFT 
when N = 128, 1024, 32,768. 


4-51 Let h(t) = ехр(— 1); t > 0. Sample A(t) with At = 0.01 s and N = 1024. 
Compute an approximation to samples of the Fourier transform by using the FFT. 


4-5.2 Two commonly used window functions are the Hamming window and the 
Hanning window. These functions possess the desirable property of being compact 
in the frequency domain and having low sidelobes in the time domain. These 
functions are as follows: 


ісе 22 |< 
Hanning window: X,(f) = fo 
0 elsewhere 
п} 
0.54 + 0.46 с — | < fo 
Hamming window: X,(f) = fo 
0 elsewhere 


Using the FFT, compute and plot the time function corresponding to these spectra. 
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4-5. Use the FFT to compare the sidelobe characteristics of 


a. The rectangular window 
b. The Hamming window 
c. The Hanning window 


4-5.4 Determine the DFT (using the FFT) for two cycles of a sine wave. Then 
repeat the calculation for several increases in the data record length by factors of 
two. Superimpose the plots of the DFT to demonstrate the effect of the record 
length on the DFT estimate. 


4-5.5 Repeat Problem 4-5.4 using a Hamming window over the data to demon- 
strate the improved convergence that results. 


4-5.6 Find the error in computing the spectrum of a rectangular pulse, u(t + 3) 
— u(t — 2), using the FFT. Using a sampling interval of 0.125 5 and durations of 
45 and 16 5 and then repeating with a sampling interval of 0.0625 5, compute the 
error at each point of the FFT spectrum using the known analytical solution and 
plot the result. 


4-61 Carry out the numerical convolution of the two functions shown using a 
sampling interval of 0.01 s. Repeat, using the FFT with exactly the same spacing 
of samples. Compare the results by the two methods with each other and with the 
exact solution. 





-1 0 1 t— Figure P4-6.1 


4-6.2 Convolve sin «t and e ‘(t = 0) theoretically. Then repeat with sampled 
representations of these functions using FFT techniques. 


4-6.3 Using the procedure discussed in the text, design a low-pass filter having a 
cut-off frequency of 2 Hz and employing a sampling frequency of 40 Hz. Compare 
the frequency responses of this filter with that of a second-order Butterworth filter 
with the same cut-off frequency. 


4-6.4 Use the impulse response of the filter of Problem 4-6.3 to filter the following 
signal. 


x(t) = sin 2т + 10 sin 10л! 
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Laplace 
Transforms 


INTRODUCTION 


The frequency domain methods based on the Fourier transform, as discussed in 
Chap. 3, provide powerful analytical tools for the study of signals and systems. 
However, in order to utilize these methods, it is necessary that a signal be of such 
a nature as to have a Fourier transform. It was pointed out in Chap. 3 that one set 
of sufficient conditions for the Fourier transform to exist requires that the signal 
be absolutely integrable. In certain special cases where the power of the time 
function was concentrated at specific frequencies, it was found possible to circum- 
vent this requirement by utilizing the concept of 6 functions in the frequency 
domain. Unfortunately, even this extension leaves out many important signals. For 
example, the ramp function, the positive exponential, and the entire class of sample 
functions from stationary random processes do not meet the conditions required 
for representation by the ordinary Fourier transform. Two approaches are possible 
to permit the handling of such functions. One approach is to extend the applicability 
of the Fourier transform by interpreting it in terms of generalized functions based 
on the theory of distributions. This leads to very powerful methods of analysis but 
requires use of advanced mathematical concepts in order to be properly understood 
and applied. The other approach is to introduce a convergence factor into the 
Fourier integral to ensure that the integral will converge and then to reinterpret the 
results in the light of this convergence factor. It is this latter procedure that is 
considered here. When the convergence factor is taken as an exponential time 
function with a negative real exponent, the resulting transformation leads to the 
well-known Laplace transform under a simple change of variable. All of the results 
required for using the Laplace transform can be obtained by starting from a simple 
definition and proceeding from that point on, without mention of the Fourier trans- 
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form. However, much insight can be gained by starting with the Fourier transform 
and showing how it evolves into the Laplace transform. This insight is particularly 
useful when it is desired to interpret results of Laplace transform analyses in terms 
of the frequency domain. 

Consider a time function x(t) that is sufficiently well behaved so that е 7'x(t) 
is absolutely integrable if o is sufficiently large. Now compute the Fourier trans- 
form оҒе ?'x(t). 


Fe ?'x(r)) = | u x(t)e < *J9 at 


g + jo ' 
= X | | = Х(о + jo) (5-1) 





where X(w) is the Fourier transform of x(t), and Х (о) = X(w/j). The correspond- 
ing inverse transformation 15 


x(t)e ?' 


F- ҶХ (о + jw)} 


ІТ | 
— | X (ao + jo)e/" dw (5-2) 
2T J-- 


Taking the convergence factor to the right-hand side of (5-2) gives 


"Hu | 
x(t) = — | Х| (с + јоје */?9* dw (5-3) 
Дат J —®% 
Since о and jw always appear together, it is convenient to define a new variable, 
s = g + jw. This gives dw = -/ ds, and the transform pair can be written as 

X,(s) = | = x(t)e * dt (5-4) 

с + јео 
ЖЕ == === _ X,(s)e" ds (5-5) 

2пј /0-)% 


Equation (5-4) is called the two-sided, or bilateral, Laplace transform, and it exists 
whenever the integral exists. Equation (5-5) is called the inverse Laplace transform 
and will be put in a more general form shortly. 

The two-sided Laplace transform is so called because it includes both the 
positive and negative portions of the time axis and can, therefore, be employed in 
the analysis of signals having both positive and negative portions. Such functions 
and their transforms are considered later in this chapter. For the present it is 
convenient to limit consideration to functions existing only for positive time or to 
the positive-time portion of functions existing for both positive and negative time. 
The Laplace transform of such functions is defined as 


со 


Х(5) = | ходе dt = | x(t)e”™ dt (5-6) 


0 
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This is known as the one-sided, or unilateral, Laplace transform or more frequently 
is referred to merely as the Laplace transform of the function x(t).' The original 
time function is obtained by application of (5-5) and leads to the function x(t)u(t), 
that is, a function defined only for positive time. 

In (5-6) the lower limit is taken to include the origin. Any discontinuities in 
the function or impulses at the origin are included in the integral. Symbolically, 
this may be written as 


X(s) = | x(t)e “а = | x(t)e * dt = lim | x(t)e “а (5-7) 
0 0- ast У "8 

The use of this convention leads to a consistent interpretation of the integral and 

simplifies handling of initial conditions and singularities occurring at the origin. 

The importance and utility of this convention is seen in later sections. 

The definition of the Laplace transform as given in (5-5) and (5-7) is the same 
as the classical mathematical definition except for the convention regarding the 
lower limit. In the classical definition the lower limit it taken as 0* and excludes 
the point at the origin. In most cases of interest there is no contribution to the 
integral resulting from inclusion of the origin, and in such cases the two definitions 
lead to identical expressions for the Laplace transform. This will be true whenever 


0* 
| _ |x| dt = 0 (5-8) 


0 


- In such cases all of the results of classical Laplace transform theory will be identical 


to those obtained when the lower limit O^ is used. Whenever ће integal of (5-8) 
is different from zero, there will be a difference in the transforms obtained by the 
two definitions. 

Unless otherwise stated, all Laplace transforms considered in the following 
sections are assumed to be one-sided as defined by (5-6), and consideration of time 
functions is restricted to their positive-time portions only. This restriction is not so 
severe as it might seem, since it permits handling almost all system analysis prob- 
lems involving nonrandom signals. For example, the impulse response of any 
physical system satisfies this restriction. Likewise, all practical signals must start 
at some finite time that can usually be taken to be zero or later. 

In using the Laplace transform, it will be found that the integral relationships 
(5-4) and (5-5) do not actually enter into the calculations very often. They are of 
great importance in transform theory and can be used to carry out fundamental 
operations. However, it will be found that much simpler computational methods 
are available that do not involve direct evaluation of these integrals. 

The Laplace transform has certain advantages over the Fourier transform. 
Among these are the ease of computing transforms, the simplicity of the transforms 


'Note that the subscript was dropped from X(s) in (5-6) for convenience. There remains, however, a 
distinct difference between the functional form of the Fourier transform, X(@), and that of the Laplace 
transform, X(s). This matter is discussed in considerable detail in Sec. 5-15, where the problem of 
converting between Laplace and Fourier transforms is discussed. 
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themselves, the ease of including initial conditions in the solution of differential 
equations, the insight into system performance that is possible through use of the 
complex frequency concept, and the ability to deal with time functions that are not 
absolutely integrable. However, the Fourier transform is still required for certain 
kinds of signal and system analysis problems. After we examine the conditions 
under which a function may be Laplace transformed, a number of elementary 
transforms are computed and a number of theorems useful in the application of 
transforms are developed. Following this, a variety of techniques for finding the 
time function corresponding to a given transform are considered, and a number of 
applications of the Laplace transform to system analysis problems are discussed. 


5-2 EXISTENCE OF THE ONE-SIDED LAPLACE TRANSFORM 


Requirements on x(t) for the existence of the one-sided Laplace transform X(s) are 
not at all severe. In order for X(s) to exist, it is necessary that the Laplace integral 
(5-6) converge. The following set of conditions on x(t) is sufficient to assure the 
convergence of the integral and covers virtually all waveforms and signals likely 
to be encountered in the application of Laplace transform theory to physical 
problems. 


Theorem 1.2 If x(t) is integrable in every finite interval а < t < b (where 
О <= a <р < о), and for some value of c the limit 
lim e^ “|x(1)| (5-9) 
>> 


exists, then the Laplace integral converges absolutely and uniformly for 
Re(s) > c; that is, 


X(s) = | x(t)e *' dt < oo Re (5) > с (5-10) 
There are two important properties of this theorem that should be noted: The 
presence of a finite number of infinite discontinuities is permissible so long as they 
have finite areas under them, and because of the uniform convergence it is per- 
missible to invert the order of integration in multiple integrals without altering the 
result. Most functions encountered in the analysis of engineering problems satisfy 
the requirements of Theorem 1. Even such functions as е! or t” are seen to be 
sufficiently well behaved to have Laplace transforms. It is possible to specify 
functions that do not have a Laplace transform, such as е? , but they are of little 
practical importance in system analysis. 


?N. M. Nicholson, Fundamentals and Techniques of Mathematics for Scientists. New York: John Wiley 
& Sons, Inc., 1961, p. 330. W. M. Brown, Analysis of Linear Time Invariant Systems. New York: 
McGraw-Hill Book Company, Inc., 1963, pp. 26—39. 
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As in the case of Fourier transforms, some short-hand notation is very con- 
venient. To this end, the Laplace transform of a function x(t) will be indicated by 


ос 


РО) = Xs) = | x(t)e * dt (5-11) 


Similarly, for the inverse transform,” 
| С + jo 
S£-MX(s)) = x(t) = — | _ X(s)e* ds (5-12) 
2пј Jc-je 


Another notation for the transform relationship is the following: 
x(t) <> X(s) (5-13) 


Since the relationship indicated in (5-13) implies a transformation in either direc- 
tion, it is necessary that the function x(t) = 0, for t < 0, when the one-sided 
Laplace transform is being considered. Unless the functional form of x(t) contains 
this restriction, it must be incorporated by multiplying x(t) by u(t). This matter is 
discussed further in the next section. 

When a Laplace transform is computed, there is a restriction on the value of 
o for which the transform is valid. This value of o determines the region in the 
complex s plane in which the integral converges. The value of о is important in 
determining whether a Fourier transform exists for the function and in determining 
a path of integration that could be used for evaluation of (5-12) by contour inte- 
gration in the complex plane. However, in most practical calculations, the restric- 
tions on o are clear and are not tabulated as part of the computation. When the 
restrictions are pertinent, they must be included. The restrictions on ø will be given 
in a number of the derivations of the transforms that follow. Whenever the two- 
sided Laplace transform is being considered, it is necessary to include the restric- 
tions on g. 


5-3 DIRECT COMPUTATION OF TRANSFORMS 


The defining integral (5-6) can be used for the direct computation of transforms. 
As an example, consider the exponential function е “‘u(t). The Laplace transform 
is given by 


оо 


eg (9*5! 


Fie~“u(t)} = | e “e-St dt = Teri | (5-14) 


In order for this integral to converge, it is necessary for Re(s) = с > —a, in 
which case the transform becomes 


`The limits on the integral were changed from о — јо and с + jo to c — jo, where it is assumed 
that c > o. This is a more general formulation in that it allows any path of integration to the right of 
the line s = а in the complex plane. 
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1 
e “u(t) <> Pca 7с > -а (5-15) 
5 а 


The transform given in (5-15) is valid for complex а provided о > Re( — a). 

There is one aspect of the above calculation that deserves special emphasis, 
since it is frequently overlooked or lost along the way. This is the question of the 
inclusion of the unit step multiplying the time function in (5-15). In computing the 
Laplace transform of a time function, the step is redundant, since the transform is 
defined to include only the positive-time portion of the function. Thus, 


Lix(thu(y} = L{x(t)} (5-16) 


In any specific case it will be found that when the inverse transformation is carried 
out, the resulting time function will be zero for negative time. This property is 
inherent in the transformation itself and is intimately related to the algebraic struc- 
ture of the transferm and the specified region of convergence. This matter is dis- 
cussed in detail when methods for computing the inverse Laplace transform are 
considered in Secs. 5-6, 5-7, 5-17, and 5-18. The important point at the moment 
is that, although [e 77 = 1/(s + a), it does not follow that £~'{1/(s + a)} 
= e ™ but rather that £~'{1/(s + o)) = e “u(t). In many discussions of the 
Laplace transform it is implicitly assumed that only positive time is being consid- 
ered and the unit step is omitted in computations. When time functions are being 
considered that can be nonzero for negative time, it is necessary to be more careful 
with the notation. In order to avoid any confusion, the unit step will be included 
whenever it is required to properly delineate the time interval over which the 
function is being considered. In general, this will be necessary only when an inverse 
transform is stated or implied as, for example, by the symbol <>. 

The Laplace transforms of the unit impulse and unit step are readily found by 
direct computation to be 








gie) = ЈА éó(t)e dt = 1 (5-17) 
00) Т с>-о (5-18) 
L{u(t)} = ЈА e "dt = -- | (5-19) 
u(t) <> - а > 0 (5-20) 


This last result can also be obtained directly from (5-15) by allowing а — 0. 
Many other transforms could be computed in this same manner; however, the 
integrals become very involved and the calculations tedious for even moderately 
complicated functions. A more practical procedure is to utilize certain operational 
properties of the Laplace transform to simplify the computations. In addition, 
familiarity with these operational properties of transforms provides considerable 
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insight into the physical significance, in the time domain, that should be attached 
to various observed characteristics of the transforms in the complex frequency, or 
s domain. 


Exercise 5-3.1 





Find the one-sided Laplace transform of г? and (t — t))u(t — tọ). 


ANS. 2/55; (1/s2)e s. 






5-4 TRANSFORM THEOREMS 


The utility of transform methods in system analysis stems from the fact that certain 
operations in one domain are different and oftentimes simpler operations in the 
other domain. For example, ordinary differential equations in the time domain 
become algebraic equations in the s domain after being Laplace transformed. In 
order to make effective use of the simplifications possible with transform methods, 
it is necessary to establish the relationships between operations in the two domains. 
Furthermore, it is necessary to be able to move easily between the two domains. 
As will be evident shortly, a good understanding of the relationships between 
operations in the two domains greatly aids carrying out the transformation between 
the domains. It is this operational relationship between the original (time) domain 
and the transform (complex frequency) domain that is considered next. 


Linearity. By direct application of the defining integral, it can be shown that the 
Laplace transformation is a linear operation: that is, if x(t) <> X,(s) for с > o, 
and if x,(t) <> X,(s) for о > o», then 


Ax,(t) + Bx,(t) <> АХ (5) + BX,(s) g > с, 05 (5-21) 


where A and B are constants. The main use of this theorem is to allow the linear 
decomposition of a function to be transformed one element at a time and then 
summed after transformation to give the transform of the total function. As an 
example, consider the problem of computing the Laplace transform of cos 01. 
This can be done by breaking up the function into a sum of exponentials and 
transforming them one at a time by use of (5-15). This gives 


Ф{соѕ wot} = Чејн“ + $e) 


= Lfe + 2916 Joo 


| 1 1 

=- > + A (5-22) 
2 |5 — jog 5 + jog 

5 


—— 5-23 
52 + оф айны, 


cos ogtu(t) <> 
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Exercise 5-4.1 





Derive the transform relationship 








; Wo 
sin «gtu(t) <> = + wk 3. 22 
0 


Scaling. Multiplication by a constant of the variable in one domain affects the 
image function in a simple manner. For example, if x(t) is replaced by x(at), where 
а > 0 in the defining integral (5-6), we obtain 


оо 


Six(at)) = | x(at)e “~ dt = - [ x(A)e ^94 ДА 


0 


1 5) 
-x |- (5-24) 
a a 


The reason that the constant must be positive is that use of a negative constant 
amounts to reflecting the time function around the origin so as to include under the 
integral that portion of x(t) that lies in the interval — ° — 0. Clearly, the integral 
involving this portion of x(t) is not, in general, related in any predictable way to 
the integral involving only the positive-time portion of x(t). In cases where the 
negative portion of the time function is related to the positive-time portion by the 
simple replacement of t by —t in the functional expression for the positive-time 
portion and if the transform exists, then the above scale-change procedure is valid 
for negative constants also. Two examples will clarify this. First, let x(t) = e ' 
and compute L{x(—1)}. 


Lix(—t)} = е} = | есес“ 


оо 
ей — 5) 





= а > 1 (5-25) 
5 — 1 








1-5 0 


This same result can be obtained from the scaling theorem as follows: 








1 1 
Ti- = — 1409 = COOL дани (5-26) 

Consider now the case of x(t) = e ^". Now we һауе 
L{x(—1)} = е7") = Фор) = (5-27) 


5 + 1 


Since x( — t) cannot be obtained by replacing the argument of x(t) with negative 7, 
it is not possible to use (5-24). In fact, such indiscriminant use of (5-24) leads to 
an incorrect answer. The change of scale is very useful in extending tables of 
transforms to include unnormalized variables. 
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Exercise 5-4.2 






Assuming a > 0, find the Laplace transforms of d(at), е“, and u( — at). 


ANS. 1/а, 0, 1/(s — а). 


Delay. Тһе transform of a delayed time function can often be readily computed 
from the transform of the undelayed function. For example, if the original function 
is a causal time function, x(t)u(t), then the transform of the delayed function is 


Lix(t — tult — t) = Хбје "^ (70,00 (5-28) 


This result may be shown readily by direct application of the defining integral and 
a simple change of variable. 

When the original function is not causal (that is, not zero for 1 < 0), the delay 
brings part of the negative-time portion of the function onto the positive-time axis 
and can lead to confusion and errors unless care is taken. Some examples illustrate 
the utility of the t-shift, or time-delay, theorem in computing transforms as well as 
some of the precautions required in its application. 

Consider the various ways in which the function x(t) = t may be expressed 
with delays. 


x(t) = x(t)u(t) = іші) (5-29) 
X(t) = x(t — tg)u(t) = (t — tg)u(t) (5-30) 
x3(t) = x(t)u(t — tg) = tu(t — tg) (5-31) 
x4(t) = x(t — tg)u(t — tg) = (t — tg)u(t — to) (5-32) 


These functions are shown in Fig. 5-1. It is seen that the functions are all different, 
and accordingly, all will have different Laplace transforms. These transforms can 
be computed as follows: 


X,(s) = Situ = F (5-33) 
Ху) = L{(t — to)u(t)} = L{tu(t) - toult)} 
— = _ 4 (5-34) 
5 5 
X4(s) = L{tu(t — 1) = Фи — үиі — to) + tou(t — 10)) 
= qe 4 уы" (5-35) 
5 5 


Х (5) 


1 
Lt — tut — t) = Ge (5-36) 
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Figure 5-1 Delayed functions. 


The various algebraic manipulations used in computing these transforms were 
made to change the form to one that had a transform simply related to that of the 
original function. This procedure can frequently be used to simplify calculations 
of transforms of complicated functions. When such simplifications are not possible, 
it is necessary to carry out the complete computation. For example, X3(s) would 
be computed as 


оо 
= ST 





X,(s) = L{tu(t — t9)) = | te^" dt = » (—st — 1) 
to 
ег — 105 
u—— o Ра (5-37) 


The :-shift theorem is also particularly useful in calculations where a signal 
can be considered as being made up of the sum of delayed signals, each of which 
has a known transform. An example of this kind of calculation is the rectangular 
pulse shown in Fig. 5-2. This pulse can be considered as the sum of a unit step at 
the origin and a negative unit step delayed an amount 7. The transform is readily 
found to be 





О жа СЕ 


Figure 5-2 Pulse signal as the sum of two unit steps. 
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Фи) — ut — T) = 
(5-38) 


In a similar manner the Laplace transform of a single-loop sinusoidal pulse 
can be thought of as the sum of two sinusoids, as shown in Fig. 5-3. The Laplace 
transform is then 


L{x(t)} 


L{sin tu(t) + sin (t — mult — т)} 


1 = <> 





— + 
52 +1 s +1 


= 21 (1 +e ™*) (5-39) 


Exercise 5-4.3 


Find the Laplace transforms of the signals shown. 


x(t) x(t) 





|— 








| 

| 

Г Т 
| 
| 
| 
| 





ј— 0 1 2 — 


ANS. (1/s)(e~* — e775); (1/s2(1 — е). 
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Differentiation of time functions. The Laplace transform of the derivative of a 
time function is very simply related to the Laplace transform of the original func- 
tion. The relationship can be derived as follows: 


2 {20} - Б 2 e "а (5-40) 


Integrating by parts gives 


xp [20] аы x(t)e 


— $ 
x | + 5 | x(t)e " dt (5-41) 





The quantity x(t)e “ must go to zero as t — ^ in order for the transform X(s) 
to exist. Therefore, (5-41) becomes 


ғ [eo = sX(s) — x(0) (5-42) 


It is seen from (5-42) that the transform of the derivative of a function is 
obtained by multiplying the transform of the function by s and subtracting the value 
of the function at the origin. It is this simple relationship between the transforms 
of functions and their derivatives that makes handling of differential equations so 
simple by transform methods. This matter is discussed extensively in later sections 
of this chapter. 

There is one word of caution that is required with regard to (5-42). In order 
for this expression to be consistent with the definition of the Laplace transform 
used here, it is necessary to interpret x(0) as x(0 ). This means that if the function 
x(t) is a causal function, then x(0) = x(0 ) = 0. However, if x(t) is noncausal, 
then the initial value corresponding to x(0 ) must be included. In order to illustrate 
this point, consider the two functions x,(t) = cos Wot and x(t) = cos ogtu(t), 
which have identical Laplace transforms. These functions along with their deriv- 
atives are shown in Fig. 5-4. The Laplace transform of the derivative of x,(t) is 


d d 
+ 4 мој = £ E COS oy] = 5 [M — cos (0 ) 





- EUN 1 = -w (5-43) 
52 + a 52 + оф 
This corresponds to the transform of d/dt cos оф! = — wọ sin Wot. 


The transform of the derivative of x,(t) is 


d 5 
BS 4 COS 0) = 5 (3) — cos (0 )u(0 ) 


ка а 5-44 
52 + о: (5-44) 


This same result can be obtained by differentiating first and then transforming. 
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x(t) 


F iii Wo 7 
















7—>- 
f(t) 
/^ wotu (7) 5 (7) 
1 
О ји | О фав. 


Figure 5-4 The functions cos Wot and cos w,fu(t) and their derivatives. 


This gives 


E 4 cos oio) ЗА — w sin «gtu(t) + cos «gt ó(t)] 


Fi — ау sin etu(t)) + LLE) 


"E эчү > 5-45 

$8 + we 2052 + вш ini 
Thus, the derivatives have considerably different transforms in the two instances 
but are consistent with the indicated mathematical operations. In the classical math- 
ematical theory, the transforms of the derivatives would be the same in these two 
cases because the initial condition would be evaluated at 0* . This use of 0* avoids 
the problem of derivatives of discontinuous functions and, accordingly, avoids the 
use of impulses, which are often not considered to be legitimate mathematical 
functions. When one accepts the impulse as a useful concept to be employed in 
the analysis problem, a much more consistent methodology results from using the 
07 convention, as is done here. 

In many instances the differentiation theorem is useful in the derivation of 
transforms or the interpretation of inverse transforms. However, its most important 
use is in the transformation of differential equations in the time domain into al- 
gebraic equations in the complex frequency domain. 


Exercise 5-4.4 





Using the differentiation theorem, compute the Laplace transforms of the unit 
impulse 6(t) and unit doublet 6’(t) from the transform of the unit step u(t). 






ANS. 5, 1. 
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Integration. The Laplace transform of the integral of a function can be derived 
from the defining equation for the Laplace transform and is given by 


% | | ‚ х0) ај - = хо) (5-46) 


This relationship is useful for transforming integro-differential equations to the 
s-domain and also in the recognition of certain properties of time functions from 
their transforms. For example, whenever a transform is such that 1/5 can be fac- 
tored out, it is evident from (5-46) that the corresponding time function is the 
integral of the inverse transform of sX(s). As an illustration, consider the transform 
X(s) = 1/57. Since 1/s can be factored out, it follows that the inverse transform 


is 
B В = | е! H ал = | ША) ал = іші) (5-47) 
52 0 5 0 ji 


Similarly, it follows that 


-411 1, 
- а, ЕЈ = 5 ий) (5-48) 


5-5ҺІП theorem. Another theorem that follows readily from the defining equation 
is the so-called s-shift theorem. This theorem states that shifting the argument of 
X(s) by an amount a in the s-domain corresponds to multiplying x(t) Буе “іп the 
time domain. This may be shown as follows: 


X(s) — | x(t)e “а (5-49) 
Хе + ај = | Же "8 dr = Че“ ој (5-50) 
X(s + a) & е “x(t)u(t) (5-51) 


As an example, consider the problem of finding the Laplace transform of е ^ cos 
W,tu(t). Since 





4 
cos ogtu(t) <> = - (5-52) 
$^ + Wo 
it follows immediately that 
ай = та 
е “сов Wo tu(t) <> (5-53) 


2 2 
[s тај + ақ 
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Exercise 5-4.5 










1 


_——————— and 
Бен] 


Use the s-shift theorem to find the inverse transform of Х (5) = 


1 


| 4 = = нивоа 
a(s) 52 + 25 + 2 





ANS. іе lu(t); e ' sin tu(t). 


Convolution. The Laplace transform of the convolution of two causal time func- 
tions is the product of the transforms of the functions taken separately. This may 
be shown in the following manner: 


оо 


Pix (t) * x,(t)} = | | | х (Уж = А) а | е“ dt (5-54) 


0 


Reversing the order of integration gives 
Fix (t) * x,(t)} = | x,(A) | x(t — Aje~™ dt dA 


== | х(Аје УХ 5) dA 
= Х (5)Х 5) (5-55) 


This theorem is useful in computing transforms and inverse transforms and in 
interpreting the physical significance of transforms. As an example of the use of 
this theorem, consider a simple low-pass filter with impulse response h(t) = е ‘u(t) 
and a damped exponential input v,(t) = е ‘u(t), as shown in Fig. 5-5. The output 
is given by the convolution of the input and the impulse response. Thus, 


volt) = vt) * h(t) (5-56) 
Taking the Laplace transform of both sides of (5-56) gives 
Vo(s) = V(s)H(s) 
= L{e~‘u(t)}L{e~‘u(t)} (5-57) 
| 1 1 








stist+i1 (+17 


This result is recognized as the transform of tu(t) with s + 1 substituted for s, and 
therefore by the s-shift theorem the inverse transform is 


Ug(f) = ЯҒ” —] = fe ui) (5-58) 
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v(t) 





v;(t) 1F (7) 
' Н 


Figure 5-5 Simple low-pass filter with an exponential input. 





The solution of considerably more complicated circuit and systems problems is 
often no more involved than this example and is one of the reasons the Laplace 
transform has come to be so widely used. 


Product theorem. The Laplace transform of the product of two time functions 
is given by the convolution of the transforms of the functions. This result is derived 


as follows: 
> 1 С + joo 
| x,(t) Е ІС. X,(A)e™ а | ес“ 


х; (t)x,(t)} 


1 c + joc ос 
== — | X,(A) | хде dt ал 
2т) Јс—јә 0 
1 c + joo 
= == | _ Xis — АЈХжА) da (5-59) 
2] Jc-je 


The operation on the right-hand side of (5-59) can be thought of as complex 
convolution. Its use in evaluating transforms requires integration in the complex 
frequency plane, a subject that is discussed in App. B and in Sec. 5-18. 








Figure 5-6 Periodic function. 
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Transform of a periodic function. The Laplace transform of a periodic function 
can be obtained readily by repeated application of the delay theorem. As an illus- 
tration, consider the waveform shown in Fig. 5-6. The complete time function can 
be expressed as the summation of delayed replicas of the waveform that occurs 
during the first period. Thus, if x(t) is periodic with period T and the first period 
is defined as 


x(t) 0ST 
= (5-60) 
0 elsewhere 
then x(t) = IAD + xr(t — T) + ма — 27) + · ·· (5-61) 
The Laplace transform of (5-60) is readily computed to be 


Хо) = Жай) + xt- Т) +} 


Хт(з) + e PXq(s) + e77X7(s) +. 


= X(N + e 5 + е? а...) 
ХА _ иин 5-62 
— 5 x 
T | ux e 15 ( ) 


Thus, the Laplace transform of a periodic function is the transform of the function 
over one period divided by 1 — e ^. 


5-5 TABLES OF TRANSFORMS 


Extensive tables of Laplace transforms have been prepared by various authors, and 
a number of these are listed in the references at the end of the chapter. For many 
calculations only a relatively simple table of transforms is required, since these can 
be extended by the principles just discussed to cover a wide variety of functions. 
In the latter portion of this chapter, various methods for carrying out inverse trans- 
formation are considered, and it is found that relatively simple techniques handle 
a majority of the transforms encountered in practice. Because of this it is not 
necessary, in general, to resort to hunting through a table of Laplace transforms in 
order to carry out the analysis of a system using these methods. The accompanying, 
rather short table of transform operations (Table 5-1) and table of Laplace trans- 
forms (Table 5-2) will more than suffice for solving all of the problems in this 
text. 

Not all of the transform operations listed in Table 5-1 are discussed in the text. 
The ones that are not considered are self-explanatory and can be established directly 
from the defining relationship for the Laplace transform. Their use will be illus- 
trated in subsequent examples. Similarly, several of the transforms given in Table 
5-2 have not been derived but can be obtained by elementary operations on trans- 
forms that have already been computed. 


Table 5-1 Laplace Transforms Corresponding to Mathematical Operations 
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Property 


Linearity 


Time differentiation 


Time integration 


t multiplication 


Division by 1 


Delay (t shift) 


Multiplication 
by exponential 


Scale change 


Time convolution 


Initial value 


Final value 


Second derivative 


Multiplication of 
time functions 


Time domain 


Time Function 


a,x,(t) + а»х»(ї) 


x'(t) 
| x(€) dé 


tx(t) 


1 
= ЖЕ) 
t 


x(t — tg)u(t — tg) 


e "x(t) 


x(at), a > 0 


xX, * х = | х (Ајк — A) dA 


0 


х(0”) 


X() 


x"(t) 


х\(ї)х»(ї) 


Laplace Transform 


a,X,(s) + aX,(s) 
sX(s) — x(0^) 


А Х(5) 
5 


Е аХ (5) 
ds 


| xO ag 


a чох (5) 


X(s + a) 


X (5)Х (5) 


lim 5Х (5) 


Sco 


lim sX(s) 


5->0 


[X(s) left-half-plane poles only] 
s?X(s) — sx(0~) — х(0”) 


| С + jo 


— X,(s — AX) da 


2л] Jc 


Property 


Linearity 


s multiplication 


Division by s 


Differentiation 


Integration 


Multiplication by 
exponential 


s-shift 


Scale change 


Multiplication of 
transforms 


Limit as 5 — оо 


Limit as s — 0 


5 multiplication 


Complex 
convolution 


-----:::Б:Б-:----:::Б:Б:ББ-:-:-:-Б-:-:-:--:---:--:БББББ>>Ь>ББЬБЬБЬ5ЬБҚБЬБЬБЬБЬҚЬБЬБЬ5ЬБЬБЬЬБЬБЬБЬБЬБЬ6БЬБЬБ5,БҚ,БҚ5БББь5ьКБ--->->-----2----------------------->--------------------------------------------- 
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Utility of the Laplace transform in the solution of the differential equations occur- 
ring in system analysis is directly related to the ease with which the transformations 
between the time domain and the complex frequency domain can be made. Some 
consideration has already been given to the computation of transforms, that is, 
going from the ¢ domain to the s domain. It is now time to consider the reverse 
process in some detail, that is, going from the s-domain to the t-domain. 
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Tabie 5-2 Laplace Transforms 


Х(5) x(t) 











s e(t) 
5 o (f) 
| б(ї) 
1 
2 u(t) 
| 
E tu(t) 
| n-—1 
s" (n — 1)! ult) 
. e" um 
г та 
1 | 
(5 4 ay te “u(t) 
2 £ B sin Btu(t) 
2 : B cos Btu(t) 
В 


Gap. ° nO 
Sta 


(5 + a) + В? e “cos Btu(t) 


| е“ uu e " 
(5 + ајб + b) и ОР 
SHC (c — дег“ — (c — Ме” 
(s + aXs + b) р-а un 


С 


The Laplace transform has the important property of uniqueness that greatly 
simplifies the problem of obtaining transforms and inverse transforms. For any 
function, there is only one Laplace transform corresponding to that function. In 
the case of the inverse Laplace transform, it is found that there can be more than 
one original function corresponding to a particular transform. However, these dif- 
ferent original functions аге found to differ only by a so-called null function, n(t), 
that has the property 


t 
| In(A)| dA = 0 for all г > 0 (5-63) 
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An example of two functions differing by a null function would be two func- 
tions that are defined to have different values at points of discontinuity but that are 
identical elsewhere. It is usual in mathematical analysis to consider functions to 
be the same when they differ by only a null function. With this assumption the 
inversion of the Laplace transform is also unique. This uniqueness of £ and £7! 
means that any valid mathematical operation may be used in obtaining the transform 
or inverse transform and that the answer so obtained will be the same as that 
obtained by any other method. 

The most generally useful method of inverting Laplace transforms is to modify, 
expand, or otherwise alter the transforms so as to put them into forms that can be 
inverted by inspection. The principal tools for this procedure are the techniques 
of partial fraction expansion and the various theorems relating to transforms of 
mathematical operations. 

A much more powerful method of obtaining inverse transforms is through 
evaluation of the defining integral (5-12), which is 


1 С + jo 
ХА) = —— | _ X(s)e" ds 
27] /с-ію 


The evaluation of (5-12) is generally accomplished by contour integration and 
requires some understanding of complex variable theory for its proper application. 
The use of this technique is discussed in Sec. 5-18. First, however, the simpler 
and more frequently used method of partial fraction expansion is considered. 
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The transform analysis of linear time-invariant systems with lumped parameters 
generally leads to transforms that are rational functions of s; that is, transforms 
that are ratios of polynomials in s. For example, the transfer function relating the 
current in the nth mesh of an electric circuit to a voltage source in the circuit is 
the ratio of two determinants, each of which is a polynomial in s. Rational functions 
of this form can be expressed as the sum of simple fractions whose denominators 
are the factors of the denominator of the original function. There will be one term 
in the expansion for each first-order pole in the original function. As an example, 
consider the following rational function: 


X(s) 5s + 13 2 " 3 
5) = —— = 
52 + 65 + 5 5 + 1 5 + 5 








(5-64) 


The inverse transform is easily obtained by inspection Кот the expanded form as 
(267! + Зе ult). 

In order to expand a rational function in partial fractions, it is necessary that 
the numerator be of lower degree than the denominator. If this requirement is not 
satisfied by the given function, it can always be met by dividing the denominator 
into the numerator until the remainder is of lower degree than the divisor. The 
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function can then be expressed as the sum of the quotient terms and the remainder 
terms divided by the original denominator. This procedure for reducing the degree 
of the numerator is illustrated by the following example: 


$^ + 855 + 2352 + 34s + 19 


Kig = 
(s) 5 + 752 + 155 + 9 


(5-65) 


s +1 
55 + 7s? + 155 + O[s* + 853 + 2352 + 34s + 19 
s* + 75 + 1552 + 9s 
S? + 852 + 25s + 19 
55 + 752 + 155 + 9 
s? + 10s + 10 


Therefore, 


"Tm s? + 105 + 10 
„ы. 57 + 752 + 155 + 9 m 
The inverse transforms of the first two terms are obtained readily, and the primary 
job is to obtain the inverse transform of the remaining term, which is now a proper 
rational function. In future discussions of partial fraction expansions, it is assumed 
that the function has first been reduced to a proper rational function. 
Let the rational function to be expanded be of the form 


_ Pts) 
Q(s) 


where the denominator polynomial Q(s) is now assumed to be of higher degree 
than the numerator polynomial P(s). According to the fundamental theorem of 
algebra, if Q(s) is ап nth-degree polynomial, it will have п roots, not all of which 
need be different, and it can be factored into n factors, using these roots as follows: 


X(s) (5-67) 


Оо) = =" + а, "Fa, 5? + +++ + as + a 
= (5 = a(S — а) (5 — а,—15 — а,) (5-68) 
where а), @, ..., а, are the roots of Q(s) and are solutions to the equation 


Q(s) = 0. Some of the œ; s may not be distinct, and some may be imaginary or 
complex. The variable s is the complex frequency, and the values of the complex 
frequency corresponding to the zeros of Q(s) are called the poles of the function 
X(s). Similarly, the complex frequencies corresponding to the roots of the numer- 
ator P(s) are called the zeros of X(s). The terminology is quite descriptive of the 
behavior of X(s) at these critical frequencies, since when the denominator ap- 
proaches zero the function increases without limit (a pole) and when the numerator 
approaches zero, the function also approaches zero (a zero). In taking the inverse 
transform of a rational function, it is found that the locations of the poles in the 
complex s plane completely determine the form of the solution, and the locations 
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of the zeros affect only the amplitudes of the various components present in the 
solution. This will be apparent readily when the partial fraction expansion 15 con- 
sidered in detail. 

If it is desired to exclude imaginary and complex roots from the factorization 
of Q(s), then the factored form can be expressed as the product of linear and 
quadratic factors, some of which may be repeated. The partial fraction expansion 
will then be given as a sum of simple fractions having these factors as denominators 
and each having a numerator of lower degree than its denominator. The most 
frequently occurring cases are as follows. 


Nonrepeated linear factors. Assume that the denominator polynomial contains 
а nonrepeated linear factor s — а). It is then possible to write the denominator as 
Q(s) = (s — a,)Q,(s), where Q,(s) is the remainder after s — o, has been factored 
out of Q(s). The rational function then becomes 


LP 0 P __A Рио 
Q(s) (s — а1)0:(5) S — Oy Qi(s) 


In (5-69), A is a constant (since this is the only polynomial of lower degree 
than s — a,) to be determined and P,(s) is a polynomial of lower degree than 
Q,(s). The polynomial P,(s) will be ignored for the moment, since we are presently 
concerned with only the first term. Multiplying both sides of (5-69) by s — a; 
gives 


X(s) (5-69) 


IN ndm (5-70) 
0,05) " QiG) 
If this equation is now evaluated at s = а), the second term on the right-hand side 
goes to zero, and A is found to be 

(s — а()Р(в) P(a) 


A = == = 5-71 
Qs | Qa) adds 


In words, (5-71) may be stated as follows: The constant A in (5-69) can be found 
by deleting the factor (s — о) from the denominator of X(s) and then setting 
5 = а) in the remaining fraction. As an example, consider the following rational 
function: 


(s — a)X(s) = 





xg) = — I tatl a nm 
(5 + I + 125 + 36) 2+1 ^m 
_ З + 2 +1 _2 
s? + 12s + 36 smut % 


Exactly the same procedure is used to evaluate the numerators of the partial frac- 
tions corresponding to other linear factors in the same expression. Consider the 
following example: 
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2+ 3 A B 
X(s) = ee жолын ча 4. + СО 
(s + 105 + 205 +4) 5-1 5+2 s+4 
i 52 + 35 _ 2 
(5 + 26 + 4 |__. 3 





= 52 + 35 
(s + 15 + 4) |... 


i 52 + 35 
(s + 1065 + 2) 


W | 





у= —4 

-+ | 1, 4 
— + + 

5 1 $ +2 s +4 











X(s) = 


The expansion can always be checked by recombining the terms on the right. The 
foregoing expansion is valid for complex roots also, but this case will be discussed 
in connection with quadratic factors, since complex roots always occur as com- 
plex conjugate pairs and can be expressed as a single quadratic factor with real 
coefficients. 


Exercise 5-7.1 













5 + 1 


Use partial fractions to find the inverse Laplace transform of X(s) = 2 4 De 
5 5 


ANS. $(1 + е )и(). 


Repeated linear factors. If (s — oj), with k = 2, is a factor of Q(s), then 
the foregoing method is not sufficient, for there must be k terms in the partial 
fraction expansion corresponding to this repeated factor. These terms can be ex- 
pressed in either of the following equivalent forms: 


A, A, А, 


фан фр (5-72) 
(5 — а) (5 — а) (s — ај) 
Or Bo + В |$ + В,5? + Ы - я + В.а" (5-73) 


where the A’s ог B’s must be determined. Generally, it will be found that the form 
given in (5-72) leads to more convenient terms for actually carrying out the inverse 
transformation. Several methods are available for determining the A’s or B’s. Con- 
sider the following example: 
$^ A, A, Аз 
uec m de Pe 
(s + Ds + 2) 5 + 1 (5 + 1) 5 + 2 
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A; is determined as before and found to be Аз = 4. The constant A, can be found 
in a similar manner; that is, by multiplying both sides by (s + 1)? and then setting 
s = —1. This leads to a value for A, of 1. Unfortunately, the same procedure will 
not yield the value of A,, since multiplication by s + 1 will not remove this factor 
from the denominator of the second term; so if s were set equal to —1, the 
expression would go to infinity. This problem can be handled directly by clearing 
fractions and then equating coefficients of like powers of s or by substituting 
convenient values of s into the expression to give numerical equations. In the 
present case this latter procedure may be carried out as follows: 


5 A, l 4 
7.3. Deam та те fadqà r.a 
(s + 1)'(s + 2) (s + 1) (s + 1) s+2 
Setting s = 0 and solving the resulting equation for A, leads to the value А, = 
- 3. Exactly the same result could be obtained by equating the coefficients of 57, 
and so on. The final expansion is, therefore, 
s^ -3 1 4 
— = + ——— + 
(5 + 165 +2) (+1) (sl 5+2 








Another method that is very effective for the case of repeated roots involves 
differentiation. Assume that we have a rational function involving a linear factor 
in the denominator that is repeated k times; that is, 








жй = zh s. (5-74) 
Q(s (s — ay'Qi(s) 
If now we multiply both sides of (5-75) by the repeated factor (s — а)“, we obtain 
(s — а) (5) = A(s - а) + A(s – ај 2 +.: + 
+ „ш 2" (576 
Setting 5 = а gives the value of А, as 
A, = (s — @)*Х(5)|,—‹„ (5-77) 
To simplify the notation, let (s — a)*X(s) = X,(s). We then have 
A, = Х16),-4 (5-78) 
Differentiating (5-76) with respect to 5 and setting 5 = а gives 
A-1 = £ XS)... (5-79) 
ds 
Repeating once more, we obtain 
А, Сз et) ға (5-80) 


~ 2 ds? 
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The nth term becomes 


n 


1 
Ák-n = = 55 Х (5) – а (5-81) 
Applying this procedure to the previous problem, we have 
2” A, A, А, 
(c L eLA TT. Т 
(+) +2) GAD +1) i+ Z 








X(s) = 


As before, Аз is found to be A; = 4. The function X,(s) is now formed, and A, 
and A, are evaluated: 














5 
AUS) 7 42 
2 
5 
A; = X,(s)|,=-1 = =l 
$ + 2|..., 
,_4 S] ива. 
des. . CE) a 








In the case of repeated roots it is always possible to evaluate directly the 
constant in the numerator of the partial fraction corresponding to the highest power 
of the factor. This evaluation is made by multiplying through by the factor raised 
to the highest power and evaluating the resulting expression, with 5 set equal to 
the root corresponding to this factor. The remaining numerator terms will have to 
be evaluated by clearing fractions and equating powers of s, by choosing values 
of s to give simple equations in the unknowns, or by using the differentiation 
technique of (5-81). 


Exercise 5-7.2 









e ^ 


Find the inverse Laplace transform of X(s) — G + DG + 2) 


ANS. [e 979 — gc — 


(t — 2)е ?*-P?]u(t — 2) 





Complex roots and quadratic factors. Some of the roots of the denominator 
polynomial may be complex. Such roots of polynomials with real coefficients 
always occur in complex conjugate pairs; that is, for each root а, = —« — јо, 
there is another root a, = ај = -а + је. These factors can be multiplied 
together to give a quadratic factor having real coefficients: 


(5 + а + jos + а — jog) = (s + ay + ой (5-82) 
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Alternatively, this factor can be expressed as the quadratic factor: 
(6 + а)2 + о = 52 + 205 + 0 + о = 5? + аѕ + Ь (5-83) 


The corresponding partial fraction expansion can then take any of the following 
forms: 
aco ыӊ "е. 
006) Q,(s\(s* + as + b) 
A,s + А, P,(s) 


^ 2 + аз +b ы Qi(s) in. 


(5-84) 





+ jB B, — jB P 
_ B, t j 2 + I=] — 1(5) (5-86) 
5 + (а + jog) 5 + (а — jw) Q,(S) 








Cu + Са 4 Р (5) 


На: > Жан... кәп 07% 
(е + ay + «b Os) in 


In all cases the constants A, B, and C are real numbers. The last two forms are 
generally most convenient to use and are obtained from the first by factoring or 
completing the square. It should be noted that in (5-86) the numerators are complex 
conjugates of each other; thus, if one numerator is found, the other can be written 
down immediately. Also, the constants A, and A, are equal to C, and С,, respec- 
tively, since (5-85) and (5-87) are identical expressions. The constants are deter- 
mined by clearing fractions and equating powers of s, or in the case of (5-86), by 
multiplying them by one of the factors and then evaluating at the value of s cor- 
responding to that factor. The following examples illustrate expansion of functions 
containing quadratic factors: 


25: + 65 + 6 __А Bs + С 
(5 + 2)(52 + 25 + 2) 8-2 52 + 25 + 2 





Х(5) = 


The constant A is found by the usual method to be A = 1. The values of В апа С 
are found by clearing fractions and equating the coefficients of powers of s. 


252 + 6s + 6 = s? + 25 + 2 + Bs? + 285 + Cs + 2С 


B=2-1=1 
С = 6 – 2) = 2 

|| + 2 
X(s) = ы 





5+2 52 + 25 + 2 


"This expansion could also be written as 
D,(s + а) D, Р (5) 
(5 + ај: + об (5 + ај: + ой Qs) 


which leads more directly to the transform in many cases. However, (5-87) is more consistent with 
previous procedures and easier to remember. Furthermore, it can be connected to this form by inspection. 
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Another, and frequently simpler, method of determining the constants B and 
С is to set 5 = 0, obtaining % = 2 + C/2, which readily gives С = 2. The value 
for В can be obtained by multiplying by s and letting s — о. This leads to the 
equation 2 = 1 + B,or B = 1. The inverse transform is found by completing 
the square in the denominator of the quadratic term and then adjusting the numerator 
by adding and subtracting quantities to make it complementary to the denominator. 
Thus, 








X) 1 " 5+2 1 s+ 1 " | 

5,5 = — =: --------------- ——————————— 
5+2 (5+ 12 +1 84-2 (s+1%4+1 (+141 
x(t) = (e ~*~ + e^ cost + e ' sin t)u((t) 


In obtaining the final form, use was made of inverse transforms for exponentials 
and sinusoids and of the s-shift theorem. 
This example can also be worked by using linear factors, as follows: 





X) 252 + 65 + 6 252 + 65 + 6 
5) 2 ———————— —«——————M—M 
(5 + 2)(52 + 25 + 2) (s + 2)[5 + (1 + /1)][5 + A — j1) 
uL MEM ПНЕ Н 
+2 stityi sti-jfi 
К, = 1, as before. K, and К; can be found by the same method because they are 
also associated with linear factors.? Thus, 


Ж. 252 + 65 + 6 _ 20 + 2 1) 6 = j6 + 6 
2 (5 + 205 +1— fl] (-1-j+2(X-1-j+1-j) 


s=—-1-j 


`The evaluation of complicated polynomials, such as the numerator of X(s), can often be most simply 
accomplished by use of the so-called remainder theorem, which may be stated as follows: If D(s) is 
the quotient polynomial and А, the remainder after division of X(s) by (s — a), then the relationship 


X(s) = (s — a)D(s) + Ro 


is an identity. If s is set equal to a, then it follows that 


Ко = X(a) 
Therefore, a polynomial can be evaluated at any point, a, by determining the remainder when the 
polynomial is divided by s — a. In the above example the numerator can be evaluated ats = —1 — j 
as follows: 
2s + (4 — 2j) 
5 + 1 + j| 2s? + 6s + 6 
252 + (2 + j2)s 
(4 — j2)s + 6 
(4 — j2)s + 6 + j2 
2 Ј2 
Therefore, Rọ = -/2 = value of numerator at s = —1 — j. Although not so convenient in this 


instance, the remainder theorem is of great use in evaluating higher-order polynomials. 
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К = Ка = T 

3 2 2 Ј 2 
Note that the coefficients associated with complex conjugate roots must always be 
complex conjugates also in order for the sum of these factors to be real functions 


of s. Therefore, 
| Pl | %-Й 
+27 жі) sz l1-—)J 





X(s) = 


The expression could be inverted as it stands and would lead to complex exponen- 
tials, which could be converted to sinusoids. However, it is generally more con- 
venient to combine the complex roots giving a term of the following form: 


K д" 


en h 5-88 
s+ (а + jog) 5 + (a — jog) ( 
Ks + Ka — јКо + K*s + K*a + jE" 


(s + а)? + we 


20е Кобе + а) 2m К) 
— (5 + ay + а: 7 (5 ay + оф (5-89) 


The inverse transform of these terms is 
[2(Ке K)e *' cos wt + 2(Im K)e “біп ау Ци(1) (5-90) 
Using this relationship, the inverse transform in the example is, thus, found to be 


x(t) = (e^ + e™ cost + e™ sin t)u(t) (5-91) 


Exercise 5-7.3 









se S5 + 25 +9 
s(s? + 9) 


ANS. 3 sin 3(t — Du(t — 1) + 
(1 + cos 3t)u(t) 


Find the inverse Laplace transform of X(s) = 





Repeated quadratic factors. When a quadratic factor is repeated, it is nec- 
essary to use the same approach as for repeated linear factors. An example will 
illustrate the expansion in the case of a double quadratic factor. 


As? 


a) = eS + ie + 1) 
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A Вз + С z Ds +E 
5 + 1 (s? + 1) 52 + 1 
A can be found using the normal procedure of multiplying through by s + 1 and 


setting 5 = — 1. This gives A = 1. The remaining constants can be evaluated by 
clearing fractions and equating powers of s, as follows: 


452 = (s? + 1) + (Bs + С)(з + 1) + (Ds + Е)52 + 15 + D 





Equating powers of s gives the following equations: 


0+1=0 therefore, D = —1 





Р+Е= 0 therefore, E = —D = |] 
—2+B+D+t+E=0 therefore, B = 2 
C+B+D+E=0 therefore, С = -В = —2 

1+ С+Е=0 therefore, —1 - 2 + 1 = 0 (сћеск) 
1 25 — 2 — 1 
X) = 5 5 


= + == — —— 
5 +1 (52+ 12 52 +1 


This expression can be inverted making use of elementary transform properties. 


5-8 SOLUTION OF DIFFERENTIAL EQUATIONS 


The Laplace transform may be applied in a very straightforward manner to the 
solution of differential equations subject to specified initial conditions. As an ex- 
ample, consider the circuit shown in Fig. 5-7, in which it is desired to find the 
current in the circuit after the switch is closed at т = 0. The differential equation 
for this circuit (after the switch is closed) is readily obtained from Kirchhoff 's 
voltage law as 

di 


2 + 4i = 12 10) = 2A (5-92) 


Taking the Laplace transform of each term in (5-92) gives, 





12 
Даб) — (0:1 + 405) = — (5-93) 
j 2H 
pew *»- -"T— | .] 
 — — -— 
4Q 


Figure 5-7 Switched R-L circuit. 


247 


5-8 SOLUTION OF DIFFERENTIAL EQUATIONS 


Substituting for i(0~) from (5-92) and solving for /(s) gives 





2[sl(s) — 2] + 4s) = Е 
45 + 12 
[(5)[25 + 4] = — + 4 = 
5 5 
45 + 12 25 + 6 
(5-94) 


ко) = = 

o= 0s +4) ss + 2) 
Expanding in partial fractions and taking the inverse transform gives the desired 

(5-95) 


time function for the current. 
Zs + 6 E и 

5: + 2 
it) = (3 — e ?)u(t) (5-96) 


As another example, consider the two-node circuit shown in Fig. 5-8. In this 
circuit it is assumed that prior to opening the switch the capacitor voltages are 


zero. Assigning node voltages v, and v; as shown, the differential equations for 
(5-97) 


the circuit сап be written from Kirchhoff 's current law as 
+ v(t) — v(t) = 12 


(5-102) 


dv (t) 
2 M S dna 
dt 
40,1 и 
о!) — v,(t) + 5 d + 4v,(t) = 0 (5-98) 
Taking the Laplace transforms of the terms in these equations leads to 
12 
25У (5) + Уј(5) — Уж5) = =“ (5-99) 
—V,(s) + 555) + 5V,(s) = 0 (5-100) 
Collecting terms, (5-99) and (5-100) can be rewritten as 
12 
(5-101) 
5 


(2s + 1)V,(s) — Vs) = — 


—V,(s) + 565 + ПИ) = 0 


Reference node 


| | 
| | 
124 © Xo FF | 5F 


Figure 5-8 Two-node R-C circuit. 
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These equations can be solved readily for V,(s). The resulting expression is 
6(s + 1) 
s(s? + 1.55 + 0.4) 


Expanding in partial fractions and taking the inverse transform leads to the desired 
result: 


Vi(s) = 


ү () 15.00 0.99 14.01 
$)=-—-———--—— 

' s+ 1.153 s + 0.347 

v(t) = (15.00 — 0.99е--5%- 14.012“ 94” )u(t) (5-103) 


By checking the result against some known value of v,(t), it is possible to catch 
algebraic and other errors in a simple manner. In this instance it is possible to see 
by inspection from Fig. 5-8 that 0(0) = 0 V and v,(o) = 15 V. These values are 
easily checked from (5-103) and show agreement. 


Exercise 5-8.1 





5-9 


Find v,(t) for the circuit of Fig. 5-8. 
ANS. (3 + 1.29e7 1-153" — 4.292“ 947) y(t). 


INITIAL AND FINAL VALUE THEOREMS 


The technique of checking the computed solution of a differential equation against 
some easily determined value was mentioned in the previous section. This is a very 
valuable procedure and should be used whenever possible. As discussed so far, 
this technique is applicable only after the solution has been obtained as a time 
function. Unfortunately, if a mistake is found, there may be a great deal of effort 
that has been wasted in carrying out the inverse transformation of an erroneous 
transform. This difficulty may be avoided by checking the transform before carrying 
out the inversion operation. This check can be made with the aid of the following 
simple theorems. 


Initial value theorem lim x(t) = lim sX(s) (5-104) 
t>0t eden 

Final value theorem lim x(t) = lim sX(s) (5-105) 
->> 5->0 


As ап example of the application of these theorems, consider the transform of 
a damped cosine wave: 


зға 


x(t) = е“ cos ot €&» ——————— 
(0 9 (5 ay + об 


From the initial value theorem it follows that 
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а 
(s Ф 0 ка“ 
548 а 
x(0) = lim ——= = lim - 1 
(0 > (85 + ај + ge 20 Æ «аб 
Дат Sor = 
S 5 


Similarly, from the final value theorem, 


РРА ee лл MM 
0 (5 + о)? + о 

The use of these theorems as a partial check on the validity of a transform 
representation of a function is generally quite straightforward. As an example, 
consider the solution for the voltage, v,(t), in Fig. 5-8. The transform was found 
to be 

6(s + 1) 
s(s? + 1.55 + 0.4) 


From the initial and final value theorems, the initial and final values of the time 
function are found to be 


Vi(s) = 


| 6s(s + 1) 
ду = lin — = 679 
a) е um du ioe + OD 
6(s + 1 
nega НЕ ЗА 


2052 + 1.55 + 0.4 


These values check with the values that can be determined readily by inspection 
of the circuit diagram. 

The proofs of these theorems follow directly from the expression for the 
Laplace transform of the derivative of a function. Assume that x(t) and х (7) are 
Laplace transformable and that the function x(t) may be discontinuous at the origin. 
Define a new function x,(t) such that 


x(t) = x,(t) + au(t) (5-106) 


where x,(£) is continuous at the origin and а is the amount of discontinuity in x(t) 
at the origin. These functions are shown in Fig. 5-9. Taking the derivative of 
(5-106) gives 


x'(t) = ха) + a 6(1) (5-107) 


х(7) 





О —= О 7— 


Figure 5-9 Representation of a discontinuous function. 
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Using the derivative theorem of the Laplace transform, we obtain 


sX(s) — x(07) = |, х (t)e “а 
= |. [х|(@) + aóé(t)]e * dt 


со 


= |. xy(t)e "dt + a (5-108) 


Therefore, it follows that 


sX(s) = |. хе ? dt + a + х(07) (5-109) 


The sum of the last two terms is readily seen Кот Fig. 5-9 to equal х(0”). Taking 
the limit of (5-109) as s — 5 and assuming x,(t) to be of exponential order gives 
the desired result: 


lim sX(s) 


so 


lim |. хе“ + x(0*) 


со 


|, lim х (бе * dt + x(0*) 


5—>00 


= x(0*) (5-110) 


The proof of the final value theorem is much more straightforward апа is left 
as an exercise for the student. The final value theorem is not applicable in cases 
where there are undamped oscillations present or where the time function is un- 
bounded. This will occur if there are poles in the RHP, if there are poles on the 
jæ axis other than at jw = 0, or if there are repeated poles at jw = 0. In such 
cases the final value is not defined. 


Exercise 5-9.1 








Determine the initial and final values of the time functions corresponding to the 
transforms 


352 + 1 an 353 + 1 
453 + 352 + 25 453 + 352 + 25 + 1 


ANS. 0, 5, 3, о, 


Exercise 5-9.2 


| Prove the final value theorem. 
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5-10 NETWORK ANALYSIS 


In dealing with circuit analysis problems, it is frequently convenient to proceed 
directly with the transformed variables rather than starting with the time-domain 
specifications and subsequently transforming to the s domain. This is generally 
very simple to do because of the direct relationships between the equations in the 
two domains. For example, in the case of an inductor the relationship between the 
voltage and current is 
di(t) 
v(t) = L — 5-111 
(t) di (5-111) 
In this equation, L is the constant of proportionality between the voltage and the 
rate of change of current. The Laplace transform of (5-111) gives 


Vis) = sLl(s) — 160) (5-112) 


The transformed equation contains an additional term resulting from the pres- 
ence of an initial current in the inductor. In (5-112) this additional term adds directly 
to the transform of the voltage V(s) and, therefore, can be represented as an ideal 
voltage generator having a transform of — Li(0). The s-domain equivalent circuit 
of an inductance can, therefore, be thought of as an impedance sL in series with 
an ideal voltage source. Such an equivalent circuit is shown in Fig. 5-10. Using 
Norton’s theorem, the s-domain equivalent circuit of Fig. 5-10 can be converted 
to another form, as shown in Fig. 5-11. This second relationship can also be derived 
from the expression for the current through an inductance in terms of the voltage. 


Thus, 
B 
i(t) — Т | (А) dA + К(0) 
| 1. 
Ks) = — Vis) + - i(0) 
Ls 5 
v(t) V (s) 
P a — n aM. 
(Cr) L 1(5) sl 
L/(O) 
(а) (b) 


Figure 5-10 The s-domain equivalent of an inductance. (a) Time domain. (b) s-domain. 


x /(0) 
Vs) 
T = 
—— aom +) — 
1(5) sl ; 
L/(O) 1(5) 
т (5) 7 


Figure 5-11 Two s-domain equivalent circuits of an inductance. 
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Table 5-3 s-Domain Equivalents for Electric Circuit Elements (all elements are 
represented in terms of their impedances) 


Time-domain Representation 


v(t) = Ri(t) v(t) = 19 v(t) = * рю) dX + “(0) 
i(t) = К v(t) i(t) = i [ v(A) dA + ко) i(t) = C E 
R L Jo dt 
& v(t) _ 2 vt) _ v(t) _ 
/(7) i (f) L / (7) C 


Complex Frequency Representation 





V(s) = RI(s) V(s) = sLl(s) — Li(0) Ws = <I) T = 0) 
а VG _ „ Us) - A 
(+) МРК. у 
Д5) R ni & м РА Н е” 
Ks} = s VG) Ks) = — Vis) Т - ко) (5) = sCV(s) — Cu(0) 


oF /(Q) ком 
| | 


SL /( 5) | 








The second equation corresponds to the circuit on the right in Fig. 5-11. Similar 
s-domain circuits are readily found for resistances and capacitances and are tabu- 
lated in Table 5-3. By use of the equivalents of Table 5-3, it is very simple to 
sketch the s-domain or transform network, from which the circuit equations can 
be immediately written down, including all initial conditions. This method is par- 
ticularly useful in the solution of transient problems. When the initial conditions 
are zero, the concept of the transfer function becomes very useful and usually leads 
to further simplifications in the solution of network response problems. 

Solution of transient problems involving initial conditions can be illustrated 
best by considering some specific examples. Fig. 5-12 shows a network that is 
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Figure 5-13 Equivalent for an inductively coupled circuit. 


assumed to have reached an equilibrium state prior to the time t = 0 when the 
switch is opened. It is required to find the current i,(t) for t > 0. The transform 
network is most easily obtained by replacing the coupled circuit by an equivalent 
T network, as shown in Fig. 5-13. The transform network is then as shown in Fig. 
5-14. From Fig. 5-14 the expression for /,(s) is found to be 


100/s 4- 20 4 40 





I = 
(9) 4 + 2 + 2s + 25 
| 155+ 25 3 $ 
s(s + 3) S s-$ 
ir) = G? — $e и) 
ACT) 4Q t=O 40 29 





2s 
AC) 
(+) 20 
100и 120 (+ 
25 
| Р 40 





Figure 5-14 Transform network of Fig. 5-12. 
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Vo (5) 


| 
a - 


Figure 5-15 Secondary circuit of Fig. 5-14. 


Suppose it is desired to find the voltage across the secondary inductance. The 
equivalent transform circuit is shown in Fig. 5-15. Using the value for /,(s) found 
above, the transform of V5(s) is 


V,(s) = —20 — 40 + 2sI,(s) 





30s + 50 5 
= = plo = 9 + IMM 
STF = 


Therefore, 


v(t) = —308(t) + 5e 2241) 


5-11 TRANSFER FUNCTION 


The transfer function H(s) of a network is defined as the ratio of the transforms of 
the output and input signals when the initial conditions are zero. If the excitation 
or input signal is 0,(/) and the response or output signal is U,(t), then the transfer 
function H(s) is given by 


_ Luo(t)} = Vo(s) 
Фор Vs) 





H(s) (5-13) 
This function will be independent of V;(s), since in a linear system the output is 
proportional to V,(s) and, therefore, V;(s) will cancel out in the ratio given in 
(5-113). The transfer function is a fundamental characteristic of a system and finds 
use in studies of system response, system stability, and system synthesis. For 
example, if one knows the desired output for a particular input signal, then it is 
possible to determine the transfer function of the system that will produce that 
output/input relationship by taking the ratio of the transforms of the signals. As 
an example of the computation of a transfer function, consider the network shown 
in Fig. 5-16, along with the corresponding transform network. For purposes of 
computing the transfer function, it is not necessary to know the nature of V;(s). 
The input can be left arbitrary and the output computed in terms of this arbitrary 
input. Dividing this output by V;(s) then gives H(s). The analysis proceeds essen- 
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+ o— —AÁANN——$—————9 + d pe AR) и о кедр 
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Figure 5-16 Simple low-pass filter. 


tially the same way as for steady-state ac analysis. In this example, the output can 
be found using the voltage division between the impedances К and 1/5С or by 
determining the currént and multiplying by the impedance 1/sC. In either case we 
find 

1/sC 1/RC 


R + sc 7 54 ЕС У 


00(5) = 
Therefore, the transfer function is 


V(s) | 1/RC 
V(s s+ 1/RC 





Н(ѕ) = (5-114) 


Once the transfer function has been determined, the output for any input can 
be found as the inverse transform of the product of the transfer function and the 
transform of the input signal. Thus, 


Vo(s) = H(s)V,(s) (5-115) 
u(t) = +" ЧУО = £^ {H(s)V;(s)} (5-116) 


As an example of this use of the transfer function, we shall determine the output 
of the R-C circuit of Fig. 5-16 for an input of u(t) cos (1007) and a time constant 
RC = 0.01. Using the transfer function from (5-114) we have 


100 5 
H(s)V{s) = ЕУ РЕЯ 


5 + 100 s* + (100): pom 


100( — 100) 1 


Vo(s) 


~ (100? + 4002 2 


Using this value of A and setting s = 0 in (5-117) gives С = 50, and multiplying 
through by s and letting s — © gives B = 5. Therefore, 


1 ==} 5 + 100 
Шәксіз „ = 
09) = 2 [ +100 52 + d 
volt) = 3—e-9* + cos (1000) + sin (1002)Ju(t) 
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(c) 
Figure 5-17 Computation of H(s). 


The transfer function can often be computed without carrying out a formal 
solution for the output in terms of the input. One of the simplest and quickest 
methods is to assume that the output is unity and then compute what input must 
have been present to produce this output. The reciprocal of this input is the required 
transfer function. This method is especially useful for ladder networks because the 
computations are almost trivial. An example will clarify the method. In carrying 
out the actual computations of the input, the simplest procedure is to label the 
voltages and currents on the transform network. Figure 5-17a shows an R-L-C 
circuit for which the voltage transfer function is required. The transform circuit is 
shown in Fig. 5-17b with an assumed output of V,(s) = 1. The currents апа 
voltages in the rest of the network are computed as shown in Fig. 5-17c. Starting 
at the right-hand terminals, it is assumed that the voltage is 1 V. Accordingly, the 
current in the resistance across the output terminals must be 1/R, and this is also 
the current flowing through the inductance L,. The voltage across L, is the product 
of the current 1/R and the impedance sL,, or sL,/R. The voltage across the ca- 
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pacitor is obtained as the sum of the voltage across the inductance and the output 
voltage and is 1 + sL,/R. This computation process is continued until the input 
voltage is found to be 


SL, sL; 


PLC 
Vis) = 17V +) + С + — 


(5-118) 


Since the transfer function is Vo(s)/V.(s), and Vo(s) is unity, it follows that H(s) is 
the reciprocal of (5-118), or 

Vos) _ 1 

Vis) 1+ sL,/R + sL,/R + s?L,C + 5 СК 





H(s) = 


Е R/L,L4C (5-19) 
— $8 + (R/L>)s? + (1/L,C + 1/L,C)s + R/L,L4C 
This method of computing transfer functions is also valid for ratios of currents or 
mixed variables, such as the ratio of the output voltage to input current. The method 
of computation is identical. 


Exercise 5-11.1 





For the circuit of Fig. 5-17, find the transfer function corresponding to Vo(s)//,(s) 


R/LC 
52 + (R/L)s + 1/(LC) 










ANS 


9-12 STEADY-STATE RESPONSE TO PERIODIC WAVEFORMS 


An important problem in network analysis is that of determining the response of a 
network to a periodic function other than a sinusoid. Often the desired result is the 
(periodic) waveform corresponding to the steady-state response. In theory, the 
solution to this problem is quite simple. However, in order to obtain useful results, 
a considerable amount of computation can be required. The difficulty in arriving 
at the steady-state response comes about because of the one-sided nature of the 
Laplace transform. When the Laplace transform of the driving function is com- 
puted, it corresponds to that of a waveform that was zero for t < 0, and unless 
you know the precise initial conditions that would have existed in the network at 
t ="07, assuming the driving waveform had been applied since / = — °, there 
will be transient terms associated with the solution. The only way to know the 
correct initial condtions in order to eliminate the transient portion of the solution 
is to have already solved the problem. Fortunately, there is a simple way out of 
this dilemma. When a waveform is applied to a system, there are two parts to the 
response of the system. One part is the transient response that is produced by the 
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Figure 5-18 Circuit with square-wave excitation. 


shock excitation of the natural frequencies of the system when the waveform is 
applied. The other part is the steady-state response to the excitation. The sum of 
these two is the total response of the system. By use of the Laplace transform it 
is simple to calculate the total response and the transient response. The steady- 
state response can then be determined as the difference of these two responses. 

It might appear to be more straightforward just to compute the total response 
and then evaluate it over a one-period interval for a very large value of ¢ after all 
transients have died out. Such a procedure would give the correct result, but it 
turns out that in order to compute the response for a large value of ¢ you must 
know it for all lesser values of t. This will become clearer when a specific example 
is considered in detail. 

In order to successfully compute the steady-state response by subtracting the 
transient response from the total response, it is necessary to be able to identify the 
transient response. This response is actually the solution of the homogeneous dif- 
ferential equation describing the network, and therefore, its transform contains only 
the poles of the network response function. By separating out the portion of the 
response transform that contains only the poles of the system transfer function, a 
specific expression for the transient response can be obtained. The entire procedure 
can be explained most easily by carrying through an example. 

Consider the circuit shown in Fig. 5-18. Assuming that the input is v,(t)u(t), 
the output can be calculated from the Laplace transform of the input and the system 
transfer function. It is 





Vs) = V,(s)H(s) 
E == e 1/25 } 
Е si = £7) | s+3 ч 
The transient portion of the response is that resulting from the pole at s = — 3. 


This portion of the response can be separated from the remainder by computing 
the partial fraction expansion terms corresponding to the poles of the transfer 
function. In the example we are considering, this leads to a transient term Уј,„„(5), 


(1 = e$ 1 
(-bü – e?) 5+ $ 





Үтгап(5 ) = 
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_ 0.438 
5 + 5 
0.00) = —0.438e7 1/21) 


The total response V,(s) is the sum of the transient response and the steady-state 
response V,.(s), and therefore, 


Vss(s) B ү(5) B Үтгап(5) 


|—— $0 - e» 0.438 
(7 + 0 – 27) sf 
_ 0.5 + 0.4385 — 0.5е ^: — 0,4386 5s 
s(s + 21 — e^) 
This can be evaluated to give the steady-state response over the first period by 


dropping those terms containing factors of e ” corresponding to delays greater than 
1 second. The result is 


0.5 + 0.4385 — 0.5e- 12 


V. = 5-121 
557 (5) sts 4- 5 (5-121) 
Considering the portion corresponding to the first one-half period, the inverse 


transform is found to be 


0.5 + 0.4385 
Was eo! 2l D e 
055) | s(s + 3) | 
= (1 — 0.562е ut)  0=1<% (5-122) 


The time function for the second half of the period is 


0.5е— 1/25 
ањ __ — 1/2 __ — 1 
Ussr(f) = (1 — 0.562e u(t) — Ж | = + гі 


= (1 — 0.5624: У2ушт) -(1- ee» — 3 4<1<1 
(5-123) 


Cancelling the constant terms and multiplying and dividing the first term by e!/4 
allows the expression for the second half period to be written as 


боси = 0.562044] — £p] 
The steady-state response over one period is, therefore, 


1 — 0.562е-/2 0=1<% 
= -124 
540 = Vo S620- W012) р im. 
The total response at any time can be found by adding the transient response to 
the steady-state response. The waveforms corresponding to these various responses 
are shown in Fig. 5-19. 
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Figure 5-19 Response of R-C network to a square-wave input. 


5-13 PHYSICAL REALIZABILITY AND STABILITY 


It is possible to establish certain limitations on the form of the system transfer 
function if it is to correspond to a system that could actually occur in nature. The 
principal constraint for physical realizability is that the system be causal, or non- 
anticipatory. The requirement for causality in the time domain is that the impulse 
response A(t) be zero for negative time. The corresponding relationship in the 
frequency domain when the system function is expressed in terms of о is discussed 
in Sec. 3-9. When the system function is expressed in terms of the complex fre- 
quency s as a one-sided Laplace transform, the causality requirement is automat- 
ically met since the inverse transform is identically zero for t < 0. 

Another requirement of many practical physical systems is that they be stable 
in the sense that the output of the system should remain bounded when the input 
is bounded (BIBO). It is shown in Sec. 2-6 that a sufficient condition for a system 
to be stable is that the area under the magnitude of the impulse response be finite. 
The significance of this requirement on H(s) can be seen by examining the time 
functions that can result from various forms of transfer functions. In order to keep 
the discussion simple, as well as useful, the transfer functions will be taken as 
rational functions of s, corresponding to lumped-parameter, time-invariant linear 
systems. Such transfer functions can be expanded in partial fractions, and the 
inverse transforms of the various terms in the expansion determine whether the 
system is stable. 

The simplest kind of term that can occur is of the form k,/(s + a), which 
results from a pole in the transfer function at s = — a. The time function corre- 
sponding to this term is a decaying exponential, Ке “u(t). If a were a negative 
number (a « 0), the exponential would be increasing with time and would clearly 
correspond to an unstable system. From this discussion it is evident that in order 
for a system to be stable in the BIBO sense, there can be no simple real poles in 
the right half of the s plane. The same argument can be used to show that a stable 
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transfer function can have no multiple-order real poles in the right half of the s 
plane. 

Another type of term that occurs in transfer functions is that in which the poles 
are complex. In physical systems described by real parameter values (as opposed 
to complex values), such poles always occur in pairs, with one element being the 
complex conjugate of the other. Terms of this type have the form 

k, | ki ки. 2(5 + a) Ке ч + = Im k, (5-125) 

5 Та + ја) s t a — Јоу (s + а) + о 

The inverse transform of (5-125) has the form of an exponentially damped sinusoid 
with the exponential factor being е “. Again, as long as а is positive, that is, as 
long as the poles are in the left half plane, the system will be stable. When the 
poles are in the right half plane (that is, a < 0), the corresponding time function 
is an exponentially increasing sinusoid and corresponds to an unstable system. 
Repeated complex poles in the right half plane also give exponentially increasing 
time functions and, therefore, correspond to unstable systems. 

A particularly interesting situation results when the poles are in neither the left 
half plane nor the right half plane but lie exactly on the јо axis. A pole at the 
origin corresponds to a step function, while a conjugate pair of imaginary poles at 
+ jog corresponds to a sine or cosine wave. Terms of this type do not correspond 
to stable systems in the BIBO sense, because an input at the natural frequency 
leads to an output whose magnitude is an increasing function of time. For example, 
consider a system function of the form H(s) = 1/(s? + в) and let the input be 
a sinusoid of unit amplitude and having an angular frequency of wọ. The system 
response would be 


q-1 1 = PE ЖҰР 
S wh X) = 2 (sin wot — Wot cos Wot)u(t) 
which is seen to increase without bound. Only a signal at the resonant frequency 
of the system leads to this instability, and the responses to other bounded signals 
are well behaved. Accordingly, a transfer function containing terms of this type is 
often called marginally stable. When repeated poles occur on the jw axis, the 
corresponding terms in the impulse response increase as powers of t, and the system 
is always unstable. 

In summary, the requirements for (marginal) stability in terms of the poles of 
the transfer function of a time-invariant, lumped-parameter system are: 


1. No poles in the right half of the s plane. 
2. No (repeated) poles on the jw axis. 


In formulating these criteria, it is implicitly assumed that the system function 
Is a proper rational function. А general rational system function can always be 
expressed as the sum of a polynomial in s plus a proper rational function, as 
discussed in Sec. 5-7. If this polynomial has a term in 5“, where k > 0, with a 
nonzero coefficient, then a portion of the system is acting as a kth-order differen- 
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tiator. Hence, the response to the bounded input, sin wt, will include a term having 
amplitude proportional to а“, and therefore, it can be made arbitrarily large by 
increasing the frequency of the unit amplitude sinusoid. Thus, we have a third 
requirement for stability: 


3. The degree of the numerator of H(s) cannot exceed that of the denominator. 


Taken together, conditions 1, 2, and 3 are all necessary and sufficient for 
determining whether a rational system function corresponds to a stable system. 

The application of the above stability criteria requires knowledge of the lo- 
cation of the poles of the transfer function. One way to obtain this information is 
to factor the denominator polynomial of the transfer function. Such computations 
are very tedious if carried out by hand but can be done quite readily with subroutines 
that are part of the standard software packages of most general-purpose digital 
computers. 

If one is interested only in determining whether a system is stable, then it is 
not necessary to determine the exact location of the poles, but only whether any 
of them are in the right half plane. There are several relatively simple techniques 
for obtaining this information, and some of these will be considered briefly. 

Let the denominator polynomial of the transfer function be designated as 


Q(s) = аз” + а, 15"! + +++ + ays + а) (5-126) 


A necessary, but not sufficient, condition that all the roots of Q(s) lie in the left 
half plane is that all of the coefficients of (5-126) be positive. Hence, if one or 
more of the coefficients (а, а, . . . , а„) are negative, then Q(s) must have right- 
half-plane roots, and the transfer function is definitely unstable. No further com- 
putations are necessary. Another condition that must be satisfied by Q(s) for an 
unconditionally stable system is that all coefficients (except possibly ag) must be 
nonzero. Thus, if the polynomial has any missing powers of s, then it must have 
roots in the right half plane or on the jw axis, and the transfer function will be 
either unstable or marginally stable. 

In the methods to be discussed below it is assumed that Q(s) has coefficients 
that are all positive and nonzero. Hence, it is not immediately obvious whether or 
not the system is stable, and it is necessary to consider more powerful techniques. 
One such method is the Routh test. 


Routh test. This test forms a table (Routh table) from the coefficients of Q(s). 
The first two rows of the table are formed directly from the coefficients of the 
polynomial as 


а, 4,-з3 4,-5 
The third row of the table is formed by cross-multiplication as follows: 


а,-14,-2 ші а,а,-3 а,-14,-4 m а,а,-5 


а,-1 а,-1 
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The fourth row is found by using the same cross-multiplying rule on rows two and 
three. Additional rows are formed in this way until no term remains. In the course 
of this development, the elements in any row may be multiplied or divided by any 
positive number without changing the result. This may simplify the numerical work 
of finding the elements of the succeeding row. After the table is completed, the 
first column is examined for changes in sign. If all the elements in the first column 
have the same sign, then Q(s) has no roots in the right half plane. If there are 
changes of sign in the first column, the number of changes equals the number of 
roots in the right half plane.? 
An example will serve to illustrate the Routh test. Let 


Os) = 57 + 5? + 25 + 8 


The Routh table becomes 


1 2 0 

1 8 0 
—6 0 

8 0 


It is clear that there are two changes of sign in the first columns, and, hence, Q(s) 
has two roots in the right half plane. The reader can verify easily that the roots of 
Q(s) are, in fact, —2, 3 + j3V15, and + — jivV/15. 

Occasionally, the Routh test may fail to give any result because a zero is 
generated in the first column or because an entire row of zeros is generated. These 
cases may arise from roots on the jw axis or from a root being the negative of 
another root. If the first term in a row is zero but the other terms are not equal to 
zero, the test can be continued by one of the following procedures. 


1. Replace the zero by an arbitrarily small number e and proceed. 

2. Multiply the equation under test by the factor s + Л where A is a real positive 
number ( — A should not be a root of the equation). 

3. Form an equation whose roots are reciprocals of the root of the original equa- 
tion by substituting 1/s for 1. Then clear the negative powers by multiplying 
by s to an appropriate power. 


If all the coefficients in a row are zero, the problem can be dealt with by replacing 
that row of coefficients by the coefficients of the derivative of the previous row. 
As an example consider the transfer function 


s + 10 


ЖИЛ: ee MORI — S 
(5) 5" + 25 + 352 + 65 + 1 


*Since ао has been assumed positive, there must be an even number of roots іп the right half plane if 
there are any. In some cases, one may be interested in applying the Routh test to polynomials having 
some negative coefficients (and, hence, some right-half-plane roots) simply to determine the number 
of right-half-plane roots. The requirement in this case is that at least a, be positive. 
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Applying the Routh test: 


ї 3 i] 
2 6 
0 1 


Because of the zero in the third row, the test cannot be completed. Substituting 
1/s for s in the polynomial and multiplying through by s* leads to the new equation 


st + 657 + 352 + 25 + 1 


Applying the Routh test to this equation leads to: 


1 3 1 
6 2 
3 1 
-1 0 


The two changes of sign in the first column indicate that there are roots in the 
RHP, and a system with this transfer function would not be stable. The actual roots 
can be found by factoring the equation; they are 0.0518 + 71.6931, - 1.9223 and 
—Ü.I813, 


Hurwitz test.” Another test of system stability that is relatively easy to apply is 
the Hurwitz test in which a continued fraction expansion of the ratio of the even 
and odd parts of Q(s) 15 formed. Let Q(s) be written as 


Q(s) = m(s) + n(s) (5-127) 


where m(s) contains all of the even powers of s, and n(s) contains all the odd 
powers of s. When m(s) is of higher degree than n(s), form the ratio m(s)/n(s) and 
expand into a continued fraction of the form 


| 
S: = bys + | 
id bs + | 
bas + ала 
i 
b,s (5-128) 


7A polynomial, Q(s), with all of its roots in the left half plane is frequently referred to as a Hurwitz 
polynomial. 
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The necessary and sufficient condition that Q(s) have all of its roots in the left half 
plane is that all the coefficients b,, b2, . . . , b, be positive. If n(s) is of higher 
degree, the ratio n(s)/m(s) is expanded. In order to illustrate this procedure, use 
the same example as before. | 


06) = $ +57 + 25 + 8 
ms) = s* + 8 
n(s) = s? + 25 


The continued fraction expansion of n(s)/m(s) [since n(s) is of higher degree here] 
can be carried out conveniently in the following form: 


s? + 8 [53 + 2515 








$ + 8s 
E 
8|— 6s|—6/8s 
— б 
0 


Since the coefficients are not all positive, Q(s) must have roots in the right half 
plane. 

It is often possible to use the Hurwitz test to investigate the range of some 
particular parameter that results in a stable system. Suppose, for example, that the 
denominator polynomial of a transfer function is 


О(ѕ) = 5 + 355 + 352 +5 + К 


and it is desired to find (ће range of k values for which the system is stable. In 
this case 


ms) = st + 352 +k 
n(s) = 35 + s 


and the continued fraction expansion becomes 


353 + s[s* + 352 + К | 3s 


54 + 552 
353 + 865 64 
352 
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In order to determine the range of k values for which all of the coefficients are 
positive, it is necessary to examine three cases: 


27k < 24 or к < 
9k < 8 or k < 
8k > () or k>0 


со «іо 


Hence, the range of k values for stability is 


0<k<$ 


Exercise 5-13.1 





Find the relationship among the coefficients of the polynomial 







Q(s) = ау? + as? + аз + ag 
that will assure that there are no roots in the right half plane. 


ANS. ауа» > аса». 





5-14 FREQUENCY RESPONSE FROM POLE-ZERO PLOTS 


The transfer function H(s) evaluated along the jw axis is the frequency response 
of the system. Certain general characteristics of the frequency response and an 
alternate method of evaluating the transfer function at a specific frequency can be 
obtained directly from a pole-zero plot of H(s) in the s plane. In order to estimate 
H(s) along the jw axis, it is helpful to visualize |H(s)| as a surface lying above the 
s plane. The height of the surface above this plane at any point is equal to the 
magnitude of H(s) at that point. As an example, consider the function 


| 1 


„Жак кин БИН“ ВН о 
(6) = ота G4 2249 


х---— -/3 


Figure 5-20 Poles for plot of H,(s)=1/[(s+2)? + 9]. 
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Figure 5-21 Pictorial representation of |H(s)|. 


The pole-zero plot of H,(s) is shown in Fig. 5-20 and consists of complex conjugate 
poles ats = —2+ j3. At each pole the magnitude of H(s) becomes infinite. If we 
now visualize |H(s)| as a surface above the s plane, we obtain the surface shown 
in Fig. 5-21. In this figure only the portion to the left of the jw axis is shown. The 
height along the jw axis is the desired response. The surface in Fig. 5-21 can be 
thought of as an originally flat rubber sheet that has been stretched, as shown, by 
the poles pushing up at the critical frequencies. When there are zeroes present, the 
rubber sheet is considered to be fastened down at each zero. As a further example, 
consider the transfer function 


s Е О Б 


H,(s) = = —_—_____ 
KS) = 12 + 4s + 13 (5 + 2)? + 9 


The pole-zero plot of this transfer function is shown in Fig. 5-22. It is seen that 
this plot is very similar to the previous case considered except that now there are 
two zeroes between the poles and the origin. Using the rubber-sheet analogy, it 
would be expected that since the zeroes tack the sheet down ats = —1 + j1, the 
height along the jw-axis from the origin on out for some distance would be reduced 
from what it is without the zeroes. If the zeroes were moved to the other side of 
the poles, as in Fig. 5-23, it is clear that these zeroes would have little effect on 
the amplitude at the origin because of the “‘shielding’’ effect of the poles that lie 
between the zeroes and the origin. The effect of the zeroes would be more pro- 
nounced at frequencies slightly greater than w = 3. The magnitudes of the fre- 





52 + 25 + 2 


Figure 5-22 Pole- lot of H = 1 da 1 те 
g ole-zero plot of H,(s) = + де + 13 
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Figure 5-23 Pole-zero plot of H = = 
g =o als) (5 + 2)2 + 9 


quency responses for these cases are shown in Fig. 5-24 and clearly indicate the 
effects that have been discussed. Much additional insight into system behavior can 
be obtained from pole-zero plots, and they are widely used in system analysis and 
design. Further discussion of this method is contained in the references at the end 
of the chapter. 

Before leaving the subject of pole-zero plots, one additional use of this rep- 
resentation should be discussed. Consider a general transfer function of the form 


(s — Fos = Yoo * ** — Fe) 


H(s) = К 
өз) ° (s = у)(5 — 7) (S — Yn) 


(5-129) 
where y, are the complex roots of the numerator and denominator polynomials, 
and kọ is a real constant. Suppose now that it is required to evaluate H(s) at some 
complex frequency 5 = Sọ = Gp + Јоу. This may be done algebraically by 
substituting (оо + јер) for s in (5-129) and evaluating the resulting expression. If 
this procedure is carried out, each factor in the numerator and denominator will be 
a complex number and can be expressed as a magnitude M, = |% — у and an 





angle 
Im (sy — y ] 
-1 0 k 
у; = tan Килы 
Ке (sy — у) 
| H 
3[ j= 
ыды | ең” | 
еі | Normalized 
alg = 4 a 
х |х 











Figure 5-24 Amplitude spectra of Н (је), H5( је), and H,( jo). 
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Figure 5-25 Pole-zero diagram. 


The complete expression for Н(5)) can then be written as 


Мо“ Mj: My + тен ому, 
H(So) = gee a T aT (5-130) 


M, : M3 : М/ф, + + кн t y, 

The magnitude and phase angles in (5-130) can be obtained from the pole- 
zero diagram of H(s) in a very simple manner. Consider a typical pole-zero plot 
as shown in Fig. 5-25 and suppose that it is desired to evaluate H(s) at s — 
— 1 + jl. By drawing directed line segments from each critical frequency to the 
point s; = — 1 + jl, we will obtain a set of vectors that represent the factors 
in (5-130). The magnitudes are equal to the lengths of the lines, and the phase 
angles are the angles the vectors make with the positive ø axis. For rapid com- 
putation the lengths and angles can be measured directly from an accurate plot, or, 
if desired, the plot can be used to clarify the geometric and trigonometric relation- 
ships necessary to allow analytical computations. For the example shown, it is 
easily seen that the magnitude is given by 


V24+ PVE + 12 


H(-1 + jD| = k = = 
НСІ + iD = ор у 3X 


ko V3 
and the phase angle by 
/H(—1 + jl) = tan (D) + tan!) — (ап (75) — tan (2) 


= 45° + 26.6° + 45° — 71.6° = 45° 


Rapid estimates of the magnitude of the frequency response can be made by moving 
the point of evaluation along the jw-axis. Another place where this method is 
particularly useful is in evaluating the residue at a pole in the partial fraction 
expansion of a rational function of s. As an example of this application, consider 
a transfer function of the form 


2s(s + 2) 


HG) = 6 4 3 89! + 2s + 5) 
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(a) (b) 
Figure 5-26 Evaluation of the residue at a pole. 


The pole-zero plot of H(s) is shown in Fig. 5-26a. In order to find the residue at 
a pole, the procedure is to multiply the gain constant (in this case, 2) by the vectors 
from each zero to the pole in question and to divide by the vectors from each pole 
to the pole in question. Using this procedure, the residue at the pole located at 
— 1 + j2 is found from Fig. 5-26b to be 


Е 2(\/ 5 /63.4°)(%/5/116.6°) 


бара = (2V/2/45°)(4.00/90°) 
0.884 /45° 


The residue at s = —1 — j2 is found as the complex conjugate of this quantity; 
that is, K |; = 0.884/ —45*. 


5-15 FEEDBACK SYSTEMS 


General Characterization. А system in which the output of some part of the 
system is used as an input at some point where it can affect its own value is called 
a feedback system or a system with feedback. Such systems have many important 
applications in amplifier design, in automatic control systems, in design of digital 
filters, and in modeling a variety of natural and man-made phenomena. A simple 
feedback system is shown in Fig. 5-27. Simple systems such as this can be analyzed 
readily using a frequency-domain representation as shown in Fig. 5-27. In this 
system the output V,(s) is passed through the feedback path having transfer function 
G(s), combined with the input V,(s) and then passed through the forward transfer 





Figure 5-27 Feedback system. 
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function G,(s). The positive or negative sign at the summing point determines 
whether this is a positive or negative feedback system. The overall transfer function 
of this system can be determined by writing out the equations relating the input 
and output in the complex frequency domain and then solving for the ratio 


Vo(s )/ Vi(s). 


Vo(s) = [У5) = G(s)Vo(s)1G,(s) 
— У (5) (5) 
1 + С (5)0(5) 
ин (5-131) 


1 + G,(s)G,(s) 


Equation (5-131) is a very general relation that applies to many systems. The minus 
sign applies to positive feedback systems, and the plus sign applies to negative 
feedback systems. 

As a simple example of the application of (5-131), consider the feedback 
amplifier shown in Fig. 5-28. In this system the amplifer is assumed to have a flat 
frequency response with a gain A. Such a model is often appropriate for integrated 
circuit (IC) units that are designated as operational amplifiers. It is seen from Fig. 
5-28 that О (5) = А and G,(s) = К. Since this is a negative feedback amplifier, 
the transfer function becomes 


A 
H(s) = ——— (5-132) 


In practical operational amplifers the gain A is very large, being on the order of 
10° or 10°. If the product AK > 1, then (5-132) can be closely approximated as 


1 
= — 5-133 
K | ) 
From (5-133) it is evident that the system gain is essentially independent of the 
basic amplifier gain and is determined entirely by the feedback factor K. For 
example, suppose А = 10° and К = 0.01, then KA = 10*, and therefore, 
1 


Н = —— = 100 
0.01 


o~ 


O> 
= 


Figure 5-28 Negative feedback amplifier. 





272 


LAPLACE TRANSFORMS 


The actual gain is 


The change in system gain as a function of amplifier gain is 


_ ӘН ДА ___ AA 


АН = AA = ——— = 
дА (1 + KAY (КА)? 





in which the key factor is 1/(KA)*. For the example considered above, this factor 
is 1078. Therefore, for this system, variations in amplifier gain due to changes in 
component values, changes in supply voltage, or other reasons produce correspond- 
ing changes in system gain that are reduced by the factor 1078. The fractional 
change in system gain as a function of the fractional change in forward-(open) loop 
gain is given by 


АН AA/A 


5-134 
H KA ( 


Thus, for the system considered above, a 10% change in open-loop gain would 
produce only a 0.001% change in system gain. The reason that this is so important 
is that the feedback factor K can be determined by components (e.g., resistors) 
that are unaffected by the variables that change the open-loop gain of the system 
and consequently the gain of the system with negative feedback is very stable. 

There are many other effects that can be produced with feedback systems. For 
example, consider the systems shown in Fig. 5-29. In Fig. 5-29a the feedback path 
has a transfer function that increases in magnitude with frequency. For this system 
the transfer function is 


iib ef (5-135) 
" ТФАКЉЗ K 
If the input to this system were x(t), then the output would be 
e 5| old 
= Хо) zt = (і 5-136 
Ut) = £ | (5) З Ka (5-136) 


vis) + 5 > ws) (5) + Э > Vols) 


(a) (b) 
Figure 5-29 Amplifiers having feedback varying with frequency. 
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From (5-136) it is evident that the circuit of Fig. 5-29a produces an output pro- 
portional to the derivative of the input. This circuit is called a differentiator. The 
same type of analysis will show that the circuit of Fig. 5-29b is an integrator. Such 
circuits are used for wave shaping and are also the building blocks of analog 
computers. 

Feedback is also used to alter the frequency response of amplifiers of various 
kinds. As an example, consider an amplifier having a transfer function given by 


Аа 
ats 





G(s) = (5-137) 
This amplifier has a low-frequency gain of A, a frequency response that falls to 
1/4/2 (і.е., its half-power point) at fọ = а/2т and falls off at high frequencies 
at a rate of 6 dB per octave. It is interesting to see what the effect of negative 
feedback would be on such an amplifier. Assuming a feedback factor of K, the 
system transfer function would be 


Aa/(a + s) 


НК ee———————— 
WM) = + Akola + 3) 
H(s) = A a(l + KA) ДА 0 (5-138) 
У 1-4KAaoü + KA +5 1+KAa,+s 
where a, = а(1 + KA). It is seen that the feedback system has а low-frequency 


gain of A/(1 + KA). More important, however, the half-power point has increased 
to fo = а(1 + КА)/2т. As an example, consider an audio amplifier having a 
transfer function of the form of (5-137) with a gain of 60 dB and a half-power 
frequency of 10 kHz. Suppose that it is desired to increase the frequency response 
so that it is down only 1 dB at 20 kHz and that this is to be done using negative 
feedback. The requirement on the normalized frequency response is then 


2 


а; = 10-9: 


a, + j2m(20 x 105) 
Solving for a, gives 
a, = 246958 
The а in the original amplifier would have been 
а = 2т(10 x 10°) = 62832 

Therefore, the factor KA is found to be 

62832(1 + KA) = 246958 KA = 2.9305 
Since А = 103, it follows that 

К = 2.9305 x 10? 
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The voltage gain of the amplifier with feedback becomes 


A 10 
1+ КА 3.9305 


The half-power frequency of the feedback amplifier is 39.30 kHz. Thus, for a 
sacrifice of 12 dB in gain, a large increase in bandwidth has been obtained. А1- 
though this approach is very simple from a theoretical point of view that assumes 
ideal elements, there are severe problems that often occur in practice because the 
elements are not ideal. Foremost of the problems is that of stability, which is 
considered in some detail in a subsequent section. 





= 254.4 = 48 dB 


Analog computers. Because of the near ideal performance that can be obtained 
from modern operational amplifiers, it is possible to use them in various feedback 
configurations to simulate systems described by differential equations. Some of the 
configurations employed in analog computers are shown in Fig. 5-30. These ele- 
ments combined with a waveform generator can provide analogs of many different 
types of systems, both linear and nonlinear. 


Circuit R, Symbol 


Scaler 


-І- 


Integrator 





Summer 


-V.R, VR; -KR 
= o IUE Ac NM 6 


Vo = 





Ка Rp Re 


Figure 5-30 Typical op-amp configurations used in analog computers. 
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Figure 5-31 Differential equation solution by analog computer. 


As an example of an analog computer simulation, suppose that it is desired to 
determine the step response of a system described by the following differential 
equation. 

2, 

=? + 0.5 = + 20 = u(t) (5-139) 
In view of the driving function u(t), it is permissible to assume that the system has 
no stored energy and so the initial values of the variable v(t) and its derivatives 
are zero. The procedure for setting up the analog computer simulation is to solve 
the equation for the highest derivative and then to generate the lower-order deriv- 
atives by integration and feed them back with the proper weighting to form a system 
that satisfies the differential equation. This is illustrated in Fig. 5-31. 

In actual implementation it is usually necessary to scale the variables to keep 
the component values and amplitudes of the variables within appropriate operating 
limits. Initial conditions can be readily applied by suitable switched power supplies 
contained within the analog computer system. Accuracies on the order of 0.1% 
can be obtained with analog computers of this type. If greater accuracies are re- 
quired, it is generally necessary to go to digital computation or to a combination 
digital and analog computer called a hybrid computer. 


Feedback control systems. A different kind of feedback system can be used 
to provide a variety of automatic control functions. In feedback systems of this 
type, the actual value of the output of the system is compared with the desired 
value and an error signal derived. This error signal is applied as an input to the 
system in such a manner as to cause the output to change in the direction that 
reduces the error. When the error goes to zero there will be no error signal, the 
system input will therefore be zero, and the system output will stop changing. 
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Figure 5-32 Position controller. 


As an example of this type of system, consider the position controller shown 
in Fig. 5-32. In this figure the input x(t) is a function of time, and it is desired that 
the output y(t) be the same function of time. The input to the amplifier is a signal 
proportional to the difference between x(t) and y(t). This difference signal is called 


Table 5-4 Mathematical Models of Control Elements 

















Element Differential equation Transfer function 
d?0 
J = 
Mass а? ы 
9 
0 = апоје Өз) 1 
q = torque Q(s | Js? 
J — moment of inertia 
Spring-mass-damper 420 dé 
п + Ға ES: 
dr? “а ° a 
К, = damping constant Q.s) _ 1 
К, = spring constant 06) Js? + K,s + K, 
N O, А N 
a, ==, A) М 
N, Ө (5) 2 
N, | 
— = gear ratio 
№ 
„46,1. 
"d? d К, 
v = applied voltage 
Electrical motor Т, = motor time constant (s) 
(dc motor for position кш - JR/K,K, 
+ о ^ J — moment of inertia (kg-m?) Qs) _ | 
M Мо 4-9 R = motor armature reactance (О) Vis) KaTa + 1) 
Кт = motor torque constant (kg-m?/A) 


K, = motor voltage constant (V/rad/s) 
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Figure 5-33 Simple servo system. 





the error signal e(t). Generally the position of the output is measured electrically; 
e.g., by a potentiometer, and the difference signal is an electrical signal whose 
amplitude is proportional to the error. This error signal is applied to the amplifier, 
thereby producing an output voltage or current proportional to the error amplitude. 
This signal is applied to the motor producing a torque on the shaft and its connected 
load. The motor and load have inertia and a damping torque proportional to shaft 
velocity. In order to model this system mathematically, it is necessary to represent 
the individual components by appropriate analytical expressions. Tabel 5-4 lists 
some typical components with their transfer functions relating input and output 
variables. From Table 5-4 the appropriate expressions for the elements of the 
system of Fig. 5-32 can be taken, and the resulting model is as shown in Fig. 
5-33. The overall system transfer function is 

Оку) _ K,/K,s(T,s + 1) 1 


= А (5440) 


a) = Ө (5) £d K,/K,s(T,s + 1) Е (KT, /K)s? + (K./K,)s + 1 





This is clearly a second-order system. It is interesting to observe the response of 
this system to some simple test functions such as a step position change and a ramp 
that would correspond to a constant velocity input. The step response is 


1 1 
6) = -- Н E H -141 
д) = МӨ = туку? + (K,/K,)s + 1 са 

Putting (5-141) into a slightly different form, we have 
К /K,T 
Ө m e 5-142 
G) = S + A/T s + KJKT,] мал 
ай 

= ----------- (5-143) 


s(s + ај(5 + b) 


h a,b А. | + | _ Каћа 5-144 
where ; 27. Ж K, (5-144) 


The inverse transform of this expression depends on whether a and b contain 
imaginary terms; i.e., whether 


АК T,, 
db, ~ 


l 5-145 
K (5-145) 


e 
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Figure 5-34 Step response of feedback control system. 


Clearly, if the amplifier gain is set too high, there will be oscillatory terms. As- 
suming for the present that the criterion of (5-145) is met, the step response is then 
obtained as the inverse Laplace transform of (5-143) and is given by 


—at — bt 
0(t) = ( + а u(t) (5-146) 
а b 

It is seen from (5-146) that the response is an exponentially modulated step. For 
large 1 the error goes to zero; however, there will be an undershoot before that 
final position is reached; i.e., the final value will be approached from below as 
shown in Fig. 5-34, which is plotted for b/a — 1.5. The steady-state position error 
is zero for this system. 

When a ramp is applied to the system the situation is quite different. In this 
case the response is given by 


| 


s?[(K,T,,/K,)s2 + (K,/K,)s + 1] =. 


Ө (5) = 5 H6) = 


= __КојК Та __ 5-148 
— ss + als + b) В 


1 |42., D i» a+b 
= - --ечі-ш- A 
0,(1) Р тар, Е е : e | t ab | u(t) (5-149) 








where a and b have the same values as in (5-144). It is seen that the response has 
an initial transient that dies away and the output is the desired ramp 0,1) = t but 
that there is an offset of —(1/b + 1/a). Thus, this control system has zero error 
for a constant position input signal and a fixed offset error for a constant velocity 
input signal. Such a system is called a Type 1 servo. A system having zero velocity 
error but a fixed acceleration error is called a Type П servo. The servo type is 
readily determined from the system transfer function using the final value theorem. 
In order to find the error at £ = ^, the response function is multiplied by s and 
the limit determined as 5 — 0. The difference between this and the input is the 
error. For example, in the system considered above we have for a unit step input 


Error = lim s (=) -- 1 (5-150) 


5->0 5 
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| K,/KT, | 
= lim ——————————— — 
5->0 5 + (1/T,,)s + кык, 


1-1= 0 (5-151) 


It is seen that а Type I servo system is characterized by having a transfer function 
with a simple pole at the origin, whereas a Type II servo system has a double pole 
at the origin. 

Generally the transfer function of a positioning system is more complicated 
than the simplified form given by (5-140). This is the case, for example, when the 
frequency characteristics of the amplifier are also included. A more typical open- 
loop transfer function for a Type I system might be of the form 


K 


s(1 + T,S(1 + Ts) i 


where the first two factors of the denominator are due to the motor and the third 
is due to the amplifier. Such a system would have a closed-loop transfer function 
of 


O(s) _ К 


Н = = MM 
(s) Ө() TT + (Т + T)? + 5 + К 


(5-153) 
The presence of factors in the numerator varying with frequency complicates the 
problem even more. In all cases the stability of the system must be determined as 
part of the design process. 


Stability of feedback systems. Feedback systems are not inherently stable. In 
fact, many configurations are inherently unstable and will break into oscillation 
spontaneously. To see how this can happen, consider the system whose transfer 
function is given by (5-153). This can be put into the form 


K,/T,T; 


H lr зантона UPC раван 5-154 
9 = S Y (T, + туут? + а/тТоз 4 KTT, (615% 
КУЋЕ. 
—— ША (5-155) 
(s + а)(5 + b)(s + c) 
The inverse transform of this function is 

K b __ —at + __ —bt кн __ —ct 

ii) = SLB SO crie uu таз mnia) 


TT, (b — аха — cic — b) 


If all of the poles (a, Б, c) are on the real axis in the left half of the s plane, then 
the impulse response will be exponentially damped and will die out in time. How- 
ever, if the poles are not on the real axis, then two of the exponentials in (5-156) 
will be complex and give rise to oscillatory terms. If these poles are on the jw axis 
or in the right half of the s plane, the system will be unstable and oscillations will 
not die out. 
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Many ways of studying the stability of sytems have been developed. One 
straightforward approach is to determine whether there are poles of the transfer 
function in the right half of the s plane. Two procedures for making such a deter- 
mination are the Routh test and the Hurwitz test, which are discussed in Sec. 
5-13. For the case of feedback systems, it is often possible to work with the open- 
loop transfer function in determining system stability, and this is generally simpler 
to handle than the closed-loop transfer function. 

In simple cases, which are all we will be concerned with here, it is often 
sufficient to determine whether the signal that is fed back has the proper phase and 
amplitude to reinforce the input sufficiently to cause a regenerative action to occur, 
thus producing instability. The reinforcing action requires that the phase of the 
signal fed back coincides with that of the input and that the gain be greater than 
unity at the frequency having this phase characteristic. Since the systems being 
considered employ negative feedback, it follows that the phase would be reinforcing 
when there was a 180° phase shift through the forward transfer function. The 
difference between 180° and the phase shift that actually occurs in the forward 
transfer function is called the phase margin. For a stable system it is necessary 
that the phase margin be positive (meaning a phase shift of less than 180°) whenever 
the forward gain is greater than unity. If this condition is not met, the system will 
be unstable and may go into self-sustaining oscillations. Modifying the system 
transfer function to cause this condition to be met is a design procedure used to 
stabilize feedback systems. In practice a positive phase margin of 30° or more is 
generally provided at all points where the forward gain is 0 dB or greater. 

The method of studying system stability using the open-loop transfer function 
can be illustrated using a Type I system in which the feedback path has unity gain. 
Such a system can be characterized as follows. 


K 


G(s) = за + Та + T3) (5-157) 
H(s) = NL ли 5-158 
"De ino 


To make the problem more concrete, consider the case where K — 2, T, — 0.25, 
and T, — 0.0625, giving an open-loop transfer function of 


2 


Gils) = i1 + 02598 + 0.06255) 


(5-159) 
The corresponding amplitude and phase characteristics are plotted in Fig. 5-35. It 
is seen that the phase margin is slightly less than 60° at G,(s) = 0 dB. Accordingly, 
this system is stable. One measure of the performance of a system of this type is 
the velocity error coefficient, which is equal to the offset that occurs for a unit 
ramp input and is given by 


| 
== 5-160 
K (5-160) 
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Figure 5-35 Frequency response of open-loop transfer function G, and G,. 


For the present system this would be 5 rad. By increasing the value of K, the error 
can be reduced, and for K — 40 the error would be 0.025 rad. The transfer function 
would then be given by 
G Е 40 
26) = X1 + 02598. + 0.06255) i 

The gain and phase characteristics of G5(s) are also plotted in Fig. 5-35. It is seen 
from Fig. 5-35 that the phase versus frequency function is unchanged but that the 
gain curve has been raised everywhere by an amount of 26 dB due to the increase 
in K. The change in gain has caused the 0-dB gain point to move from about 
2 rad/s for G, to 14 rad/s for G,. At this higher frequency the phase margin has 
decreased to where it is now — 20°, indicating that the system is unstable at this 
gain setting. There are now two options: either the gain must be reduced, or the 
system transfer function must be modified to regain the necessary phase margin. 

A convenient way to modify the transfer function of a feedback system em- 
ploying electrical components is by means of electrical networks. One simple 
network that is often used to increase phase margin is shown in Fig. 5-36. This is 
called a phase lead network and has a transfer function given by 


R, R,C,s + 1 


G И ee ee ПНЕ 
(s) R, + R, [RARSC,/(, + Кој + 1 


(5-162) 





Figure 5-36 Phase lead network. 
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Figure 5-37 Frequency response of lead network. 


_ Т1 + Т, 
Т,1 + T, 


уућеге Т, = КС; 


(5-163) 


КОС 


Т, = 
R, + R, 


The frequency response of the network is shown in Fig. 5-37 for the case of T, = 
0.17,. It is seen from Fig. 5-37 that it is possible to pick up more than 50° of 
phase margin. To see how a network such as this is used consider the unstable 
system G,(s) of (5-161) and Fig. 5-35. By choosing 7, in (5-163) to equal 0.25, 
cascading this network with the forward transfer function and increasing K to make 
up for the attenuation of the phase lead network gives an open-loop transfer function 


of 


40 
G БЕ чы е] —————————— 5-164 
6) = X1 + 0.06251 + 0.0255) кенен) 
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Figure 5-38 Frequency response of system stabilized with phase lead network. 
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where use was made of the fact that T, = 0.17,. The frequency response of G(s) 
is shown in Fig. 5-38 along with that of С, and G,. It is seen that the frequency 
response is somewhat altered but that the phase margin is now slightly more than 
20° and the system is now stable. Many other techniques of stabilizing feedback 
systems have been developed, and the design and synthesis of such systems is an 
important application of system analysis techniques. 


5-16 RELATIONSHIP BETWEEN THE LAPLACE AND FOURIER TRANSFORMS 


The Laplace transform and the Fourier transform are very closely related, as is 
evident from the derivation of the Laplace transform from the Fourier transform 
given at the beginning of this chapter. The one-sided, or unilateral, Laplace trans- 
form, which has been considered so far, is concerned only with the behavior of 
time functions for t > 0. The Fourier transform, on the other hand, includes both 
positive and negative time but cannot handle functions having finite average power 
without using special limiting operations that are accounted for by means of 6 
functions. In carrying out computation, it is generally more convenient to use the 
variable s rather than the variable w, since the algebra is much simpler. However, 
whenever it is required to consider frequency spectra, it is necessary to return to 
the variable о. It is, therefore, useful to be able to move easily between the 
variables s and w in working with transforms. For certain classes of functions, the 
change from L{x(t)} to F{x(t)} is quite simple; for others, it is more involved. The 
important situations are given in the discussion that follows. In all cases it is 
assumed that X(s) is a legitimate unilateral Laplace transform. 


X(s) with poles in the left half plane only. When X(s) has poles only in the 
left half of the s plane (not including the jw axis), the transformation between X(s) 
апа Х(о) is accomplished simply by making the substitution 5 = jw. These trans- 
forms include all finite-energy signals defined for positive time only. As an ex- 
ample, consider the following Laplace transform: 











Мең) = Re(s) > -а (5-165) 
гта 
If а is a positive constant, the only pole in X(s) is in the left half plane (LHP) at 
5 = —a, and it follows that 
l | 
Эе ult} = X(s)|,-j0 = = - (5-166) 


stay, је + a 


d 
The same simple relationship holds for all other transforms meeting the conditions 
stated above. 

There is one aspect of relating the Fourier transform and the Laplace transform 
that requires some further discussion, and that is the matter of proper interpretation 
of X(s) and X(@) when the original function x(t) was identical in each case. The 
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problem is easily seen from the results just obtained, where we have shown that if 
x(t) = e ™ u(t), then 


X(s) = 





(5-167а) 
зға 


Х(о) - 





| (5-167b) 

jo + а 
Clearly, the function X(-) is different in (5-167а) and (5-167b), and what is meant 
by X(-) is determined by whether we use the variables s or w. Much confusion can 
be avoided by considering the notation to be a symbolic representation rather than 
a mathematical function. Thus, X(w) is interpreted as #{x(t)}, and X(s) is inter- 
preted as L{x(t)}. The mathematical relationships vary with the particular time 
functions involved. In the case just discussed, it is found that X(w) = X(s)|,_ jo ОГ 
X(s) = Хо). js: In the following subsection it is found that a different rela- 
tionship holds when there are poles on the jw axis. Many books attempt to avoid 
this difficulty by writing the Fourier transform as X( jw). However, this leads to 
notational problems with the Fourier transform itself. If any confusion arises, it 
can be eliminated by using the operational notation L{x(t)} or F{x(t)} instead of 
X(s) or X(o). 


X(s) with poles in the left half plane and on the j« axis. By partial fraction 
expansion, transforms of this class can be separated into terms having poles in the 
LHP and terms having poles on the jw axis. The terms with LHP poles can be 
handled in the same manner described in the preceding paragraph. The terms 
containing poles on the jw axis require modified handling and, in general, lead to 
Fourier transforms containing 6 functions. For example, if 


Wo 
52 + ау, 





X(s) = 


we immediately recognize this as the transform of sin wotu(t). By the methods 
discussed in Chap. 3, it is readily shown that 


F{sin wy tu(t)} = ——À— t p [0(0 + w) — dw — «9)] 
об — w 2 


To obtain this result directly from X(s), we must recognize that each simple pole 
on the jw axis leads to two terms in the Fourier representation: One is obtained by 
the substitution 5 = јо; the other is a ô function having a strength of т times the 
residue at the pole. This can be written in equation form as 





k 
X(s) = У, - = 6 poles at s = јо, (5-168) 


X(o) = Х(5)-„ + T 2, k, о — ө,) (5-169) 


5 = ја) 
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The residue at a simple pole is just the numerator of the term in the partial fraction 
expansion containing the pole. Consider the Laplace transform given above: 


uoc j/2 Е Ј/2 
52 + об 5 + јед 5 — jog 





X(s) = 
Using (5-169), the Fourier transform is found to be 


X(w) + j 5 1900 + dd ADR гый] 


TIMES... A: 
(jo) + ax 

as previously noted. As a further example, consider the following transform: 

252 + a 

s(s? + аф) 


X(s) — 


Expanding in partial fractions gives 
1 








| 2 2 
as) = — + + : 
5 5 +) S — је 
The corresponding Fourier transform is 
— 2 2 + 2 
Х(® = —— © + то) + 1660 + аб) + $8(w — ә)! 
јој ~w + wo) 
T э 2 
= ј 20 + qó(wo) + id [9(0 + ау) + д(о — шу)! 
«(co^ — ож) 2 


When X(s) contains higher-order poles, the relationship becomes somewhat more 
complicated and leads to higher-order singularity functions. Such cases can always 
be handled by converting from X(s) back to the time domain and then taking the 
Fourier transform. 


X(s) with poles in the right half plane. When X(s) has poles in the right half 
plane (RHP) and is a legitimate unilateral Laplace transform, it means that the 
convergence region Re s = о > 0. Therefore, the integral does not converge оп 
the jw axis, and no corresponding Fourier transform exists. An example of such a 
function is 


X(s) = к a> | 
г— 1 

This is the Laplace transform of the function e'u(t), and we һауе not defined а 
Fourier transform for such a function. 

There are legitimate Laplace transforms, having poles in the right half of the 
s plane, that are defined so that their strip of convergence includes the jw axis. 
Such transforms correspond to noncausal time functions and are based on the 
bilateral, or two-sided, Laplace transform. These transforms are closely related to 
the Fourier transform, but details of the relationship must be deferred until the two- 
sided Laplace transform is discussed. 
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5-17 TWO-SIDED LAPLACE TRANSFORM 


There are certain instances in which it is convenient to consider functions that 
extend into negative time. Such cases arise in connection with signals from sta- 
tionary random processes, with periodic signals, and with the study of noncausal 
systems. Such time functions exist outside the range of the time variable that can 
be handled by the conventional Laplace transform. They can, however, be studied 
and analyzed by means of the two-sided Laplace transform that was briefly 
mentioned at the beginning of this chapter. The two-sided Laplace transform is 
defined as 


Хус) = uo) = |_ xen" а (54170) 


and exists for all values of 5 for which the integral converges. The subscript II is 
included to distinguish this transform from the normal one-sided Laplace transform. 
The need to distinguish the two transforms results from the fact that the inverse 
transform of Ху(5) is not unique unless the region of convergence is specified, 
whereas that of X(s) is unique. This matter is discussed in some detail in the next 
two sections. 

The values of s for which (5-170) exists can be determined by considering the 
positive-time and negative-time portions of x(t) separately. Thus, 


со 


0 
Хау = | _ X(De ^? dt + | хе“ “7 dt (5-171) 


The first integral will exist for all values of s for which the real part ø (Re s 
о) is less than some value |, whereas the second integral exists for с greater than 
some value a. These regions are shown in Fig. 5-39 for a case in which 


acocp 


Since the two regions overlap, there is a strip of convergence in which Xq(s) exists. 
If, on the other hand, the time function were such that В < a, there would be no 
region of overlap, and X;,(s) would not exist. 











convergence 


Figure 5-39 Illustrating the strip of convergence for Х (5). 
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The foregoing discussion may be made somewhat clearer if some specific cases 
are considered. In the first case, let 


g“ а>0,1<0 
ҳ) =}, 
p b>0,t=0 


оо 


0 
Тћеп Хи) = | ее“ dt + | ее“ dt 


0 


- | e 5 9 dt «| егете 


— оо 0 


It is clear that the first integral will exist if Re = о is less than a, while the 
second one exists for Re s = о greater than — b. Thus, the strip of convergence 
is defined by 


=p < Res < a 
and includes the jw-axis. The corresponding two-sided Laplace transform becomes 


1 —(a + b) 








X = + = —b < Res < 
п(8) s-a а+ ае esca 
As a second example, let 
l t<0 
x(t) = 
g^" b>0,t=0 
Then Xy(s) = | e "dt + | "жы жы. 


0 oc 
= || e * dt + | gc "t9 gu 
— oo 0 


The first integral converges only when Ке 5 < 0, whereas the second one converges 
for Re s > — b. Thus, the strip of convergence is defined by 


=p < Res < 0 
and does not include the jw axis. The resulting two-sided Laplace transform is 
| 2 => 
s+b s(s + D) 





=] 


As a final example, let | 


x ea р> 0, -~<t<o 


x 


0 
Then Хүү(5) = | Қа ды dt + | e test dt 


0 X 
-| e G* 5t dt + | e (5+)! dt 


— со 
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The first integral converges only when Re s < — and the second integral con- 
verges only when Ке 5 > — Б. Thus, the two regions of convergence do not overlap, 
and the two-sided Laplace transform does not exist. 

Many of the properties of two-sided Laplace transforms are the same as for 
one-sided transforms. These are summarized as follows: 

Linearity. Equation (5-21) holds for two-sided Laplace transforms provided 
that the strip of convergence of the sum is taken as the common area of the strips 
of convergence of the individual transforms. 

Time translation. Equation (5-28) holds for two-sided Laplace transforms, 
except that the restriction fọ > 0 is no longer necessary. 

Scale change. Equation (5-24), when employed with the two-sided Laplace 
transform, can be extended to include negative constants. The relationship is 


Ф x(at)) = ia ХІ 5) 


Differentiation. For two-sided Laplace transforms, (5-42) must be modified 


to read 
dx 
Ly dt = SX us) (5-172) 


Note that there are no terms corresponding to the difference between x(0 ) and 
х(07), even though such a discontinuity contributes a 6 function to the derivative. 

Integration. In the case of the two-sided Laplace transform, the integration 
of the time function is assumed to start at — >. Hence, (5-46) is modified to read 


$5 | [ _ ха) a) = _ Хб) (5-173) 


The s-shift theorem. Equation (5-51) holds for the two-sided Laplace trans- 
form except that the strip of convergence for e “х(1) is that for x(t) but shifted to 
the /eft by the amount Re a. 

Convolution. Equation (5-55) holds for two-sided Laplace transforms, except 
that the strip of convergence of the product is the common area of the strips of 
convergence of the individual transforms. 

t Multiplication. For the two-sided Laplace transform 


dX (s) 


Әтір = — гу 


(5-174) 
The strip of convergence for this transform is the same as that for Х (5). 


Initial and final value theorems. These theorems do not hold in general for 
the two-sided Laplace transform. They can, however, be applied separately to the 
portions of Ху(5) corresponding to negative and positive time. One result of such 
an analysis is the following expression for a discontinuity at the origin: 

· х(07) — x(0~) = lim 5Х (5) (5-175) 


soo 
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Exercise 5-17.1 


Find the two-sided Laplace transforms of the following functions and indicate the 
strip of convergence in each case: u(t + T/2) — u(t — T/2); (t — аји(—1). 


ANS. (2/5) sinh (57/2) —® < о < о, 
(1/s)[a — 1/s] а < 0. 
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Although the inversion integral for two-sided Laplace transforms is identical to that 
for the one-sided transform, the methods for carrying out the inversion are some- 
what more involved—partly because the positive-time and negative-time portions 
must be handled separately and partly because of a fundamental ambiguity that 
exists in the interpretation of a two-sided Laplace transform when the region of 
convergence is not specified. 

In order to examine this ambiguity in more detail, consider the two time 
functions defined by 


0 IU 

—e et t«0 
and y(t) — 

0 [> 0 


and sketched in Fig. 5-40. The two-sided Laplace transforms of these two time 
functions are 





Xy(s) = | е “ей = Кеў > —aà 


E "а 





0 
1 
апа Үү(5) = | —e “ей = Res < —@ 


x(t) 





Figure 5-40 Two time functions that have the same Laplace transform. 
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and these are seen to be identical, except for the regions of convergence. Thus, 
the unique relationship that existed between a function and its Laplace transform 
in the one-sided case does not exist for the two-sided transform. Hence, if one is 
given a two-sided Laplace transform, with no indication of the region of conver- 
gence, it is impossible to determine the corresponding time function uniquely. 

Fortunately, in the practical use of the two-sided Laplace transform, the am- 
biguity problem usually can be resolved on the basis of physical considerations, 
since time functions that increase without limit as t approaches either +% or —% 
do not exist in reality. Thus, it is usually a simple matter to select the one practical 
time function even though others may be mathematically possible. 

In the analysis of linear, time-invariant systems, the two-sided Laplace trans- 
forms that arise are almost always rational functions of s, just as in the one-sided 
case. These can be expanded into partial fractions in exactly the same way as has 
been discussed in the earlier part of this chapter. Each term in the partial fraction 
expansion will correspond to a pole of the transform, and some of these will be in 
the left half of the s plane (LHP), whereas others will be in the right half plane 
(RHP). Furthermore, it has been shown that LHP poles correspond to decaying 
exponentials in positive time, whereas RHP poles yield exponentials that vanish at 
— œ, Thus, it is possible to select realistic time functions for the inverse transform 
if one accepts the following conventions: 


1. АП terms in the partial fraction expansion that come from LHP poles will be 
assumed to yield time functions that exist only for t = 0. 

2. АП terms in the partial fraction expansion that come from RHP poles will be 
assumed to yield time functions that exist only for t = 0. 


This procedure can be illustrated by means of the following example. Let the 
two-sided transform be 

Ж 5 _ ==] " 3 
(s — 106 + 2) s=] s+2 








Хи(5) = 


in which the partial fraction expansion has been obtained using the procedure 
discussed in Sec. 5-7. By analogy to the foregoing example and by employing the 
stated convention, we find that 







-2 < Ке(5) <1 


3e 2! 


f = 


Figure 5-41 Time function that vanishes at +. 
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/ 
Re(s)>1 1< Re(s) «-2 / Re(s) <-2 
(a) (b) (c) 


Figure 5-42 Three other time functions from the same transform. 


е! #= 0 
x(t) = 
За“ = [> 0 


and this function is sketched in Fig. 5-41. Note that this convention leads to only 
one of four apparently possible time functions. The other three, sketched in Fig. 
5-42, are unbounded. The regions of convergence are also indicated for each 
sketch, and it is seen that there is no region of convergence for Fig. 5-42b. Hence, 
this is not really a possible inverse transform. The other two sketches in Fig. 5-42 
do have regions of convergence and are, therefore, mathematically acceptable in- 
verse transforms even if they are not physically acceptable. 

A useful trick that can be applied to RHP terms automatically enforces the 
convention stated above. It utilizes the techniques and tabulated transform pairs 
for the one-sided transform. This can be illustrated by writing the transform for a 
function that exists in negative time and then making a change in variable. Thus, 


0 


0 
X(s) = [xen dt = | x(—A)e~‘~ 94(— аА) 


oc 


in which A = -і. Using the minus sign to interchange the limits gives 


Хм) = | x( — A)e C^ dA (5-176) 


Equation (5-176) may be interpreted as meaning that the Laplace transform of a 
function existing only in negative time can be obtained by (1) reflecting the nega- 
tive-time function into positive time, (2) taking the ordinary one-sided Laplace 
transform for this positive-time function, and (3) replacing s by — s. 

This procedure may be illustrated by considering the function 


ё reu 
мо = | 
0 t>0 


Its reflection x, (7) is 
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x(-—t) = ег г> 0 
X , (1) = 
0 [ 0 


and this function has a one-sided transform of 


1 
rcr 





X (s) = 


Thus, the transform of x(t) for t < 0 is 





| -] 
445) = Д.06) =-— = 
=" = :г – а 
In taking inverse transforms, the procedure is just reversed. Thus, for an RHP 
term, (1) replace s by — s, (2) take a normal one-sided inverse Laplace transform, 
and (3) reflect the resulting positive-time function into negative time by replacing 
t with — fr. 


The example discussed earlier may be used to illustrate this procedure. 
= 3 =] 3 

Ж z= ——— — = 

us) (s — 105 + 2) X = 1 5+2 


The RHP term is 








X(s) = 
5 = 1] 
from which 
Xi = Жый = ——— 
— 8 = = = 
ud —$ — 1 5 + 1 
and x,(t) = e t0 


The resulting negative-time function is 
x (t) = х (—t) = е! 1< 0 
The LHP term is handled in the usual manner, so the total time function becomes 
е' 1< 0 
x(t) = 
Зе? t0 


which agrees with the preceding result. 

So far, the discussion of the inverse transform has carefully avoided any men- 
tion of poles on the jw axis. In this case, practical considerations of accepting only 
bounded functions give no clue as to how to proceed. For example, if 


1 
Х(5) = - 
5 


the inverse transform may be taken as either 
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x(t) 
or x(t) = u(t) 


= др) 


and these are both bounded. Likewise, a pair of conjugate imaginary poles on the 
jw axis would lead to constant-amplitude sinusoids in either positive time or nega- 
tive time. Thus, it might appear that there is no way of resolving the ambiguity 
that arises from jw-axis poles. This, in fact, would be the case if one were presented 
with a transform with no inkling as to how it arose. In practical system analysis 
problems, however, one starts with time functions and derives the transforms. 
Hence, with a little care in notation, one can keep track of how a particular jw- 
axis pole was created and how it must be interpreted in the final result. 

As a very simple illustration of this, consider the R-C circuit and input wave- 
form shown in Fig. 5-43. Although there are some very simple ways of handling 
this problem without using the two-sided Laplace transform, it is instructive to do 
so. The input signal is 


v(t) = Аи(—1) 


and its transform is 


Ү(5) = — Кез < 0 
i... 
Note the minus subscript on the s to indicate that this arose from a negative-time 
function. The transform of the output signal is 





— Ab 
Vj(s) = V(s)H(s) = (s Eh. —b« Res«0 
and the partial fraction expansion of this is 
А А 
Vo(s) = — + 
ols) 5 5: + D 


Note that this is a valid transform because there is a strip of convergence with 
nonzero width. 

In obtaining the inverse transform of V,(s), the minus subscript on s_ makes 
it clear that this is to be interpreted as a negative-time function. Hence, the resulting 
time function is 


vi?) 





| 
— Д 


| 

| 
i ea 

O Ў H(s) ЕЖ 


Figure 5-43 Simple circuit responding to а negative-time input. 
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vo 7) vol f) 
A ССТ 
Е 6 тре 
(а) (b) 


Figure 5-44 Response of circuit in Fig. 5-43 for two different interpretations. (a) Correct 
response. (b) Incorrect response. 


U,(t) = Au(—t) + Ae~ u(t) 


which is sketched in Fig. 5-44a. Without this indication, one might be tempted to 
interpret this term as a positive-time function, and this would lead to 


Ut) = —Au(t) + Ae~ u(t) 


which is shown in Fig. 5-44b. Since both responses are bounded, the only way 
one would know which is correct is by utilizing one’s knowledge of how the pole 
at the origin arose. 

One way of easily keeping track of jw-axis poles is to use the notation s, 
when they arise from positive-time functions and s_ when they arise from а nega- 
tive-time function. In this way the proper inverse transform can be obtained in 
even very complicated cases. It should be emphasized, however, that this me- 
chanical procedure does not accomplish anything that could not be done by keeping 
track of the regions of convergence. The usefulness of this procedure lies solely 
in the fact that it requires less effort than the more fundamental procedure. 


5-19 COMPLEX INVERSION INTEGRAL 


The application of contour integration to evaluation of the integral representation 
of the inverse Laplace transform is discussed in App. B. The following important 
result is presented there. If lim, „„ X(s) = 0 uniformly along any line in a half 
plane to the left or right of the strip of convergence of the Laplace transform, then 
the complex inversion integral can be evaluated by closing the contour with an 
infinite semicircular arc. The contribution to the integral over the semicircular arc 
will be zero when the closure is to the left and t = 0 and, similarly, will be zero 
when closure is to the right and ¢ < 0. In equation form this can be stated as 
c + joc 


1 
Ж) = — . X(s)e" ds = + X(s)e" ds i= 0 (5-177) 
2] /с-/» 21] 


| c + joc | 
ХІ) = — | |... X(s)e"* ds 2-4 X(s)e* ds 1<0 (5-178) 
2т] /с-/> 2пј 
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у Strip of 


convergence 





Figure 5-45 Paths of integration for complex inversion integral. 


(Note the circular arrows on the integral signs and their directions.) The paths of 
integration corresponding to (5-177) and (5-178) are shown in Fig. 5-45. 

When the transform is single-valued and analytic except at isolated poles, the 
integral can be evaluated by the theory of residues to give 


0 1< 0 
SEG) = xf) = (5-179) 
> residues to left of с [> 0 
— X, residues to right of c 1<0 
Ф“ ЧХиб = x(t) = (5-180) 
> residues to left of с t0 


where c is the abscissa of a vertical line lying in the strip of convergence. 

The significance of these results is best illustrated by some examples. Con- 
sider the Laplace transform X,(s) = 2s/(s? — 1) with a strip of convergence 
—] < ø < 1. This is shown in Fig. 5-46. From (5-179) and (5-180) the inverse 
transform is seen to be 





J^ осон residue in pole at s = = | fort > 0 
x(t) = — m 209 ds — 
2g] 4-»5-—1] 


—residue in pole at s = 1 for t < 0 


The method of evaluating residues is discussed in Appendix B, where the following 
formula is given. If Y(s) = X(s)e" has an nth order pole at s = So, then form the 
function Ф(5) = (s — 50) У(5) and compute the residue as 


5 -plane 





Figure 5-46 Pole-zero plot of 2s/(s? — 1). 
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(n — 1) 
5 
50 = ? | о) (5-181) 
(n — 1)! 
where $" P is the (n — 1)th derivative of (s). Since n = 1 in the present 
instance, no derivative is required and the residues are found to be 
252“ = 
К_, = = e 
5 — 1 -— 
K 25е“ ; 
== = е 
ds s+ Ll ios 





The corresponding time function is, therefore, 
x(t) = е ‘u(t) — e'u( —t) 


Note the change of sign of the residue for t < O as required by (5-180). 

If this same transform had been given as a one-sided Laplace transform with 
no strip of convergence specified, a different answer would be obtained. In the 
ĉase of the one-sided transform, it is known that x(t) is zero for t < 0, and, 
therefore, there can be no singularities to the right of the abscissa of integration. 
The strip of convergence is the half plane to the right of all singularities. In this 
case the residues at both poles would correspond to positive-time functions, and 
the correct inverse transform would be x(t) = (e' + e ")u(t). This is not a very 
practical function, but it is valid mathematically. 

From the above it is clear that for one-sided Laplace transforms it is not 
necessary to specify the region of convergence, since it must be to the right of all 
poles. However, for the two-sided Laplace transform, the region of convergence 
must be specified, or confusion can result. In most instances the constraints of 
physical possibility will allow selection of a suitable strip of convergence. This 
procedure is discussed in the previous section and is not pursued further here. 


Exercise 5-19. 





Using contour integration, find the inverse transform of Ху(5) = —2/s(s + 1), 
—_< (РБ 










ANS. 2u( — t) + 2e "(t + 1)и(1). 
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that is of vital concern to engineers. It contains (for the average engineer) the most 
readable discussions of advanced topics in Laplace transform theory that are avail- 
able today. Much of the material in the book relates to the one-sided Laplace 
transform, which is considered to be a special case of the two-sided transform. 
One word of caution is in order in that all transforms are multiplied by an extra p 
(that is, s in our notation). This was done to make the transform pairs identical 
with the older Heaviside operational calculus transform pairs and causes little con- 
fusion. 


The two references listed below present an entirely different approach to the 
solution of system analysis problems by means of an operational calculus. The 
methods discussed do not use the Laplace transform in any way. However, the 
formal manipulation of derivatives, functions, and integrals is virtually identical to 
that which results from using the Laplace transform. The developments presented 
in these books represent a different and probably more powerful justification of 
Heaviside’s operational calculus than does the Laplace transform. The book by 
Mikusinski is somewhat easier to read, but the interested student will find either 
quite fascinating. 


Mikusinski, J., Operational Calculus. New York: Pergamon Press, Macmillan, 
1959. 
Krabbe, G., Operational Calculus, Berlin: Springer-Verlag, 1970. 


5-24 For each of the following time functions state whether the one-sided Laplace 
transform exists: 


а. e !/ b. sin t? 
c. 1/t d. е 


5-2.2 For each of the time functions in Problem 5-2.1, indicate the range of с 
values for which the transform exists. 


5-34 Find the one-sided Laplace transform of each of the following time functions: 


8. г р. 2e ' +t 

c. 126724 а. u(t — 2) 

e. u(t — 1) — u(t — 2) f. e 'и(1— t) 
5-41 Given that S{t} = 1/57, find the Laplace transform of 
а. (t — 1) 


b. (at — b) 
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5-4.2 Using Table 5-2 and the scaling theorem, find the one-sided Laplace trans- 
forms of the following functions: 


a. 4te~7! b. cos 2wot 
c. e ~ sin 2001 d. (at)" 


5-4.3 Using two different methods, find the Laplace transform of 
d ' 
t) = —(e sin t 
x(t) di (e ' sin f) 


5-4.4 Find the Laplace transforms of the derivatives of the functions 
x(t) = te x(t) = te 'u(t) 


5-4.5 Derive (5-46) for the Laplace transform of the integral of a causal time 
function. 


5-4.6 For a noncausal time function x(t) and for t = 0 show that 


t 07 
ж || x(t) ај = = хе + 1). x(t) dt 


5-4.7 Using the s-shift theorem, find the Laplace transforms of the following time 
functions: 


а. e " Ош) b. te ~! 
c. e "[u(t) — u(t — 2)]. d. sinh at u(t — 1) 


5-4.8 Use the convolution theorem to find the Laplace transforms of the following 
functions of time: 


а. у = | wa 
ь. x0 = | aut — 2) dd 


5-4.9 Using the convolution theorem, write the Laplace transform of the output 
of the low-pass filter shown below. 





ia + 9—— 






и(7)=7е tult) 








E. 
Figure P5-4.9 


5-410 Find the Laplace transforms of the periodic waveforms shown. 
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| E id 
О 0.5 1.0 1.5 20 f— 
(a) 
X(t) 





*—- Figure P5-4.10 


5-6.1 Using the s-shift theorem, find the inverse Laplace transform of 
көк жне 
52 + 45 + 4 


2 
b. -----С--- 
52 + 6s + 13 


а. 


5-71 Find the inverse Laplace transform of each of the following functions: 


252 + 3s + 2 3s? + 1 
iS p ECECC 
52 + 35 + 2 52(52 + 1) 
55 + 35 + 2 257 + 25? + 5s + 2 
(5 + 1)? 557 + 35 + 2) 
5-7.2 Find the inverse Laplace transform of each of the following functions: 
e "(s + 1) " 1 = ет“ 
52 + 25 355 + 25? 
se > s + 452 + 65 — 6 
~ | ~ ти «+ Th Еее? 
(5 + 19" + I) (s^ + 2s + 10Y (s^ + 45 + 4) 


5-7.3 When X(s) is the ratio of two polynomials, the residues at simple poles can 


be evaluated by the following expression: 
| РО) 
n Q'(s) ne: 


where а, is the root of Q(s) = 0 and Q'(s) is the derivative of Q(s). 





a. Use this expression to find the inverse transform of the functions of Problem 


5-7.1a and b. 


b. How is this formula related to the procedure of multiplying through by a factor 
and then evaluating the resulting expression at the root of the factor as discussed 


in the text? 


c. Write a general expression for the inverse transforms of a rational function of 
s having only first-order poles in the LHP. The resulting expression is known 


as Heaviside's expansion theorem. 
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5-8.1 Solve the following differential equation using Laplace transform methods: 


d*x(t) 
ар. 


where x(0) = 1 and x'(0) = 1. 





+ 4x(t) = 0 


5-8.2 Find the values of у(0) and у (0) for the system described by the differential 
equation 


d*y(t) dy(t) 
ah js + y(t) = 0 


where y(1) = y'(1) = 1. 


5-8.3 Solve the following differential equations using Laplace transform methods: 


a. x'(t) + 2x'(t) = Ê, where x(0) = 2, x'(0) = 2. 
b. x'(f) + 2 = sin 27t, where x(0) = x'(0) = 0. 


5-8.4 Solve the following set of simultaneous differential equations using Laplace 
transform methods. 

x'(t) — 2x(t) + 3y(t) = 0 

y'(t) — y(t) + 2х0) = 0 
where x(0) = 8 and у(0) = 3. 


5.91 Prove the final value theorem, which states that 


lim x(t) = lim sX(s) 


t—00 5->0 


5-9.2 Using the initial and final value theorems, find the initial and final values 
associated with the transforms of Problem 5-7.1. 


5-101 a. Sketch and label the transform network for the circuit shown, in which 
the switch is closed at t = 0. 
b. Write the Laplace transform for the current in the switch i(t). 
c. Using the appropriate transform theorems, find the initial and final values of 
current in the switch. 
d. Find the current in the switch as a function of time. 


100 2 100 2 i(t) 











Figure P5-10.1 
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5-10.2 The switch in the circuit shown is moved from position | to position 2 at 

t = 0. The capacitor С; is initially uncharged. 

a. Find the voltage u,(t) that appears across capacitor С. 

b. At т = 100 the switch is returned to position 1, and at t = 200 it is moved 
again to position 2. Write an approximate expression for the voltage u(t) for 


t = 200. 
1MQ ,:0 1Mà 
+ | |+ 
= © C2 = v(t) 
ui Г т „ЕТ - 
| "TENE NEM Figure P5-10.2 


5-10.3 Determine the current i,(/) in the circuit shown when the input is a unit 
voltage step. Assume an ideal transformer. 


10 
pme ан канат 
| _| | 
trend С), ЗІР АЕ 49 
duo 
L um ':2|___|_ Figure Р5-10.3 





5-10.4 Compute the voltage v(t) in the circuit shown. Assume that the switch 
has been closed a long time prior to г = 0 and that after ¢ = 0 it remains open. 


M =1H 
t=O Р ~. 
— — Ts. —Ф——__ПЕРГ—_— —— "WS. — + 
2H 2н 
tov = 3 10 i 10 ГАО 
| | 
222222222222 Figure P540.4 


5-44 For the circuit shown in Fig. P5-11.1, find each of the transfer functions 
defined as follows: 








_ Vs) _ LG) 
a. Н.(5) = У (5) b. Н,(в) 16) 
c. Hi) = 200 d. Hs) = 29 


Vi(s) I (s) 
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Figure P5-11.1 


5-11.2 а. Determine the transfer function of the system shown. 
b. Find the response of this system to a unit step and a unit ramp for K = 0 and 
К = +. [Note: H,(s) = K.] 


У (5) 





Figure P5-11.2 


5421 For the circuit and periodic input signal shown in Fig. P5-12.1, find the 
steady-state response of the output in a single period. 








Figure P5-12.1 


5-131 For each of the polynomials below, use the Routh test to determine the 
number of roots in the right half plane. 


а. s + 652 + lls + 6 b. s + 252 —s —2 
с. $$ +s*— 105 + 8 d. s$ + 55 + 552 — 55 — 6 
e. st + 75° + 1752 + 175 + 6 f. 5" + 4 


5-13.2 Apply the Hurwitz test to each of the polynomials in Problem 5-13.1 and 
verify the results obtained there. 


5-13.3 For the transfer function 


s? + 16 


H —D——————— 
(s) st + 255 + 852 + 85 + К 


find the range of К values for which it is stable. 
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5-13.4 Consider a transfer function of the form 


125 


о m дивни 
б) = 3 X 125 + 100 


a. Sketch the pole-zero plot for this transfer function. 

b. Sketch |H(jw)|. 

c. At what value of о does |H(jw)| have its maximum value, and what is this 
maximum value? 


5-13.5 For the transfer function of Problem 5-13.4, use the pole-zero plot to 
evaluate the residues at all the poles. 


5-154 Prove that the system of Fig. 5-29b is an integrator. 
5-15.2 An audio amplifier has a transfer function of the form 


10* 


бб) = (+ 10-5) + 10755) 


Determine the half-power bandwidth of this amplifier. With a negative feedback 
factor of 0.01 find the gain and half-power bandwidth of the amplifier. 


5-15.3 Draw the block diagram for an analog computer solution to the differential 
equation 
du de 


+ 4— + v = (1 + cos Du(t) 


2 
ағ. dt 


5-15.4 Make a Bode plot of the amplitude and phase characteristics of the open- 
loop transfer function 


20 


Сб) = X1 + 0.55 + 0.1255) 


Show that the closed-loop system is unstable. At what value of gain would this 
system be stable? 


5-15.5 Design a phase lead network to stabilize a negative feedback control system 
whose forward transfer function is given by G(s) in Problem 5-15.4 and whose 
feedback transfer function has unity gain. 


5-15.6 Compute the velocity error coefficient for the feedback system using G(s) 
in Problem 5-15.4 for the following conditions: 
a. With gain reduced-enough to give a stable system. | 
b. With phase lead network of Problem 5-15.5. 
5-16.1 Write the Fourier transforms for the time functions having the following 
one-sided Laplace transforms: 
5 552 + 255 + 9 
T (s + 1)? ` 5(82 + 4s + 3) 
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И s+ 3 " | 
(s? + 9)(s + 4) 5052 + 9) 


5474 Find the two-sided Laplace transform of each of the following functions 
and indicate the strip of convergence: 


a. u(t + l)u(l — f) b. (t — ІШ-і) 


Е - 2 
c. e"! sin wot d.e ~“ 


5-17.2 Find the two-sided Laplace transforms of the following functions. (Hint: 
Treat them as limiting forms of functions having known transforms.) 


a. x(t) = K —o<t<o 
b. x(t) = cos Wot —00 « f < o0 


5.17.3 A time function is defined as 
x(t) = te~ elil —00 < f — © 


a. Find the two-sided Laplace transform. 
b. Find the strip of convergence. 
c. Repeat parts а and b for the function е х(г), B < а. 


5-48.41 Епа the bounded time functions corresponding to the following two-sided 
Laplace transforms: 





— = 10 
097 - 272724 
b. Х (5) Жек. 
ә ә Swe 
" (s— 2 + 9 
Е — 165 
с. Хү(5) = (52 — 16) - 16) 


5-18.2 Find u,(¢) at the output of the circuit shown when the input is 0,1). Use 
the two-sided Laplace transform. 


Ае! cos2t u( —t 
(=f) A | 





Figure P5-18.2 
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5-18.3 A given system has a transfer function of 


_ Vols) _ 105(5 + 2) 
Vis) 55 + 8s? + 19s + 12 





and the input voltage has the form 


v(t) = Se 211 -0 <f <0 


Find the output voltage v(t). 


5-Gen 1 Consider ап n-stage R-C-coupled amplifier with the identical time con- 
stants in each stage and a gain of K in each stage. 


а. 


b. 


Compute the step response of such an amplifer, neglecting all frequency- 
dependent quantities except the coupling circuits. 

Sketch the response for one- and two-stage amplifiers, assuming a unity gain 
and unity time constant for each stage. 


. How is the initial slope of the step response of an n-stage amplifier related to 


the initial slope of a single stage? 


. Is there any relationship between the low-frequency, half-power bandwidth and 


the initial slope of the step response? 


5-Gen 2 When pulse signals are passed through a resistive attenuator as shown 
in Fig. P5-G2a, a loss in rise time results because of stray capacitance across R, 
to ground. By adding a small capacitor shunting R,, the circuit response can be 
speeded up. Investigate this effect and determine a suitable value for the shunting 
capacitor C, for the circuit shown in Fig. P5-G2b. Assume the input to be a unit 
step to simplify calculations. 





Fo №, 
MM NNN ММУ + —о + 
1 | 
v; (7) e Ку 22 (7) 
К n - Е — M «е 
(а) 
+ 
142. 9х9 


"т — 242 ШИ vo Cf) 
1 





(b) 


Figure P5-Gen 2 


5-Gen 3 А frequently used definition of the “‘rise time’’ of a system is the time 
required for the system response to go from 10 to 90% of its final value when the 
excitation is a unit step. 
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mr) 1042 45pF v(t) 


/(7) e5pF v(t) 
L 


Figure P5-Gen 3 


a. For the circuit shown in Fig. P5-G3a, calculate the rise time and determine the 
relationship between the rise time and half-power bandwidth for circuits of this 
type. 

b. Find the rise time for the ‘‘shunt peaked’’ circuit shown in Fig. P5-G3b for 
values of L = 0.5 mH (millihenry) and L = 2 mH. What limits the amount of 
peaking that can be employed? 

c. А general rule for the relationship between rise time 7, s and half-power band- 
width W Hz of systems without excessive overshoot is ТИ = 0.35 to 0.45. 
Using this relationship, compute the bandwidths of the two circuits shown. 








The 2 Transform 
and Digital Filters 





6-1 INTRODUCTION 


The majority of signals occurring in electrical engineering are best approximated 
or modeled by a function of the continuous-time variable, т. Typical of such signals 
are amplitude-modulation (AM) and frequency-modulation (FM) waveforms, radar 
and sonar returns, thermal noise, and a variety of others. In many cases these 
signals can be handled by analog processing techniques such as filters, envelope 
detectors, and clippers. When this is the case special handling of the signals is not 
required. There are increasingly more situations arising, however, in which it is 
desired to process signals of this type in a digital computer. Such processing 
requires that the signal be represented by a set of values corresponding to a discrete- 
time variable. The most frequently used representation is the set of numbers cor- 
responding to the signal amplitudes at equally spaced sampling instants. For con- 
venience in mathematical analysis, it is frequently useful to represent such signals 
as a sequence of impulses occurring at the sampling times, each having a strength 
equal to the signal amplitude at the particular sampling instant. These two repre- 
sentations are illustrated in Fig. 6-1. 

The representation as a function of the continuous variable ¢ is readily under- 
stood. The representation as a sequence of impulses can be visualized by consid- 
ering it to result from passing the signal through an ‘‘impulse sampler’’ that gen- 
erates impulses at a steady rate, with the strength of each impulse being given by 
the signal amplitude at the time of the impulse. Mathematically, this can be ex- 
pressed as follows: 


x(t) = x(t) 5 б(1 — nåt) > x(nAt)d(t — nåt) (6-1) 


n=0 n=0 
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01234 PM зара 
(c) 


Figure 6-1 Signal representation. 


The representation of Fig. 6-1(b) is not handled mathematically so readily as 
it is not a function. It is, instead, a sequence. 


x, = {(ndn)} (6-2) 


The values of x, are equal to the strengths of the corresponding impulses in х,. 
Note that in x, and x, nothing is stated or implied about the value of the original 
function for values of f other than integral multiples of the sampling period, Ar. It 
is obvious that x, and x, are intimately related, since either is readily obtained from 
the other. The nature of this relationship can be made more evident by considering 
the Laplace transform of х,. Thus, 


Х (5) = £lx(0) = Ф (5 X(nAt)ó(t — nso} 


n= 


оо 


X(s) = У x(nAt)e-"^5 (6-3) 
n=0 
An important property of this transform is its periodicity. This may be seen 
by considering X,[s + j(27/A41)]: 


27 ~ | 
А. (s + уза) = 2, x(nAt)e "Als * jQm/At) 


оо 


> x(nAt)e "^5 = X (s) 


n=0 


Thus, X,(s) is periodic along any line parallel to the jw axis in the s plane. This is 
illustrated in Fig. 6-2. Many of the manipulative advantages of the Laplace trans- 
form arise because of the rational form of many of the most commonly used 
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Figure 6-2 Region of periodicity of X (s). 


transforms. These advantages do not occur when the transform is periodic, since 
in computing inverse transforms, there are an infinite number of poles and zeroes 
in the s plane to contend with. This situation can be handled, but it is different 
from the operations normally carried out with the Laplace transform (LT). 

By making a further transformation, a considerable simplification of this situ- 
ation can be brought about. This further transformation is to replace 6 in (6-3) 
by a new variable, z, giving 


z = QU (6-4) 
X(z) = У, x(nADz^" (6-5) 
n=0 


The transformation X(z) is called the z transformation (ZT) of the function х(пА/) 
and corresponds to mapping the left half of the s plane into the interior of the unit 
circle and the right half of the s plane into the exterior of the unit circle. This is 
illustrated in Fig. 6-3 and may be seen mathematically ч noting that 


p] ex a = аи Га 


5 


>” 


Е > D 
TN : = 


Figure 6-3 Mapping of s plane into a z plane. 
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When ø is positive, e^t > 1, and when о is negative, QU < 1, Baro = 0, 
z = 1, and traveling from — jz/At to +јт/ Д along the jw axis in the s plane 
corresponds to traveling from — jm to --/т counterclockwise around the unit circle 
in the z plane. Further excursions along the jw axis merely retrace this same path. 

The inverse z transform is such that we recover the values of the original time 
function at the discrete-time instants. That is, we recover {x(nAt)}. This is different 
from taking the inverse LT of Х (5), which is defined for all values of t. The values 
of Ф“ X (s)) for times different from nA: can be valid only under very special 
circumstances (for example, band-limited signals) and so are not, in general, useful. 
It is, therefore, more convenient in most cases to work directly with the ZT, which 
involves only the values of the function at the sampling instants. The expression 
for the inverse z transform (Æ!) is not readily obtained from the corresponding 
expression for the inverse Laplace transform. Instead, the expression will be stated 
and then shown to be valid. This is done in Sec. 6-3. 


6-2 FUNDAMENTALS OF THE z TRANSFORM 


Consider the sequence of numbers {х(пД/)}, п = 0, 1, 2, . . . . Such a sequence 
can be thought of as arising from a process whereby a continuous waveform 
(that is, one having a continuous-time variable) is sampled at times nAt, n = 
О, 1, 2, .. . . The z transform of this sequence is defined as 


© 


X(z) = Hini = > x(nAt)z~" (6-6) 


n= 


Although this representation does not appear at first sight to have any striking 
utility, it will be seen shortly that it does indeed provide a representation allowing 
considerable insight and manipulative simplification to be obtained from discrete 
operations. For example, many useful discrete signals can be written in closed form 
using the z transform. Four such signals are as follows: 


1. Unit pulse 


l n=0 
x(nAt) - | 
0 nz 


Х(2) = 1 (6-7) 


01234567 g= 


2. Unit step 
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AQ) = т (6-8) 
| -3 
А 
01234567 n— 
3. Exponential 
р on п 2 0) 
ХАЛАТ) = 
0 п< 0 
| 
X@) = а (6-9) 
1 ^ - 
01234567 п 
4. Complex exponential 
еседі п 2 (0) 
x(nAt) = | 
0 п<0 
| 
Х(2) =-——— (6-10) 


| = e | | 


Definition (6-6) is designated as the one-sided z transform and is concerned 
only with the values of the sequence for positive n. When it is necessary to consider 
values of the sequence corresponding to negative n (for example, to include samples 
of functions extending over negative time), several different approaches may be 
utilized. For finite-duration signals, redefining the origin of the sequence (for ex- 
ample, m = n + k) will eliminate all negative integers. A second, equivalent 
method is to use the translation theorem of the z transform that will be discussed 
shortly. A third approach is to define a more general z transform that includes both 
positive and negative integers. The z transform defined in this manner is the two- 
sided z transform and is given by 


x 


% vx(nAr)} = 2. x(nAt)z ^" (6-11) 


п= —2 


This definition is analogous to that of the two-sided Laplace transform. 

As in the case of the Laplace transform, the one-sided representation is gen- 
erally sufficient to handle problems arising from physical phenomena. However, 
for certain theoretical purposes, the two-sided transformation provides considerable 
simplification. When the functions involved are causal (that is, are zero for 
n < 0), the two transformations are identical. In most of the following discussions, 
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Figure 6-4 Translated sequences. 


the one-sided z transformation will be used; however, the extension to the two- 
sided transform is quite straightforward. If no statement is made to the contrary, 
it should be assumed that the one-sided z transform is intended. 


Delay theorem. Let X(z) be the transform of {x(nAt)}. Consider now the trans- 
form of {x(nAt — iAt)} for i = 0. Two sequences, {x(nAt)} and {x(nAt — 3An)}, 
are shown in Fig. 6-4. Writing out the ZT gives 


oc 


¥{x(nAt — iAt)) = У, x(nAt — 02 " (6-12) 
n=0 
Making the change of variable, m = n — i, gives 


оо 


У х(тА0)2 "7! 


НЕЕ = 


Fix(nAt — iAt)} 


со == 1 


g 2. хутА " + z^ > х(тАг)2 " (6-13) 


т = 0 m= -—i 


-1 


z^ X() -z У, x(mAnz " 


mnm =] 


Thus, a delay of i samples gives rise to a transform that is equal to z~‘ times 
the undelayed transform plus some terms due to the portion of the sequence oc- 
curring for n negative. For x(nAt) = 0, n < 0 this simplifies to 


{х(пАт — iAt)} = 2 "'X(z) (6-14) 
Initial and final value theorems. The one-sided z-transform has initial and final 


value theorems much like the one-sided Laplace transform. The initial value of the 
image sequence of X(z) is found directly from the defining equation (6-6) to be 


x(0) = lim X(z) (6-15) 
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The final value of the image sequence is 


хе) = lim (1 — z~!)X(z) (6-16) 
2->1 


This сап be shown as follows. 


oc 


Z{x(n) — x(n — 1)) = У [x(n) — x(n — 1)]2 " = Хо — 2 'Хо) 


n=0 


(1 = 2~)X(z) = У, [xo – x(n — DIz^" 


п-0 
Now letting z — 1 this becomes 


lim (1 — 2 Хо = +--+ + [x(n + 1) — xe] + --- X(0) 
о! + (ха) = x(0)] + [x(2) — x(1)] 


= lim x(n) 


n 
The final value theorem can also be expressed in an equivalent form as 


х(оо) = lim (z — 1)X(z) (6-17) 
2—> | 


As an example of ће application of these two theorems, consider the transform 


277 + 2(1 — e`!) 
МАД] s eee 
(2 = с е) 
2 Los] 
40) = ihe 9 
Bess (2 = DG —o€ ) 
ween ey 2+1— и" 
| m | 


х(оо) = lim = | 


-— у 1 ~ е 


Actually, the sequence x(n) is the sum of a unit step and a decaying exponential 
having a unit time constant. 


Advance theorem. When the sequence is advanced instead of delayed, a similar 
result is obtained. In this case, for i = 0, 


P=] 


Sx(nAt + у = 2Х(2) — z У, x(kAt)z~4 (6-18) 
k=0 


Causality does not remove the right-hand terms in (6-18). 
For the two-sided z transform, the extra terms do not appear in either case, 
and the translation theorem 15 


F ПАГ + iAt)} = z'X(z) (6-19) 


and is valid for i positive or negative. 
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Convolution theorem. The convolution theorem for the one-sided z transform 

is most useful for causal sequences, and only this case is considered here; the more 

general case will be considered subsequently by means of the two-sided z transform. 
Consider the equality 


Y(z) = Н(2)Х (2) 
We wish to show that 


n n 


y(nAt) = > x(mAt)h(nAt — таг) = > x(nAt = mAt)h(mAt) (6-20) 


m=0 т-0 


These relationships are entirely analogous to the convolution theorem for causal, 
continuous-time signals. To show the validity of (6-20), consider the product 
H(z)X(z) by using the infinite series representation. Thus, 


Y(z) 


H(z)X(z) = [h(0) + A(At)z ! + h(2At)z~> + + °°] 
· [x(0) + xXADz ^! + x2QADz > + + +: ] 
x(0)A(0) + 2 ТОКА) + xCA£)x(0)] 
+ 27 2|х(0)(2Д1) + x(Anh(At) + xQADAO)] + · ·· (6-21) 


But Ү(г) is also given by 
Ү(2) = у(0) + уА02“ ! + yQADz ? + · · · (6-22) 


By equating coefficients of equal powers of z on the right-hand sides of (6-21) and 
(6-22), it is seen that the representation of (6-20) is correct. This operation is called 
discrete convolution and is denoted by { y(nAr)} = {x(nAt)} * {h(nAn}. 

As an example of discrete convolution, consider the two finite sequences shown 
in Fig. 6-5. 

The convolution theorem is useful for computing the response of discrete 
systems to discrete inputs. If {A(nAt)} is the response of a discrete system to a unit 
pulse input, then the response, 1 у(пАг)), for an arbitrary input, {x(nAt)}, is given 
by 








ч ‘| | {x(nAt)} 
о 1 2 3 4 5 6 n— 
4 | 4 (^A 7) 
O 2 | п — 


{a(n rx Cot) 


e | © 
al tty _ 


O 1 2 3 4 5 6 n— 





Figure 6-5 Discrete convolution. 
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y(nAt) = У h(mAt)x(nAt — mAt) 
m=0 


Using the convolution theorem this can be interpreted in the z domain in terms of 
a discrete transfer function, H(z). Thus, 


Y(z) = X(z)H(z) (6-23) 


The transfer function can then be thought of as the ratio of the transforms of the 
output and input; that is, 


Hy) = (6-24) 


This interpretation is useful in analyzing systems, synthesizing filters, and obtaining 
physical interpretations of transform relationships. 

Table 6-1 summarizes the most frequently encountered mathematical opera- 
tions involving z transforms. Most of these relationships have already been derived, 
and those that were not can be derived from the defining relationships. 


Table 6-4 z Transform Operations 


Operation Time function z transform 
Definition x(n) b» х(п)г " 
п=0 
| _ 
Inversion — | Х(2)2"-! dz X(z) 
27] 
Linearity ax,(n) + bx,(n) ах (2) + bX,(z) 


Delay (right shift) 
Advance (left shift) 
Multiply by a” 


Multiply by n 


Multiplication of functions 


Convolution of functions 


Initial value 


Final value 


x(n — Кји(п — k) 
x(n + k)u(n) 
a"x(n) 


nx(n) 


x(n)y(n) 


п 


У x(n — Юу(Ю) 


k=0 


lim x(n) 


п->0 


lim x(n) 


Hn— 20 


z *X(z) 
k—1 
z*X(z) — z“ > x(Dz^' 
fut) 
X(za~ !) 
d 
--Ұ 5 42) 


| | X(A)Y(z/A) dA 
2пј А 
Х(2) У (2) 

lim X(z) 


lim (1 — 2 "УХ(2) 
2—>1 


------------------------------------------------------------------------------------------ 
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Table 6-2 2 Transforms of Sequences 








{x(n)} x(n) X(z) 
Ж Kis Mex Ж 6 + at +. Хо + 1271 + xz? + х2 3 + · 
[1,0,0,0,.. .) дил | 
2 
LLL Log и(п) 
2 — |1 
2 
Ü IZ 3: —5 
{ ) п TENET: 
: z(z + 1) 
0,1,4,9,... » —— 
| п аза 
2 
(1, 67%. 2722, } ean — 
2-е 
2 = 2(1 а e “) 
0, 1 Ене € | — до“ | "-— an 
қ (2 — 1/2- e-?) 
2 
(1, a, а“, a’, ) а" 
т-а 
п! 2 
К!(п — k)! (2 — p**! 
; z sin B 
ала z — 2zcos B + 1 
cos Bn NoREI C ЖӘ од 
z^ — 2zcos B + 1 
feed ze *sinf , 
ші z? — 2267“ cos В + е = 
e “" cos Bn 2 - 26 4 cos р 


N 


- 2ze ^ cos В + e? 
= ЕР CE IS RA RRO RITES 


*Kronecker delta function д,, = 1 for n = mand = 0 for n > m. 


Tables 6-2 and 6-3 provide a tabulation of the z transforms of a number of 
sequences and sampled time functions. The transforms in Table 6-2 and 6-3 are 
expressed in positive powers of z; however, they can be converted to negative 
powers of z by dividing numerator and denominator by the appropriate power of z 
to eliminate all positive powers. Many of the more complicated z transforms can 
be calculated from the Laplace transform of the corresponding impulse-sampled, 
continuous function. The procedure is derived by means of the complex convolution 
theorem (see Table 5-1) as follows: 
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Table 6-3 z Transforms of Sampled Time Functions 











x(t) snit) Region of 
convergence 
9, o 0, 0 | |2| < oo 
2 
u(t) | мука lz| > 1 
Atz 
t nåt G – 12 z| > 1 
y= ТҮ 
А1)% (2 + 1 
P (nAt)* cR | > 1 
Z --- 
А1)%(22 + 42 + 1 
P (nAt)? EM TT mE. |2] > 1 
Ра — 
— at = апд 2 — «At 
e e инет" + || > e 
An ону 
іе % пАје "^! (2 — e mA |z| > eg 9M 
о - Р 
t nât 2 At 
a a -—— | > |a^!| 
Аға“ 
га! nAta"™' б — gy |z| > |а| 
= J 
z sin BAt 
sin Bt sin BnAt <i aa Peru | > 1 
Р p z? — 22 cos BAt + 1 А 
202 - cos ВАГ) 
COS cos BnAt NK SED a  GHPEE z = 1 
~ Р z^ = 27 con БАР + 1 А 
— ft в: 

— nmt ze sin BAt a 
e~ sin Bt е ="! sin BnAt 2 — 2ze-^! cos BAL + e 29А |z| > ga 
Р = z(z — е %4 cos ВАг) m 
e “cos Dt e "41 cos BnAt 2 — 2ze 9M cos BAL + e Ai b] > ee 

*Kronecker delta functions 6,, = 1 for n = m and = 0 for n > m. 
Фа) У, ба — пар) = X(s) ж 
n=0 
1 
= Х(5) Жоке ee 
1 = ж 
1 с + joo 
= — (6-25) 


2пј Јс-је 1 — е 
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Figure 6-6 Contour for evaluating equation (6-25). 


The line integral of (6-25) can be ealuated by contour integration. The poles of the 
integrand, corresponding to the zeros of 1 — е 56-9, lie on a line to the right 
of the origin, s - & = + j2an/At, or ё = s + j2mn/At. The poles of X(£) are 
in the LHP. Representative pole patterns are shown in Fig. 6-6. 

By selecting c to the left of the poles of 1/(1 — e 45-9) [corresponding to 
Re (s) > 0] and closing the contour to the left, the only contribution to the integral 
will be that from X(s). This procedure is valid if X(s) falls off at least as rapidly 
as 1/s* for large s. This corresponds also to x(t) having an initial value of 0. Under 
these conditions (6-25) can be evaluated by the residue theorem to give 


Ф 4 x(nAt) ЕЗ e(t — nåt)? = У residues of E 
ы : | =e At(s — £) 


at poles of X(s) inside contour (6-26) 


When X(s) has only simple poles, (6-26) can be written as 


S(x(nAt) У, ва — nh) = У 5 residues X(£) 














п-0 k = Ашый ё= sk 
where S} k = 0, 1, 2, ..., are the poles of X(s). Substituting z = eA! as 
discussed in Sec. 6-1, yields the z transform as 
¥{x(nAt)} = У, кти residues ХО (6-27) 
k 1 -е 12 ё 
As ап example of (6-27), consider the sampled sinusoid, sin опат. 
1 1 
L{sin wot} = M. — = = - m 
55 + W@W 5 tjo S — јер 
The poles of X(s) are s = = јер, and the residues аге —j2. Тһе z transform, 


therefore, 15 


-1 +1 
72 4 —J2 
| __ е je — 1 1 __ eJ – 1 


ісіп wont} 


27! sin w At 


1 — 22"! cos wAt + 27? 
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Exercise 6-2.1 





Find the z transform of the following sequences: 
{x(nAt)} = 1, 1,1 
{y(nAt)} = {a"u(n)} 











Exercise 6-2.2 






Find the z transform of x(nAt) = nAt by using the Laplace transform of the sampled 
continuous-time function. 







ANS. See Table 6-2. 


6-3 INVERSION OF THE 2 TRANSFORM 


There are three basic techniques to recover the original sequence from its z trans- 
form. These are partial fraction expansion, long division, and contour integration. 
All of these methods will be found useful when working with the z transform, and 
they are illustrated in the following examples. 


Partial fraction expansion. Many z transforms resulting from analyzing phys- 
ical sytems turn out to be rational functions of z. When this is the case, the 
transform can be expanded in partial fractions in a manner analogous to that used 
for the Laplace transform. The individual terms resulting from the partial fraction 
expansion are then inverted separately from a table of z-transform pairs. 

As an example, consider the problem of finding the time sequence correspond- 
ing to the following z transform: 

ЖО = (6-28) 

This can be expanded in partial fractions by first factoring the denominator and 
then expanding. It is often more convenient to convert to positive powers of z 
before expanding, although this is not necessary. It will be done both ways to 
illustrate the procedure. 
"m A B 


“OG er) тон то: 64% 


о 


The values of A and B can be found by multiplying through both sides of (6-26) 
by the denominator and equating coefficients of like powers of z~' or by any of 
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the other methods discussed in Chap. 5. They are found to be A = 2 and B = 1, 
giving 








2 | 
X(z) = —À— + 6-30 
ern ee у 5%) 
Converting to positive powers of 2 (6-30) becomes 
22 2 
X(z) = - + (6-31) 
z=% z= 1 
From Table 6-2 the corresponding time sequence for At = 1 is 
x(n) = 2(2)" + шп) = (5) ' + u(n) (6-32) 
= 3,2,%,2,%,... (6-33) 


If the original transform was converted to positive powers of z first, it would 
be handled in the following manner: 
322 — 32 


X) —2 зү 
2 


6-34 
22 — $: + і ( 


This is not a proper fraction since the highest power in the numerator is the same 
as that in the denominator. It must be converted to a proper fraction before the 
partial fraction expansion is carried out. This can be done by dividing the denom- 
inator into the numerator or by expanding X(z)/z instead of X(z) and multiplying 
the result by z. Using this latter procedure leads to 


Ха) %- Зе — 3 A B 


5 
2 PUT da) 
" -— “ұға бы m ar eee a 
Z 7 42 s (2 — (z = 1) 2 — $ 2 — | 











= - + (6-35) 





X(z) 


(6-36) 


This is the same partial fraction expansion as (6-31) and so leads to the same 
sequence of time samples. 


Inversion by division. It is evident from the definition of the 2 transform given 
by (6-6) that the time samples аге the coefficients multiplying the powers of z ^! 
in the z transform. Therefore, if the z transform can be put into the form of a power 
series in z, the time samples can be obtained directly. This conversion can often 
be accomplished by dividing the denominator into the numerator for rational trans- 
forms or using a Taylor's series expansion in other cases. Assuming that the time 
function is causal, the desired expansion is obtained by arranging the numerator 
and denominator in the descending powers of z (or ascending powers of z !) and 
then dividing the denominator into the numerator using polynomial long division. 
The same example used to illustrate partial fraction expansion will be considered. 
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The procedure is as follows: 


у къ es E заа _ 8 
1— 85271 + 1272 2-% 414 


Dividing the denominator into the numerator gives 


3 + 227! + 52 2 + 32 3 0 


1 
22 — $2 + 5 [322 — 5 


22 
32 — 87 + 8 
3 
22 — 2 
22 — 3 + z^! 
8 — 2"! 
3 9 — _ 
3 = 42 | 4 37-2 
É - = 
37 1 — 92-2 
5 — 15 _— _ 
iz!-— 152-2 + 3773 


From this expansion it is evident that the time sequence is 


x(n) = 3, 2,%,3,... (6-37) 


which agrees with that of (6-33). This procedure works equally well for z transforms 
corresponding to negative time sequences; i.e., transforms convergent for |z| < k. 
In such cases the numerator and denominator are arranged in ascending powers of 
z and then the division carried out. 


Inversion integral. The mathematical process by which the original sequence is 
obtained from its z transform is called inversion, and the inversion theorem can be 
established as follows: Both sides of (6-6) are multiplied by 2“ ! and then integrated 
around a closed contour in the z plane. These operations lead, formally, to the 
equality 


X(z) = > x(nAt)z " 


n0 


b xo dz = Ф У x(nADz*-"-! dz 

n=0 
For the equality to be valid it is necessary that the path of integration be 
in the region of convergence of X(z). In general, this region of convergence 
will be everywhere outside some circle centered at the origin. In particular, if 
22 o x(nAt)| < © [that is, if x(nAt) is absolutely summable], the region of con- 
vergence will include the unit circle. Under these conditions, interchanging the 
summation and integration is valid and gives 


oc 


b xot! dz = У, x(nAt) ў тє de 


n=0 
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The integral on the right-hand side is zero except for К = n, in which case it has 
a value of 2т/. Accordingly, 


ZOL dz = 2т/х(пА1) 


from which 
| _ 
ХМ) = == ў X(z)z"-! dz (6-38) 
2т/ 


As an illustration of the inversion theorem, consider the following example: 


x(nAt) = K" (6-39) 
X(z) = У К" "= 1 + Ка! + Rz? +- 
n=0 
1 
Ток (6-40) 


The region of convergence of X(z) is found readily by noting that, for this series 
to converge, |Kz~'| < 1 or |z| > |K|. Applying the inversion theorem to (6-40), 








|| n=] 1 п 
x(nAt) = — — ——À; d = — - dz 
242] / I — Kz 21] 27 z — К 


There is а pole at 2 = К, with a residue of К". Choosing the path of integration 
as а cricle of radius K + е, we obtain 


x(nAt) = 2т] E к) = Қ" (6-41) 


21] 


The inversion theorem, (6-38), is valid for the two-sided 2 transform also, 
provided that the path of integration is in the region of convergence of Ху(2). 


Exercise 6-3.1 







Find the inverse z transforms of the following functions by long divison and by 
contour integration. 





Де _ z+b 


ANS. (— b)'"!u(n — 1); 
(n + 1)и(п). 
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6-4 SOLUTION OF DIFFERENCE EQUATIONS USING THE z TRANSFORM 


The general first-order difference equation can be written as 
y(nAt) = Ky(nAt — At) + x(ndt) (6-42) 


The present output, у(пА4), is expressed in terms of the present input, x(nAr), and 
the last previous value of the output, у(лАт — At). Multiplying both sides of 
(6-42) by г " and summing from n = —©® to n = © yields the two-sided z 
transform. 


>, упМуг" = К >, у(пАї— Арг" + У x(nhtz^" 


Y(z) = 2 !KY(z) + Хо) 
Y(z) = „ы. 6-43 
A Т-К) (9-49) 


The factor 1/(1 — Кт!) сап be thought of as a discrete transfer function relating 
the output and input sequences; that is, 

Y 1 

Н(2) - 5%) = ае 

Хе) 1— Kz 
This transfer function has a simple relationship to the response of the system [that 
is, the system characterized by (6-42)] to a sampled sinusoid. This is demonstrated 
most easily by considering the response to the complex exponential {e/°4"}. Using 
the expression for the z transform of a complex exponential starting at n = 0, 
(6-43) can be written as 


Y) X(z) 1 1 
2 == W Б) | па 
1 — Kz! 1 — 29871 1 — Kz"! 
z2 
Айза = 
y(n ) (с м eJ" ^ry(z __ К) 
1 7+1 
w iL E Lu 
nA) = рај) G — ey — K) 
Е (iid i K"*! 
eJ? — K K — е??М 
„једт К" + lo —jwAt 


SI Кејем ү— Ke јећ sini 


For the system to be stable it is necessary that |K| — 1. In view of this, it is seen 
that for large n the second term goes to zero, leaving the first term as the steady- 
state solution. This term is of the form 


y, (At) = еде" H(z). м (6-45) 


6-4 SOLUTION OF DIFFERENCE EQUATIONS USING THE 2 TRANSFORM 325 


© 


- mo ЊЉ ло -1 0 qd 


Frequency response | H(e/“4”)|? 





O OS 1.0 1.5 20 
Input frequency (2) 
5 


Figure 6-7 Frequency response of first-order system. 


Thus, H(z) with z = e/°* can be interpreted as the frequency response of the 
discrete system. For the first-order system defined by (6-42), this becomes 


| 
| — Ке“ ја 
| 


Н(ојећ у = ———__ 6-46 
IH 7) 1 — ОК cos од: + K? ( 


H(z)|,— „л = 


The magnitude of the frequency response is sketched in Fig. 6-7 as a function of 
input frequency normalized to the sampling frequency, f, = 1/41. 

The periodic nature of the frequency response of the discrete system is clearly 
evident from Fig. 6-7. 

А geometrical interpretation of the discrete transfer function can be made by 
reference to Fig. 6-8. The frequency is measured in units of одг along the unit 
circle. By the law of cosines the distance d from the frequency value on the unit 
circle to the location of the pole at z = K is found to be d = (1 + K^ — 2K cos 
wAt)'/*, which is equal to the reciprocal of the magnitude of H(e/^^^. 


2 -plane 





Unit circle — 
Ж 


Figure 6-8 Geometrical interpretation of |Н|. 
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Relative response 





Figure 6-9 Resonant response of second-order system. 


The second-order difference equation, 
y(nAt) = K,y(nAt — At) + K,y(nAt — 2At) + x(nAt) (6-47) 
has the system function 


| 


Н = ——————— 
0 = тка Kr 


(6-48) 


Substituting z = e/^^', multiplying by the complex conjugate, and taking ће square 
root gives the following expression for the magnitude of |H(e/?^^)|: 
| 
[(1 — K, соз wAt — K, cos 2wAt)* + (K, sin wAt + К, sin 2wAt)’]!/? 
(6-49) 


\Н(е 9^7) — 


With К, negative and greater in magnitude than К2/4, the poles become complex 
conjugates, and as they approach the unit circle a resonance phenomenon is ob- 
served as a function of frequency. A typical response is sketched in Fig. 6-9. 

In order for systems characterized by a discrete transfer function to be stable, 
it is necessary that all poles of H(z) be inside the unit circle in the z plane. An 
mth-order difference equation will have a z transform system function containing 
m poles and r zeros, m being the number of unit delays of the input employed. 


Exercise 6-4.1 







Solve the following difference equation: 
x(n + 2) — x(n + 1) + x(n) = 10u(n) 

Х(0) = 0 

x(1) = 0 


ANS. x(nAt) = 40[1 — (n + 1)/27), 
mo 
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6-5 DIGITAL FILTERS 


By a digital filter is meant a discrete-time system that accepts an input sequence 
and delivers an output sequence that is some modification of the input. The oper- 
ations performed by the filter can be represented mathematically by a suitable 
difference equation, or perhaps a set of difference equations. An ordinary difference 
equation can be written in general form as 


M 


N 
y(nAt) = > жила — DM) — by b,y(nAt — kåt) (6-50) 
k=l 


i=0 


This equation relates the nth sample of the output to the N previous values of the 
output and the M + 1 most recent values of the input. If all of the b, coefficients 
are zero, the filter corresponding to (6-50) is said to be a nonrecursive, or finite 
impulse response (FIR), filter. In this type of filter the output is just a simple 
weighting of present and previous values of the input. The nonrecursive difference 
equation involving three delays (usually called a third-order system) may be written 
as 


y(nAt) = agx(nAt) + a,x(nAt — At) + а,х(пАг — 2At) + аух(пДі — ЗАг) 
(6-51) 


The realization of (6-51) as a filter is shown schematically in Fig. (6-10). 

In Chapter 2 a “типпіпе average” filter was used for removing the 60 Hz 
interference from some experimental data. The sampling rate was 480 Hz and an 
8-point running average was used. It is now possible to consider the operation of 
this filter using the concepts of digital filtering. The running average was obtained 
by convolving the data wtih a sequence 0.125(1,1,1,1,1,1,1,1). Thus the output 
would be given by 


, 
y(n) = 0.125 У x(n — k) 
k=0 





Figure 6-10 Third-order nonrecursive filter. (Many different symbols are employed in the 
literature to represent digital processors and care must be taken to understand the 
representation being used. The digital processor diagrams in this chapter follow the 
recommendations in Rabiner et al., ** Terminology in Digital Signal Processing.” IEEE 
Trans. Audio and Electroacoustics, Dec. 1972.) 
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Imag 





Figure 6-11 Pole-zero pattern of running average filter. 


7 7 
Y(z) = 0.125 У, X(z)z~* = .125X(z) У, z^* 
к=0 k=0 


у 
ae) = 22) = „1251 + z ! + z ?2 + 273 + 274 + 275 + 276 + 277 
X(z) 
_ 01252 + P+ Pt ete +2 +2 + 1 


т? 


The zeros of the transfer function occur at the roots of the numerator, which аге 
at +.707 +).707, 0 + 7.707 and a double zero at — 1. These points are spaced 
uniformly around the unit circle at intervals of 7/4 corresponding to frequencies 
of f,/8. The frequency response of the filter can be obtained by evaluating the 
magnitude of the transfer function on the unit circle in the z-plane; i.e., for 2 = 
е:2т///, The poles and zeros of the transfer function are shown in Fig. 6-11. As 
the frequency varies from zero to f,/2, the path in the z-plane is from the point 
(1 + 70) to the point (—1 + 70) counter-clockwise along the unit circle. The 
magnitude of the response at any frequency is proportional to the product of the 
distances to the zeros from the point on the unit circle corresponding to that fre- 
quency divided by the product of the distances to the poles from that point. Since 
the zeros are on the unit circle, there will be a null at the frequencies corresponding 
to each zero; i.e., f = ],/8, Ј./4, 3f,/8, and f,/2. Continuing on around the unit 
circle beyond 7r corresponds to the periodic extension of the transfer function and 
can be interpreted as the negative frequency region. 

Fig. 6-12 shows the magnitude of the frequency response of the 8-point running 
average. The nulls are clearly evident at all harmonics of 60 Hz. It is also evident 
that the running average has a gradually decreasing response at higher frequencies. 
Since the impulse response of the filter is a rectangular function, the transfer 
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Figure 6-12 Frequency response of 8-point running average filter. 


function will have the form of a sinc function, and since the sinc function falls off 
as 1/f, it would be expected that the filter response would fall off at 6 dB per 
octave. The response shown in Fig. 6-12 falls slower than this because of the 
aliasing that occurs because there are significant components of the sinc function 
above f./2. 

If the only purpose of the filter was to eliminate the 60 Hz interference, it is 
not necessary to include the zeros at multiples of 60 Hz. АП that is required is the 
zeros at 0.707 = 7.707. For this case the transfer function would be 
_ Ка = „707 — 17002 — .107 + LTOT) 


H(z) = 2 
72 


K(z — 1.414z + D/Z 


The constant K is included to adjust the gain. For unity gain at dc, the value of К 
would be 1.707. Fig. 6-13 shows the pole-zero configuration for this filter along 
with the frequency response. It is seen that although the null occurs at the desired 
frequency, the response at other frequencies is quite variable. This is because in 
moving around the unit circle the interaction between the poles and zeros varies 
considerably. The frequency response can be greately improved by placing poles 
near the zeros so that the effects of the zeros are restricted to a small frequency 
interval. A typical arrangement would be to place the poles on the same radial line 
as the zero but locate them at a radial distance of 0.95 instead of 1. The transfer 
function for this case would be 


K(z? — 1.41423 + 1) 


H — 
@) = 23—13985 + | 


The pole-zero plot and transfer function for this filter are shown in Fig. 6-14 
and indicate a very impressive performance as far as the frequency response is 
concerned. Unfortunately, there are factors other than the frequency response that 
must be taken into account in designing a digital processor. One of the most 
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Imag 





H(f)|, dB 
| 
© 


0 50 100 150 200 250 
Frequency, Hz 
(б) 
Figure 6-13 Simple notch filter. (a) Pole-zero pattern. (b) Transfer function. 


important is the transient response, which is most easily evaluated by looking at 
the impulse response of the filters. Fig. 6-15 shows the impulse responses of the 
three filters whose frequency responses are shown in Figs. 6-12, 6-13 and 6-14. It 
is seen that the running average filter has a well-behaved, but broad, impulse 
response that would produce a *'smearing together’’ of data points. The filter with 
only the zero has a short but highly oscillatory response that would cause artifacts 
at any abrupt changes in signal level. The filter with the zero and the pole has a 
narrow peak at the origin but has a long low amplitude oscillation that would cause 
distortion and introduce artifact appreciable distances away from points at which 
abrupt changes occur. There are many further modifications to the filter that could 
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|H(f)], dB 


0 50 100 150 200 250 
Frequency, Hz 
(b) 
Figure 6-14 Modified simple notch filter. (a) Pole-zero pattern. (b) Transfer function. 


be made, and the design engineer will ultimately have to choose among the various 
tradeoffs that are possible. 

When опе or more coefficients of each set {a;} and {b,} is nonzero, the system 
is said to be a recursive, or infinite impulse response (IIR), filter. In a recursive 
filter the present value of the output is determined from the M + 1 most recent 
values of the input plus the N previous values of the output. The general second- 
order recursive difference equation may be written as 


y(nAt) = agx(nAt) + a,x(nAt — At) + a,x(nAt — 2At) 
—b,y(nAt = At) = b,y(nAt = 2At) (6-52) 


332 


THE 2 TRANSFORM AND DIGITAL FILTERS 


h(t) 
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(с) 
Figure 6-15 Notch filter impulse responses. (а) Simple. (6) Modified. (с) Running average. 


A filter corresponding to (6-52) is shown in Fig. (6-16). Several alternate and more 
useful realizations of recursive filters will be considered in a later section. 
Several distinctly different properties are possessed by the recursive and non- 
recursive filters. The nonrecursive filter has a finite memory because of the finite 
number of delays that can be realized in a practical implementation. This type of 
filter also generally has excellent phase characteristics. It is found that a large 
number of elements is required in order to obtain sharp cutoff characteristics in 
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Figure 6-16 A second-order recursive filter. 


nonrecursive filters. On the other hand, filters of the recursive type have an infinite 
memory (because of the utilization of previous values of the output) and generally 
require significantly fewer elements to obtain a given cutoff characteristic. The 
phase characteristic of recursive filters is generally much poorer than that of non- 
recursive filters. 

Recursive filters are the discrete counterparts of linear, lumped-parameter, 
continuous-time systems. To see this analogy more clearly, it is convenient to 
consider the relationship between the output and input in the z-transform domain. 
Rearranging (6-50) by combining all the output samples under the summation sign 
and then taking the z transform leads to the following representation: 


M 


N 
У, 5,у(пА: — kAt) = У ах(пАг — iAt) 
k=0 


i=0 


|| 
(ж 


М > со 
У b, У, y(nAt — kåt) a; >, x(nAt — idt) 
k=0 n=0 n=0 


i=0 


a;z~'X(z) 


iv 


|| 
© 


М 
>, bz YG) = 
k=0 


Me 
ES 
ч 


|| 
© 


ДЕ) 


X = (6-53) 


М = 
Se 
N 
| 


L- 
|| 
© 


This is recognized as the discrete transfer function, H(z). From (6-50) it is known 
that by = 1, and therfore, it is permissible to rewrite (6-53) as 
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M 
az! 
Y ыы” 
ы A(z) = —=——_ (6-54) 
X(z) | 
| + b bz * 
к=1 
The relationship between the input and the output can be written from (6-54) as 
Y(z) = X(z)H(z) (6-55) 


Because of the unique relationship between the z transform and the sample values 
of the original sequence, it is seen that y(nAt) can be determined from {x(nAt)} 
and the discrete transfer function. From its derivation, it is seen that H(z) is the 
ratio of two polynomials іп 2! with the coefficients іп the polynomials corre- 
sponding to the coefficients in the original difference equation. 

If the input sequence {x(nAt)} is chosen as the unit pulse 


| п = О 
x(nAt) = 
0 n 5 0 
then X(z) = 1, апа the response of the system is the inverse transform of H(z). 


This is frequently called the impulse response of the digital filter but is more 
correctly the unit pulse response. 

In order to proceed with the digital-filter design problem, it is necessary to 
specify the characteristics that are desired. There are essentially two ways that this 
is done. The most fundamental specification would be the difference equation that 
is to be satisfied. Such a specification might arise directly from requirements in a 
discrete data-processing problem. In such a case the discrete transfer function could 
be derived and the filter synthesized directly by the methods to be described shortly. 
This is not the most common type of specification encountered, however. A much 
more common specification arises when a continuous-time signal is to be processed 
digitally, and it is desired to have the digital filter perform an operation comparable 
to that of an analog filter. The procedure is very straightforward if a discrete system 
model can be found such that when the input consists of samples of the continuous- 
time input, the output consists of samples of the continuous-time output of the 
corresponding analog system. 

The output of a linear, continuous-time system is related to the input by the 
convolution integral; 1.е., 


y(t) | x(A)h(t — A) dA (6-56) 


= x(t) * h(t) (6-57) 


What is required of the discrete model is that the convolution of samples x[n] = 
х(пА1) of x(t) with the discrete system unit pulse response g[n] give a sequence of 
values equal to those that would be obtained by sampling the analog system output. 
In equation form this may be expressed as 


y(nAt) = {х{п]} * {gin} (6-58) 
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The questions that must be answered are: Does there exist a sequence {g[n]} with 
this property and, if so, what is its relationship to A(t), the impulse response of 
the continuous-time system? 

In establishing the requirements for equivalence of the discrete and continuous 
systems, it is useful to obtain an expression for the output of an arbitrary discrete 
system when its input is a sequence of samples of a complex sinusoid e/^*, Let 


xin] = x(nAt) = еј" (6-59) 
Then it follows that 
yin] = y(nAt) = x[n] » в[п] (6-60) 
и > е JeoAt(n—m) g[m] (6-61) 
= јат (e JooAr) (6-62) 


where С(е/%4ғ) is the z transform of {g[n]} evaluated at z = e7204", 
An analog signal x(t) applied to a continuous time system will have output 
samples given in terms of the Fourier transform as 


ІС | 
y[n] = y(nAt) = + | XH (we! A dw (6-63) 
aT — OC 
Samples of the input can be obtained from the Fourier representation as 


xin] = x(nAt) = 4.) X(w)e/?"™™' dw (6-64) 
27 J-9 

From (6-62) and (6-64) it follows that the output of the discrete system can be 

obtained by combining the contributions from each complex sinusoidal component 

of the input using С(е/°^') as a weighting factor. This combining operation takes 

the form of the following integral. 


S | 
y[n] = |. eJ°"™™IG(eJ°AY)X(w) dw (6-65) 


Equating (6-65) and (6-63) leads to the following requirement for equality of 
the outputs of the discrete and continuous systems. 


oo 


| __ X(o)H(o)e "^! do = | Хо) (еі) nar dw (6-66) 


In order for the equality in (6-66) to hold, a sufficient condition is for H(w) = 
G(e/?^^) for all o. However, it is readily apparent that this equality cannot always 
be true, since G(e/?^^) is inherently periodic along the о axis with a period of 
2т/ Лі, whereas H(w) may not be periodic at all. However, if the periodicity of 
G(e/?^) is such that replications of the spectrum fall in regions of the spectrum 
where X(w) is zero, then they will contribute nothing to the output and the equality 
in (6-66) will be satisfied. 
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One type of signal for which these conditions are met is a band-limited signal. 
Assume that x(t) is band-limited such that 


Хо) = 0 јој> В = 5. (6-67) 


If G(e/"^') = Н(о) for |в) < B, it follows that 
me lo < B 


G(e/*^^)X(m) = 
| > В 


(6-68) 


and the equality required by (6-61) is satisfied. The unit pulse response sequence 
g[n] of the discrete system is the inverse z transform of the discrete system transfer 
function; 1.е., 


G(e/9^") нән > g[n]e /^"^' (6-69) 
G(z) — b g[n]z ^" (6-70) 
gin] = 27 ҶС(2)) (6-71) 


Equation (6-69) is seen to be a Fourier series expansion of the periodic function 
Сеј“ А у in which g[n] is the coefficient of the nth harmonic component. The period 
of G(e/?*') is 2z/At and the Fourier coefficients are therefore given by 


At т/ At 
Ben ЈОДА, под! к 
g[n] ES | adis С(е/°')е dw (6-72) 
Using the fact that G(e/?^') = Н(о) over the interval of integration, (6-72) can 
be written as 


At т/ At | 
gln] = че ЕЯ H(«)e "9^! dw (6-73) 


= Athy(nAt) (6-74) 


where /iy,(t) is the analog system response after it is band-limited to = У = 
+1/2At = +f,/2. 

When X(q@) is not band-limited and Н(о)) is not periodic (as is usually the 
case), it is not possible to exactly simulate an analog system with a discrete system, 
and an approximate solution must be used. One approach that is frequently used 
is to filter the input signal x(t) to make it band-limited before carrying out the 
processing. 

As an example of the design of a discrete signal processor consider the problem 
of designing a differentiator for a band-limited signal. The transfer function of the 
analog system 15 


H(f) = uf (6-75) 
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Assuming that the input signal is band-limited to + W, the band-limited impulse 
response of the analog system is 


W 
h(t) = /2т | у fet df (6-76) 
W 
= --4т | f sin 2т df 
27Wt cos 27Wt — sin 27Wt 

= бшсе а (6-77) 

ТІ” 

The discrete system unit pulse response is then 

g[n] ^ Athy(nAr) 
2TWnAt cos 27WnAt — sin 27WnAt 

их "ка (6-78) 


тп?Аї 


Assuming a sampling frequency twice the bandwidth; i.e., f, = 2W = 1/At, 
this simplifies to 


тп COS NT — sin AT 


6-79 
q^ At Pe 


gin] = 


_ (= 1? 
nåt 





n#0 (6-80) 
For п = 0 the expression for g[n] is indeterminate. Using L'Hospital's rule, it is 
found that 2[0] = 0. Therefore 


0 п = 0 
gin] = (—1)" (6-81) 


nåt 





This unit pulse response is shown in Fig. 6-17. It is seen to have samples with 
alternating polarities and amplitudes inversely proportional to their distance from 
the origin. This particular implementation is not the most practical, because the 
slow convergence of the series means that the coefficients do not decay very fast 
and many samples must be used. One reason for the slow convergence is the fact 
that the periodic spectrum being approximated has sharp discontinuities at + W. 
By eliminating these discontinuities with an appropriate window, a much more 
rapid convergence can be obtained. 

It was pointed out in Exercise 3-15.1 that the effect of using a Hamming 
window in the frequency domain can be obtained by a simple modification of the 
time domain data as follows. If x(t) is the signal resulting from the inverse transform 
of data truncated in the frequency domain by a rectangular window covering + W 
Hz, then the signal resulting from truncating with a Hamming window of the same 
width is 
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Figure 6-17 Impulse response of rectangular windowed differentiator. 


X(t) = 0.23x ( + 5) + 0.54x(t) + 0.23 ( -— x (6-82) 
Applying this transformation to the coefficients of the differentiating filter 
gia) = 0 
— 0.425 
g(1) = "А 
-25 0 25 


Figure 6-18 Impulse response of Hamming windowed differentiator. 
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Figure 6-19 Exponential test signal 1, ( — 2/°)и(). 
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The unit pulse response for the modified differentiator is shown in Fig. 6-18. 

In order to illustrate the effect of the smoothing operation of the Hamming 
window, the exponential pulse signal shown in Fig. 6-19 was processed with each 
differentiator. The equation of the test signal is te`" u(t). The true derivative and 
the derivative estimates produced by the two differentiators are shown in Fig. 6-20. 
It is evident that the differentiators do a reasonable job and that the use of the 
Hamming window produces significant smoothing of the estimate. 

The principal problem in digital-filter design is to obtain a suitable continuous- 
time-filter transfer function and then to convert it to a suitable digital transfer 
function. Once the conversion to H(z) has been made, the filter realization can be 
obtained directly with no additional effort. In conventional design the realization 
problem is usually as difficult as obtaining a suitable functional approximation to 
the desired filter characteristic. For digital filters the realization poses no compu- 
tational problem but does require judgment as to which of the various methods 
available is most appropriate. The design of recursive filters is considered in detail 
in the next section. 


Exercise 6-5.1 


| Show that 2[0] = 0 in (6-80). 
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It will be assumed that the desired digital filter is one that has a unit pulse response 
whose sample values equal the sampled-impulse response of a specified continuous 
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Figure 6-20 Derivatives of the exponential pulse shown in Fig. 6-19. 


filter. Such filters are called impulse response invariant. The most common spec- 
ification for the continuous filter is in terms of its transfer function, H(s). If some 
other specification is employed [for example, |H(s)|*], it may be converted to an 
appropriate (s). The problem is how to go from H(s) to the required H(z). Since 
digital filters are always band-limited (as a result of the sampling process) and H(s) 
is never strictly band-limited, it is evident that some approximation in the digiti- 
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zation process must occur. Let the transfer function H(s) be expanded in partial 
fractions to give 


M 
K. 
H(s) = У, — 


ісі $ t+ S; 





The impulse response of the continuous filter is 


M K. M 
һа) = 3” È | | = 2, Ke 
і= 1 





It is desired that the unit pulse response of the discrete filter equal the sampled- 
impulse response. Therefore, 


M 
h(ndt) = У, Kea” (6-83) 
і= 1 
Taking the 2 transform of (6-83) gives 


па) = У h(nAt)z " = Ж == У Ko me 


n=0 n=0 i= 


M со 
- Ze K. > 2776 — sinAt 
i 


i=] п= 0 


М К, 
Te ва 


Thus, the transformation from H(s) to H(z) сап be accomplished by the согте- 
spondence 
1 1 


s + "ind 1 = eg 957-1 (6-85) 





As an example of the use of (6-85), consider the digitization of a simple R-C low- 
pass filter. The expressions for H(s) and H(z) are 


a 
H(s) — 





6-86 
SF g ( 


~ а 
ЕЕ | = eg 94! — 1 (6-87) 


H(z) 


The digital filter providing this transfer function is shown in Fig. 6-21. 

As discussed in connection with the z transform, the frequency response of a 
digital filter can be determined from the digital transfer function by making the 
substitution z = 278, Making this substitution in (6-87) gives 


a 


— аА: „ — jo At (6-88) 


H(e/?^') - 
=е € 
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Figure 6-21 Digital form of a simple low-pass filter. 
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Figure 6-22 Frequency response of a digital filter. 
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(6-89) 
The frequency response given Бу (6-89) is shown in Fig. 6-22 along with the 
corresponding frequency response of the continuous filter obtained by setting s = 
jo in (6-86). The nature of the approximation involved in the digitization process 
is clearly evident in Fig. 6-22 and results from the ''folding,'' or ‘‘aliasing,’’ effect 
that occurs as a result of sampling. The sampling operation can be thought of in 
the frequency domain as the superposition of an infinite number of replicas of the 
continuous spectrum, each one being displaced by an increment equal to the sam- 
pling frequency. Thus, the digital filter response shown in Fig. 6-22 can be thought 
of as arising from summation of the translated responses shown in Fig. 6-23. It is 
obvious from Fig. 6-23 that if the out-of-band transmission of the continuous filter 
is small and f, is large compared to the frequency band of interest, then the effects 
of folding will be small. Often this combination of characteristics can be achieved 
and excellent performance obtained with relatively simple filters. In cases where 
folding would be a serious problem, other design procedures must be considered. 
One such procedure employing the bilinear transformation is discussed in Sec. 
6-8. 

Another characteristic to be observed from Fig. 6-22 is the continuous nature 
of the frequency response of a digital filter. This response is not discrete in any 
sense but is a continuous function of the frequency of the sampled continuous 
waveforms giving rise to the input sequence. 
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Figure 6-23 Digital filter response from continuous filter response. 


Consider the design of a low-pass filter having an approximately flat frequency 
response over a bandwidth of zero to f.. In some applications the sampling fre- 
quency is determined by the system, whereas in others this choice is up to the 
designer. For example, if a digital filter is to be used as part of a real-time system, 
the sampling rate must be high enough to permit the processing to occur as rapidly 
as the data become available. For the present example let the sampling frequency 
be chosen as f, = 1/At. In order to limit the complexity of the computations, a 
second-order Butterworth filter will be considered. By the methods discussed in 
Sec. 3-16, the appropriate transfer function is found to be 


(02 


H E a: ————————Ó]"s€ 
6) = (у + 0.7070, + ]0.707ш,)(з + 0.7076, — 0.7076) 


а) 


(s+ 5) + (25) 


The next step would be to convert from H(s) to H(z) by the correspondence 
previously given. However, because of the frequent occurrence of complex con- 
jugate poles, it is convenient to obtain an expression directly for such a transfor- 
mation. The correspondences most often required are 


(6-90) 


sta _, | — е “cos bAt)z~! [65i 
($s + а)? + b 1-—2e "(cos bAt)z ! + e 2812 2 ) 
Ь _, e “Asin БА 27! ж 
(5 + ay + b? 1 — ге“ “а (сов bAt)z ^! + ет 2442-2 6-92) 
Applying (6-92) to (6-90) gives 
Мое 977A sin 0.707@,At)z7 ! 
НО) = - (6-93) 


та 26 7 Om (77 0.707@,At)z~! ь a” 1.414шгД1 2-2 


The performance of this filter for f. = 100 Hz and f, = 1 kHz and 10 kHz is 
shown in Fig. 6-24. 
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Figure 6-24 Frequency response of a second-order Butterworth low-pass filter. 


The above procedure can be extended readily to other configurations. However, 
in using this technique it is necessary to determine the effects of folding on the 
final response. Before describing a method of avoiding the folding problem, an 


examination of how one goes from H(z) to the filter itself will be made. 


Exercise 6-6.1 


Derive the correspondence given in (6-91). 





6-7 DIGITAL FILTER STRUCTURES 


Ordinary difference equations with constant coefficients lead to discrete transfer 
functions that are rational functions of z~'. Similarly, digitization of rational ap- 
proximations to continuous-filter functions leads to rational functions іп 2 '. The 


general form of H(z) is, from earlier results, 
M 
а,2 
H(z) = — =; 
1 + 2, bz 


i 


For a nonrecursive filter the 5, are zero, and H(z) becomes 
M 
H(z) = У аг! = ау + арг! + аш? + + + аы: М 
і=0 


From (6-95) the transform of the output сап be written as 
Ү() = [ag + az ! + + ayz "]X(2) 
Inverting term by term gives 


y(nAt) = agx(nAt) + a,x(nAt — At) + +- + ayx(nAt — МА!) 


(6-94) 


(6-95) 


(6-96) 


(6-97) 
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40 


Figure 6-25 Realization of an Mth-order nonrecursive filter. 


This is seen to correspond to a summation of weighted values of the present and 
past inputs and can be implemented as shown in Fig. 6-25. One thing that must 
be considered in making filters of this kind is the gain through the filter. For 
example, consider putting a unit step sequence into the Mth-order filter correspond- 
ing to (6-95). The output will be 


|| 
нА? = +" fia + а | +- + ayz~™) icum] 
= 
For large n (that is, n > M) this reduces to 
M 
y(nAt) = Ў, а; (6-98) 
і= 0 
The gain is therefore 2а; and сап be а substantial quantity for a high-order filter. 
Care must be taken to prevent overflow in the registers. 
Four methods of realizing recursive filters are shown in Fig. 6-26. The first 
direct method (Fig. 6-26a) is easily derived from the general discrete transfer 


function (6-94). Writing the output in terms of the input and the transfer function 
we have 


Үс) = H(zX(z = —-9.—— X(2) 


N M 
Y) + »,Y(2bz "= У az Хо) 
k=1 j 


N 
Ў, a,x(nAt — ІЛ) — > b,y(nAt — kAt) (6-99) 
k=1 


i= 


y(nAt) 


It is seen that this corresponds exactly to the system in Fig. 6-26a. For any powers 
of z~! not present in either the numerator or the denominator, it is necessary merely 
to set that coefficient equal to zero to obtain the correct filter realization. 
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Figure 6-26 Realization of the Nth-order recursive filter. (a) Direct. (b) Direct. (c) Cascade. 
(d) Parallel. 
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Figure 6-27 Alternate realization of H(z). 


To see the basis for the second direct realization (Fig. 6-26b), it is helpful to 
define an auxiliary function W(z) corresponding to the transform of an intermediate 
sequence, w(nAt), such that 

Wz) = X(z) тек же (6-100) 
2 52“ 
k=0 


N 
w(nAt) = x(nAt) — > b,w(nAt — КА!) (6-101) 
k=] 


Using this relationship, it is then possible to write Y(z) as 


M 
Y(z) = Ма) У, a;z ^ (6-102) 
i=0 
M 
y(nAt) = У, a,w(ndt — iAt) (6-103) 


i=0 


The processing operation is now described by the two simultaneous equations 
(6-101) and (6-103). Figure 6-27 shows one way to implement this system, and 
Fig. 6-26b is merely a straightforward modification in which common delay ele- 
ments are used. In the realization of Fig. 6-27 it is seen that the numerator terms 
are realized by delays in the forward path, whereas the denominator terms are 
realized by delays in the feedback path. 

The last two configurations, Fig. 6-26c and Fig. 6-26d, are obtained by ex- 
pressing H(z) in factored form or in a partial fraction expansion. In Fig. 6.26c, the 
cascade realization, each subsection realizes a single factor of the form given below 
and shown in Fig. 6-28. 
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Figure 6-28 Subsection of cascade realization of H(z). 


y,(nAt) = x,(nAt) + cx,(nAt — At) — dy,(nAt — Аг) 


Cascading subsections of this type give an overall transfer function that is the 
product of the individual transfer functions. 

The parallel configuration of Fig. 6.26d is obtained directly by realizing each 
term in the partial fraction expansion of H(z) by a separate subsection and then 
connecting the subsections in parallel to give an overall transfer function that is 
the sum of the individual transfer functions. 

In selecting the particular form most suitable in a given case, several factors 
must be taken into account. The stability requirements of digital filters are such as 
to cause severe accuracy problems in connection with the coefficients in high-order 
systems realized in the direct form. For a filter with any significant complexity and 
having sharp transitions from passbands to stopbands, the use of the direct form 
should be avoided. 

The choice between the cascade and parallel realizations is not clear cut and 
is strongly influenced by the initial form of the continuous-filter transfer function. 
The parallel form is probably the most widely used realization. 

A realization of the second-order Butterworth low-pass filter synthesized in 
the previous section is shown in Fig. 6-29. The realization here is in the direct 
form. Attempting to go to the parallel or cascade realization leads to a requirement 
for complex coefficients. 





Figure 6-29 Second-order Butterworth low-pass filter. 
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Exercise 6-7. 


Sketch the digital filter sections for a sampling period of At = 1 corresponding to 
the continuous transfer functions 
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It is possible to avoid the *'folding'' problem that occurs when a direct transfor- 
mation from H(s) to H(z) is used that only equates the sampled-impulse response 
of the continuous system to the samples of the discrete system. The technique is 
to first transform the continuous-transfer function H(s) in the s plane into a new 
transfer function H(s,) in the s, plane that is periodic іп о with period о, = 27/А7. 
This amounts to mapping the entire s plane into a strip +jw,/2 around the origin 
and then repeating this mapping periodically. A transform that gives this result is 


~ tanh зым 6-104 
5 = — P 
At 2 ( 


*^'. equation (6-104) becomes 


27-—1 2 (1— 27!) 
еш = шш. --- -- 
Atz+1 44(1-27) 


Upon substituting z = e 





(6-105) 


In terms of the z plane, this transformation maps the entire left half of the s plane 
into the interior of the unit circle and the entire right half of the s plane into the 
exterior of the unit circle. There are no folding errors because there is no folding. 
This transformation is sometimes called the z form. 

The bilinear transformation is applied by making the substitution of (6-105) 
directly into H(s); thus, 


H(z) = Н(5)|,—оулмуе-1)/(с+1) (6-106) 
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Figure 6-30 Frequency warping of bilinear transformation. 


When this transformation is made, the jw axis in the s plane is mapped into the 
unit circle of the z plane, and the resulting H(z) evaluated along the unit circle will 
take on exactly the same values as H(s) evaluated along the imaginary axis. The 
price that must be paid for this very desirable result is a serious warping of the 
frequency scale. Uniform increments along the jw axis in the s plane are far from 
uniform increments around the unit circle in the z plane. If the continuous-system 
frequency variable is taken as о, and the digital frequency variable as «p, then 
the values of these variables that give identical values for the transfer function are 
established from (6-104). 





- ( == (6-107) 
oO, = — x 
^ At 2 
о) | от 
ог — = — tan —— (6-108) 
w T w 


5 


This relationship is sketched in Fig. 6-30 and shows the departure from linearity 
that occurs. This nonlinear warping of the frequency scale can be serious if there 
is a requirement to control the response as a function of frequency in some precise 
manner. In such cases some type of prewarping of the transfer function is required. 
However, for filters having passbands and stopbands of essentially constant am- 
plitude, compensation can be easily provided. All that is necessary is to change 
the critical frequency locations in the continuous filter so that after the transfor- 
mation they will occur at the proper frequency. This is done readily from (6-107). 
Since the transformation is a rational function, the resulting transfer function will 
be rational, and the synthesis procedures previously discussed can be used. 

As an example of the bilinear-transform method, consider modifying the 
second-order Butterworth low-pass filter to eliminate folding. Assume that 
о/о, = 16. Then from (6-108), 

1 T 


* = — tan — = 0.103 
T 10 


Ws | TW 
= = — fan 
о) T о) 





5 5 


The poles will be at s = 0.103 x (— 0.707 + 70.707), and there are no zeros. 
With s being measured in units of w,, the continuous-filter transfer function having 
unity gain is 
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Figure 6-31 Modified Butterworth filter. 


ауа» 0.0107 
His) = ———-2—_._ = =—___—___ 
(s — ails — а) 5 + 0.1465 + 0.0107 
Making the substitution s = (1/m)(z — 1)/(z + 1) gives 


| 0.0107 
(1/z?)z — 1)2/(2 + 1)? + (0.146/т (2 — 1)/(z + 1) + 0.0107 
1 + 22"! + 272 
1 - 1.14427! + 0.41427? 


H(z) = 


= 0.0675 


The realization of this filter is shown in Fig. 6-31 and the frequency response in 
Fig. 6-32. It is evident that no folding occurs. 
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Figure 6-32 Frequency response of filter based on bilinear transformation. 
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Exercise 6-8.1 





Find the frequency for which the response of the filter shown in Fig. 6-30 is 10 of 
the response at zero frequency. 






ANS. о = 0.250, 






6-9 NONRECURSIVE DIGITAL FILTERS 


The design of nonrecursive, or FIR, filters can be broken down into two basic 
approaches: classical interpolation, differentiation, and integration methods; and 
Fourier series approximation to the desired transfer function. Only the latter method 
is considered here. 

The Fourier series method consists of expanding the magnitude-frequency char- 
acteristic of the desired continuous filter in a Fourier series over the frequency 
interval |а) < w,/2. Such expansions are of the form 


H(w) = У, a, cos под: (6-109) 
n=0 

H(w) = > b, sin nwAt (6-110) 
n=0 


The choice of which expansion to use is made on the basis of the behavior of H(s) 
for small s. If H(s) = 5" for small 5, then the cosine series is chosen for m even 
and the sine series for m odd. This choice assures the most rapid convergence of 
the series. Making the substitution z = e/^^' leads directly to the digital-transfer 
function as 


oc 


| п => 
a + = 2, a(z" + 27") meven (6-111) 
H(z) зе | . n= 
= У, bz" — 27") m odd (6-112) 
n=0 


These expressions are polynomials in 2" and 2 ". It is evident that there will be a 
delay in getting an output, since z' requires the sample x(nAr + iAt) and this is 
only available for the calculation of у(пАг) after a delay of iA: beyond nåt. 

One of the difficulties in realizing filters by this method is the slow convergence 
of the Fourier series when there are discontinuities in the desired transfer function. 
The convergence can be substantially increased by altering the coefficients in the 
same manner as in ordinary Fourier analysis, where it is desired to reduce the error 
when using a truncated series. One useful technique is to multiply the time function 
h(nAt) by a time-limited, even function, w(t). This multiplication in the time 
domain corresponds to convolution in the frequency domain and results in a 
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Figure 6-33 Nonrecursive differentiating filter responses. 


smoothing of discontinuities or steep transitions in H(z). With this window function 
the design equations become 


1 N 
H(z) = aw(0) + 5 >, aQw(nAD(z + z^" meven (6-113) 


n= 


м | 
У, bw(nAt)(z" — 27") m odd (6-114) 


| 
H(z) = = 
(2) 2 2, 


A practical weighting function is (һе Hamming-window function, defined as 


Ї 
0.54 + 0.46 cos S 4<Т 
w(t) = (6-115) 
0 || > Т 


For this function 99.96% of the energy lies in the band |w| = 2т/Т, and the 
sidelobes are less than 1% of the peak in amplitude. Figure 6-33 shows a multi- 
element filter designed with and without the window function. The effect of the 
window in removing the Gibbs oscillation is clearly apparent. 


6-10 QUANTIZATION EFFECTS IN DIGITAL FILTERS 


The previous analysis of digital filter performance has implicitly assumed that the 
variables are continuous functions of their arguments. The arguments, but not the 
functions, are assumed to be discrete. In an actual implementation of a digital filter, 
however, the amplitudes must also be discrete; that is, the amplitudes are quantized. 
This is necessary because of the physical necessity of finite register lengths. Several 
different effects occur as a result of quantization of the variables; all are undesir- 
able. In the succeeding subsections the following quantization effects are consid- 
ered individually: register length; deadband effect; parameter quantization; analog- 
to-digital (A-D) conversion noise; and recursion noise. 


Register length. As digital data samples proceed through a filter, the number of 
binary digits required to precisely specify them increases due to the operations 
performed on the data. For example, when two numbers are multiplied together, 
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Figure 6-34 Fourth-order Butterworth filter. 


the product will require a number of binary digits equal to the sum of the numbers 
of digits in the two factors. This leads to requirements for very large registers if 
all of the digits are to be preserved. As an example, consider a fourth-order But- 
terworth filter. Assuming the poles to have an average distance of 0.1 from the 
unit circle, the gain through the filter would be 10*. The output would, therefore, 
require a register length having 14 digits more than the input. If the input were 
quantized to one part in a thousand (10 binary digits), then the output would require 
24 digits due to the dynamic range required in the system. 

One way to reduce requirements for large register sizes is to break up the filter 
into k cascaded sections. Each section will then have a gain equal to the kth root 
of the overall system gain. Following each section an attenuator can be inserted to 
keep the word lengths from increasing from section to section. Such a configuration 
is shown in Fig. 6-34 for the fourth-order Butterworth filter mentioned above. The 
gain in each section of this filter will be 100, and an attenuator of єт will reduce 
the requirement at the output to 10 + 7 — 6 + 7 — 7 = 11 bits. A similar result 
can be obtained for the parallel configuration. If proper allowance is not made for 
this effect in a digital filter, the output register will overflow, causing loss of the 
most significant digits in the output signal and completely destroying the filter 
operation. 


Deadband effect. Consider a first-order system with a difference equation 
y(nAt) = Ky(nAt — At) + x(nAt) (6-116) 


Let the input to this system be a single pulse of amplitude 10 and for concreteness 
let K — 0.6. The mathematical solution of (6-116) gives the following result: 


y(nAt) = 10K" = 10(0.6)" 


The values of y(nAt) for several samples are given in the second column of Table 
6-4. 

Suppose now that in the actual system two different methods are used to obtain 
quantization: rounding and truncation. In the rounding operation the result of each 
computation is assigned a value equal to the nearest integer. The output sequence 
of the system for this type of quantization is shown in the third column of Table 
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Table 6-4 Digital-Filter Response 


n y(nAt) Ў (пАг) fant) 
0 10 10 10 
l 6 6 6 
2 3.6 4 3 
; 2.16 2 | 
4 1.30 | 0 
5 0.78 | 0 
6 0.47 | 0 


6-4. It is seen that for n = 4 the output never changes; that is, the system is stuck 
at 1. A similar result occurs for truncating, in which case only the nearest lower 
integer is preserved. The system output for this case is shown in the fourth column 
of Table 6-4. If the output were increasing instead of decreasing, the truncation 
procedure would lead to a final value different from the correct value, just as did 
the rounding procedure for a decreasing output. This effect, wherein the output 
stops changing even though it has not reached the theoretically correct value, is 
called the deadband effect. The size of the deadband depends on the gain of the 
system. For the first-order system just considered, the deadband is approximately 
1/[2(1 — K)]. Whenever the increment between y(nAt) and y(nAt + At) becomes 
smaller than this amount no further change takes place. The significance of this 
result is that the register length should be sufficient so that the deadband is a 
negligible fraction of the word length. 


Parameter quantization. Quantization of the coefficients in a digital filter leads 
to slight changes in their value. Thus, the filter is actually altered. This effect only 
occurs once, and its effect can be reasonably well predicted. Consider a second- 
order system specified by the following difference equation: 


y(nAt) = K,y(nAt — At) — К,у(пАг — 2At) + x(nAt) (6-117) 


Solution of this equation shows that the poles of the transfer function are 





z = r/+0 (6-118) 
where r= VK cos 0 = of (6-119) 
Р 2УК, 
To determine how the poles vary with K, and K,, the total differential is determined. 
or or | 
Ar = —— АК, + — AK, = — ДК 6-120 
"бк, | ӨЕ, 2 2? dins 
00 90 ~ ДК АК 
A0 = AK, + AK, = ——- - (6-121) 


а а - de — GÀ 
ок, dK, 2rsin@ 2r? tan 0 
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Interpretation of (6-120) and (6-121) can be done by recalling that the unit circle 
in the z plane corresponds to the jw axis in the s plane. Accordingly, it is evident 
that changes in r result in changes in bandwidth, and changes in @ result in changes 
in resonant frequency. Under certain circumstances the changes in Ө can become 
very large for small changes in the coefficient values. If investigation of a specific 
design shows these problems to be serious a redesign may be necessary and may 
require a change in the configuration employed. 


A-D conversion noise. When an analog signal is converted to a digital signal, 
the procedure is to measure the value of the signal at the sampling instant and then 
assign the amplitude to the nearest quantized level that is to be represented digitally. 
Except in certain pathological cases this leads to an error between the true signal 
amplitude and the quantized level that is uniformly distributed over the interval 
+ Е,/2, where Е is the difference between adjacent quantum levels. The variance 
of this error is readily found from the probability density function to be 
2 _ Еб 


g^ 


Кы 6-122 


When truncation is employed, the error will be distributed from — Еу to 0 and will, 
therefore, have a mean value of —E,/2. The variance will be the same as that 
given in (6-122). The following analysis will assume a mean of zero for the quan- 
tization error. 

The behavior of a digital filter in the presence of quantization noise can be 
analyzed by adding to the input х(пАг) an additional sequence e(nAt) to account 
for the noise. A simple system with this modification is shown in Fig. 6-35. 

If the system unit pulse response is h(nAt) the output will be 


y(nAt) = > [x(mAt) + e(mAt)]h(nAt — mAt) (6-123) 


m=0 


From (6-123) the noise output is seen to be 


n 


eg(nAt) = У e(nAt — mAt)h(mAt) (6-124) 


m=0 


Since the samples, е(лА7), are assumed to be independent with variance Е0/12, 
the variance of the sum in (6-124) is just the weighted sum of the variances. Thus, 





Figure 6-35 Filter incorporating quantization noise. 
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п 2 


Е? 
айта > Tid (mAt) 
т-0 
E n 
- i У, тА) (6-125) 


The justification for assuming independent samples in (6-124) is based on an ar- 
gument that, if the signal changes many quantum levels between samples, then 
they will be uncorrelated. This has been shown to be true experimentally for many 
types of signals. The steady-state value corresponds to n = ^». As an example of 
(6-125), consider a first-order system with h(nAt) = K". | 








02 = ӨҢІ K^ + КА + - + - + К?) 

= g? = У к (6-126) 

° 1 m k= т=2п+ 1 

For n — ^ this becomes 

а Е? 

2 е К. 9 
= аш 6-127 
97% 24A poen 


where A = 1 — K (distance from the poles to the unit circle) and o2 = Е2/12. 
This gives an idea of the number of bits required to handle a particular signal to 
keep the signal-to-noise ratio high. Since E, represents one bit, it follows that 
V 1/244 represents the number of bits of noise. For A = 0.01, there would be 
about 2 bits of noise. If a signal-to-noise (power) ratio of 100 was desired, the 
register length would have to be at least 9 bits, and possibly 11 or 12, to accom- 
modate peak deviations. 

Evaluation of (6-125) can also be carried out in the frequency domain by use 
of the multiplication theorem (see Table 6-1). 


5 = 02 У h'(nM) = о? 5 Hanne“ (6-128) 
n=0 n=0 z=] 
= 0 2F[h(nAth(nAt)]|,_ | 


(6-129) 


~ 


= gis 1 Н d A) а 
рт 


E 
= Ze d neu (1 Е dz 
j27 


As an example of this procedure, consider a second-order system and let it be 
required to find the variance of the output noise. 
1 2° 


ША Ss НИ НИ ш. 4 
(2) 1 dd Ки”! + Ког ° 22 ке K,z + K, P "Ч 
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The poles are at 





2 = теФ = УК, = со !— (6-131) 


В 1/К, 

H(-) = M 
z z^ — (K,/K,)z + 1/K, 
The poles of H(1/z) are at 


| 
z= = ел (6-132) 


These poles are outside the unit circle. Determination of c requires evaluating the 
integral 





er 222! dz 
(6-133) 


0 пк, J (z — rez — ге “Фу; — (1/ne][z — (1/те“ 72] 
This integral can be evaluated by summing the residues at the two poles inside the 
contour of integration, which is the unit circle. The result is 


о: | +r? 


е 


70 K, (1 — "ја — 2r? cos 26 + ғ) 


(6-134) 
For systems having sharp transition regions the poles will be close to the unit circle, 
and by letting r = 1 — A and ignoring higher-order terms in A the following 
approximation is obtained: 


2 2 
2 Oe E, 


70 ДА sin? ф — 48A sin? ф 


(6-135) 
Similar analyses can be applied to other configurations to obtain expressions for 
the output noise due to A-D conversion. It is evident from (6-135) that poles near 
the unit circle corresponding to low-loss filters lead to increased noise and that 
filters having resonances near the point ф = 0 (that is, low-frequency filters) also 
have increased noise. 


Recursion noise. When multiplication is carried out in a digital system errors 
are introduced. The exact result requires a word length equal to the sum of the 
individual word lengths, and in order to preserve register lengths, it is necessary 
to round off or ‘truncate. Again it seems reasonable to assume that the errors 
introduced by this process are independent from sample to sample and from mul- 
tiplier to multiplier. The noise process can be modeled by putting an additive noise 
source at the output of each multiplier. Because these noises are generated inside 
the filter, not all necessarily pass through the same portions of the filter, and 
consequently, their contributions to the output noise may be quite different. Con- 
sider the two filters shown in Fig. 6-36. In Fig. 6-36a the noise inputs for each 
multiplication are seen to be operated on only by the portion of the filter corre- 
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0; 02 


Figure 6-36 Internal noise sources in digital filters. 


sponding to the poles. In Fig. 6-36b the noise due to the b, multiplication is 
operated on by the entire filter, whereas the noise due to the ау and a, multipli- 
cations is operated on by no part of the filter but merely adds at the output. The 
contribution to the output noise can be computed by exactly the same methods as 
used for analyzing A-D conversion noise. All that is required is to be certain that 
the proper transfer function is used from the point of introduction of the noise to 
the output. For example, for the filter of Fig. 6-36a, the digital-transfer function 
relating the noise inputs to the output is 


Accordingly, the output noise is found from (6-129) to be 


2 = (0? + 02 + оф) | в (6-136) 
об = (о; с је ci - 

° Е ^ 2mj Ј (2 — by — biz) 
Assuming that the noise due to each multiplication is Е2/12, this equation can be 
evaluated to give 


E; 


2 = ——°—- 437 
70 = да — m (6-137) 


For the filter of Fig. 6-36b, the variance of the output noise can be determined 
іп a similar manner. The transfer function applicable to е, is 


— 1 
(6-138) 


and the transfer function applicable to e 
output noise is, therefore, 


and е, is unity. The variance of the 


аб 
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об = Eo 2 + E | Н (2)Н, : z !dz (6-139) 
12 271] 7 


This can be evaluated to give 


E, Е (ay + аа, + se 


6-140 
12 b(1 — Б) а. 


oj = 
Similar methods of analysis can be applied to other configurations. Such analyses 
can become quite involved for complex filters. One configuration that can be ana- 
lyzed quite easily is the parallel filter. In this filter the noise contributions from 
each subsection add at the output. 
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PROBLEMS 
6-24 Find the z transform of each of the following sequences: 
а. {x(n)} = 1, 1, —1, -1 
b. {x(n)} = 1001 
с. {x(nAt)} = (е“" 51) —0 < п < о 
а. {x(nAr)} = (пар 0) О0О <= л< © 


6-2.2 Find the z transform of the following sampled time functions. 
а. и(пАг — At) — u(nAt —2At) 


b. u(nAt — NAt) — u[nAt — (N + 1)At] 


nåt 0 - n « МА! 
с. x(nAt) = 
0 elsewhere 
6-2.3 Find x(0) and х(>) for the sequences corresponding to the following 2 
transforms: 
a. e!” 
22? + 1 
222 + 3z + 1 


6-2.4 А system has a sampled impulse response of the form h(n) = 2e 7 


Find the output sequence for inputs of 


u(n). 
a. x(n) = u(n) 
b. x(n) = е "и(п) 


6-2.5 Prove the discrete convolution theorem for multiplication of time sequences. 


#{x,(nAt)x,(nAt)} = E ў x, (£x, В é`! dé 


6-2.6 The z transform X(z) is related to the Laplace transform of an impulse- 
sampled time function X(s) by 


Х(2) == X(s)|s=c/anin 2 
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Using this relationship find the z transform of the sequences 

a. {е "А'и(пАт)} 

b. {sin л} 

6-3.1 Find the inverse z-transform of the following by first expanding X(z) in 
partial fractions and then inverting by use of the tables. 





а. X(z) = —— ‚Аг = 1 
г = $ 
b. X(z) 5 Ap == 1 
. X(z) = => —— : At = 
32: — 42 + 1 
5 
е, Хеј = = Аг = 1 


(2 + 2) — 1)? 


6-3.2 Епа the inverse z-transform of 


a. X(z) = by long division; 


2 
12 + 52 + 6 


| 
b. X(z) = KT by contour integration. 


6-3.3 Find the inverse z transform of each of the following functions by at least 
two methods: 








2 22 + 1 
"s 12 + 1 * 22 — 1 

e 42^ zZ + 1 
“= е у? (е = 1) 


6-3.4 Епа the Laurent series for the function 


25° + 452 + 45 + 3 


als) = (s + 1) 


in the vicinity of the pole at s = —1. What is the residue at this pole? 


6-41 Solve each of the following difference equations using the z transform. 
a. x(n + 2) — 2x(n) = 0 x(0) = 0, x11) = —1 

b. x(n + 1) — x(n) = 2n + 1 x(0) = К 

с. x(n + 2) + 3x(n + 1) + 2x(n) = n x(0) = х(1) = 1 

6-4.2 Solve the following difference equations and plot the results: 


a. y(n) = 5у(п — 2) + erie y(n) = 0, п< 0 
Ы. y(n + 2) + 3y(n + 1) + 2y(n) = 2 у(1) = 1, yO) = 0 


6-4.3 Solve the following sets of simultaneous difference equations using the 2 
transform. 


PROBLEMS 363 


а. 2x(n + 1) + y(n) = 1 

x(n) — y(n + 1) = 2 

x(0) = у(0) = 0 

b. Same as (a) except x(0) = у(0) = 1. 
6-51 Find the discrete system function corresponding to the simple differentiator 
defined by 
(n) x(n) — x(n — 1) 
ОВ Квинси 
i At 


6-5.2 An analog system has a transfer function H(s) = (1 — e “5, For inputs 
that are band-limited to |f| < W find the digital system transfer function that 
approximates the analog system performance. 


6-61 Plot the frequency response |Н(е/487) for the system corresponding to the 
difference equation given below. (Normalize with respect to f, = 1/At.) 


y(nAt) = y(nAt — At) + y(nAt — 2At) + x(nAt) 
6-6.2 Show that the following relationship is valid: 
b е ““(віп БДГ)! 
(s + a}? b 1 — 26 (cos bAt)z-! + е 290.72 
[Hint: Use 1/(s + а) > 1/1 — е "5571, 


6-6.3 Find and sketch the magnitude of the frequency response of the discrete 
system described by 
2y(n) + 8y(n — 1) + 4y(n — 2) = x(n). 
6-71 Draw the digital filter sections corresponding to the continuous-transfer 
functions: 
1 
з та 





а. 


г та 
de PE 


6-7.2 It 15 desired to design a recursive digital low-pass filter having a third-order 
Butterworth response with a cutoff frequency of 25 Hz. 


a. Find the digital-transfer function for the filter for sampling rates of 500 Hz and 
2500 Hz and sketch the frequency responses of the two filters. 

b. Sketch two filter configurations for the filter and select the component values 
corresponding to a sampling rate of 2500 Hz for each configuration. 


6-7.3 Design a second-order recursive digital bandpass filter having a passband 
of 100 Hz centered at 1000 Hz and having a sampling rate of 5000 Hz. Compute 
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the component values for the direct realization of the filter and sketch the final 
filter and the frequency response of the filter. 


6-7.4 Given that H(f) is of the form H(f) = exp[ —|fl]; —® < f < с, find the 
discrete system unit pulse response that would be used in a digital processor, given 
that the input signal is band-limited to + W Hz. Assume f, = 2W. 





6-7.5 Design a digital filter to approximate the filtering operation that can be 
obtained with the filter shown. 





Figure Р6-7.5 


6-7.6 Draw the digital filter realization that corresponds to the following transfer 
function, H(s). At = 1 


25? — 2s + 20 


Баз) = s(s? + 2s + 10) 


6-81 Compute a new transfer function for the filter of Problem 6-7.2 using the 
bilinear transformation to eliminate aliasing for a sampling frequency of 1000 Hz. 
Sketch the frequency response of the completed filter. 


6-94 Design a low-pass nonrecursive digital filter having a cutoff frequency of 
25 Hz and a sampling frequency of 250 Hz. Compute the frequency response for 
four terms and for six terms in the approximation. Repeat the design using a 
Hamming window and compare the response for four and six terms with that 
calculated above. 


6-104 For the first-order filter shown let the gain K be 0.95 and let the input be 
a step sequence of amplitude 10. Let the output у(лАт) be rounded to the nearest 
integer. Find the steady-state output of the filter. Compare this to the theoretical 
value. 


x(n) y(n) 





K Figure P6-10.1 


6-10.2 For the filter of Problem 6-10.1 assume that the input is a sampled sinusoid 
of peak value 10 and that the input is quantized to 64 levels. Find the variance of 
the quantization noise in the output due to the A-D conversion process. 
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640.3 Derive an expression for the variance of the output noise due to A-D 
conversion for the digital filter having a transfer function 


1 ==. Ka! 
БИЕ} mh ems 
| — Au + £2 
where 
К, = 2r cos ф 
К = 
K, = r сов ф 
610.4 For a digital filter whose transfer function is 
но 10 
Ү) mm жекен лентасына 
1 - 0.9527! 


find the recursion noise at the output if the variance associated with each multi- 
plication is E2/12 = 1. 
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State Space 


Methods of 
System Analysis 





INTRODUCTION 


Much of the methodology developed in previous chapters is directed toward ob- 
taining the overall response for a system with a single input and a single output. 
Furthermore, there has been little concern about the details of the internal operation 
of the system. Although this approach is a proper and useful one for learning the 
fundamentals of system analysis, it falls short of meeting the needs of the present- 
day system analyst. Modern systems tend to be very complex and to have a number 
of inputs and outputs. In addition, it is often necessary to be concerned about 
conditions inside the system such as the power dissipation in particular circuit 
elements or the effects of system transients resulting from the failure of a specific 
component. 

The previous methods of system analysis must be extended in order to be 
useful in these more complex and more detailed systems. Although these extensions 
are straightforward, it is necessary to introduce several new concepts and to adopt 
a notation that does not become unduly burdensome as the complexity of the system 
increases. This overall approach is usually referred to as the state space method 
of system analysis. As a matter of fact, the notion of state variables is introduced 
in Sec. 1-5, and the reader is advised to review this topic before proceeding with 
the present discussion. 

Mathematically, the state space method corresponds to representing a system 
in terms of a set of differential equations in the normal form, as discussed in Sec. 
1-5. The variables in these equations are the state variables, which in electrical 
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systems usually correspond to currents and voltages within the system. The tech- 
niques are also directly applicable to nonelectrical systems and are used widely in 
control system analysis where the state variables might be such quantities as dis- 
placement, force, velocity, or other similar quantities. These same techniques are 
also applied to the study of economic systems, behavioral systems, ecological 
systems, and many others. 

In addition to providing a convenient method for studying the internal behavior 
of a system and handling multiple inputs and outputs, the state space approach has 
two other advantages. First, it can be extended readily to handle time-varying 
systems, and second, the equations always occur in such a form as to be solved 
readily numerically by standard digital computer routines. 

Before discussing the state space method, it is helpful to take a more general 
look at the block-diagram representation of systems and to develop the mathemat- 
ical models of some simple systems that can be used as the building blocks for 
more complex systems. 


7-2 BLOCK-DIAGRAM REPRESENTATION OF SYSTEMS 


The concept of representing a system by means of a single block with input and 
Output arrows, as shown in Fig. 7-1, was introduced in Chap. | and has been 
employed numerous times since. This basic concept can be extended to represent 
complex systems by using a number of blocks with suitable interconnections. This 
type of representation is particularly useful in modeling systems in terms of their 
state variables. 

The relationship between the output time function and the input time function 
for the system of Fig. 7-1 is 


y(t) = x(t) * A(t) (7-1) 


where A(t) is the impulse response of the system, and the symbol ж denotes con- 
volution. The corresponding representation in the frequency domain is 


Y(s) = X(s)H(s) (7-2) 


where H(s) is the system transfer function, and X(s) and Y(s) are the Laplace 
transforms of x(t) and y(t), respectively. 


(a) (b) 


Figure 7-1 System representation by a single block. (a) Time-domain representation. 
(b) Frequency-domain representation. 
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x(t) y(t) 2(7) 
----->- 


AG) | he (f) 


h(t) = AG) ж he) 


X(s) Y(s) Z (s) 
Mls) (5) ---- 


-— 


H(s) = (5) (5) 
(b) 


Figure 7-2 Systems connected in cascade. (a) Time-domain representation. 
(b) Frequency-domain representation. 


When two systems are connected in cascade, as shown in Fig. 7-2, the output 
of the first block serves as the input to the second block. The output of the second 
block can, therefore, be written as 


z(t) = y(t) * h(t) = [x(t) * hQ(0)] * h(t) 
x(t) * [h,(t) * Л-(1)| (7-3) 


Accordingly, the impulse response of the cascaded system can be written as 
A(t) = h(t) * h(t) (7-4) 


The transfer function of the cascaded systems is seen to be the product of the 
individual transfer functions. In deriving (7-3), it is assumed that the connection 
of the second block does not alter the signal appearing at the output of the first 
block. This is equivalent to saying that there is no “‘loading’’ of the first block by 
the second block. In many instances this is not a valid assumption, and determi- 
nation of the overall system response will require that the loading effect be taken 
into account. This may require solution of the network equations or use of other 
standard circuit analysis procedures. In general, if the input impedance of the 
second system is much higher than the output impedance of the first system, the 
effect of loading can be neglected. 

Another commonly encountered interconnection is the parallel connection of 
two systems. This type of interconnection is shown in Fig. 7-3 and is seen to have 
an overall response that is the sum of the responses of the individual systems. 





y(t) = x(t) x (AG) + (В 


Figure 7-3 Parallel connection of blocks. 
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Figure 7-4 System with feedback. 


The interconnection that is most useful in the state space method of system 
analysis is one involving the concept of feedback, that is, taking the output, mod- 
ifying it, and combining it with the input. This type of interconnection has many 
practieal applications because of the unique capabilities it provides for easily mod- 
ifying a system’s operating characteristics. However, the use of feedback for mod- 
ifying system characteristics is somewhat incidental to its use in visualizing the 
normal-form equations of a system, and it is this latter property that is of primary 
concern now. 

Consider the system shown in Fig. 7-4. The overall transfer function of the 
system can be found from 


Y(s) = [X(s) + YG)H4G)]H,(s) 
= X(s)H,(s) + УСОН ОН 5) 
у Н 
Hénce, Ei) = = = e) (7-5) 


X(s) 1 — НН) 


In order to express this relation in the time domain, it is convenient to define 
the concept of the inverse of a system. The inverse of a system (which is not 
necessarily physically realizable), when cascaded with the original system, has an 
output that is identical to the input of the original system. The inverse system 
concept is illustrated in Fig. 7-5. It is clear from the figure that since 


x(t) = hit) * h- (t) * x(t) 
the convolution of h(t) and Л '(t) is an impulse; that is, 
h(t) * h^ (t) = 80) (7-6) 


It should be noted that the symbol h~ '(t) does not mean the reciprocal of h(t) but 
is merely a symbolic notation of the inverse. Because of the multiplicative property 
of the transfer functions of cascaded systems, it is clear that the transfer function 
of the inverse system is the reciprocal of the original system transfer function. This 


x (f) y(t) x (f) 
A(t) hf) 


Original system Inverse system 


Figure 7-5 Cascade connection of a system and its inverse. 
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result can also be obtained readily by considering the Laplace transform of both 
sides of (7-6), which leads to 


Н(ѕ) · ЖА (t)) = 1 


| 
= көк 
Pih (1)) HG) (7-7) 

The inverse of a causal system is not necessarily causal; in fact, it may not 
exist at all in any conventional sense. Frequently, the inverse system need only be 
approximated over a limited range of frequencies in order to be utilized effectively. 
The use of the concept of a system inverse in the following sections is primarily 
for mathematical convenience and does not require that such a system be imple- 
mentable. 

Using the concept of the system inverse as the inverse transform of the recip- 
rocal of a transfer function, it is possible to express the overall system response of 
a system with feedback in the time domain. Thus, (7-5) can be written in the time 
domain as 


h(t) = h,(r) * [6(0) — h(t) * ћу] ^! (7-8) 


It is seen readily by comparing the representations of (7-8) and (7-5) why the 
frequency-domain representation is more widely used in the analysis of feedback 
systems than is the time-domain representation. 

A summary of the most frequently encountered interconnections of system 
blocks is given in Table 7-1 along with the overall response functions in both the 
time domain and the frequency domain. 

A particular form of feedback system that is useful in drawing block diagrams 
corresponding to differential equations in the normal form is shown in Fig. 7-6. 
In this system H,(s) = 1/5 corresponds to an ideal integrator, H,(s) = a is a 
constant gain factor, and the block cascaded with the feedback system is a constant 
gain factor b. From the equivalent transfer functions of Table 7-1, the overall 
system transfer function is found to be 
Q(s) _ b(1/s) b 


- (7-9) 


би X(s) 1 — (1/)а s-—a 





It is clear from (7-9) that H(s) corresponds to the transfer function of a first-order 
system and that the system will be stable only if a < 0, so that the pole of H(s) 
is in the left half of the s plane. 





Figure 7-6 A first-order feedback system. 
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Table 74 Equivalents of Interconnected Systems 





System Configuration Equivalent System 


h(t) = h(t) * h(t) 


H,(s) Hə (5) H(s) = H,(s)H,(s) 


Cascade connection 


A(t) = h(t) + h(t) 


H(s) = H (s) + H,(s) 





Parallel connection 


h(t) = h,(t) * [6(t) — hy(t) * hy(0] ^! 


Hj) = == 15 __ 
| ~ Н ,(s)H,(s) 


h(t) = h,(t) * [6(t) + h(t) * А (УІ! 





H() = a) __ 
Negative feedback у= 1 + H,(s)H,(s) 





In order to relate the block diagram of Fig. 7-6 to the differential equation 
representation of the system, it is convenient to consider the time-domain version 
as shown in Fig. 7-7. The blocks corresponding to the constant gain factors properly 
should be labeled aó(r) and bd(t), but the 6 functions are omitted to simplify the 
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Figure 7-7 Time-domain representation of a first-order system. 


notation. The differential equation for the system of Fig. 7-7 can be written directly 
by noting that the input to the integrator (which is the derivative of the output) is 
the sum of two components; thus, 


— = qq(t) + bx(t) (7-10) 


Note that this is a normal-form equation for a first-order system. The application 
of this representation to more general systems is discussed in the next section. 

The fact that Fig. 7-7 is drawn as a feedback system does not imply that this 
representation is not useful for circuits or systems that do not obviously involve 
feedback. In order to make this point more apparent, consider the system shown 
in Fig. 7-8. By application of Thevenin’s theorem, the transfer function of this 
circuit can easily be written as 

H(s) = EE ___ - МКС ___ (7-11) 
R; + R, + RR;Cs s + (В, + RJ/R,RJC 

Comparing this form with that of (7-9) indicates that it is identical to the transfer 
function of a first-order feedback system in which 


1 
р = — 
КС 
Ку + К, 
RRC 
Thus, the circuit of Fig. 7-8 can be represented by the normal-form equation 
(7-10) and by the feedback system of Fig. 7-7. 








Figure 7-8 A simple first-order system. 
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Exercise 7-2.1 


Two systems having impulse responses of h,(t) = 10е u(t) and h(t) = 20e~‘u(t) 
are connected in cascade. Find the equivalent impulse response of the combination. 


ANS. A(t) = 200(e^' — e ?^u(t). 





Exercise 7-2.2 


Find the inverse for the system shown in Fig. 7-7. 


ANS. h^ (t) = (1/b)8'(t) — (a/b)à(t). 





7-3 BLOCK-DIAGRAM REPRESENTATION OF NORMAL-FORM EQUATIONS 


The representation of an nth-order linear system by a set of n simultaneous first- 
order equations is discussed in Sec. 1-5. The set of differential equations, called 
the normal-form equations, may be written in the general form 


d 

a = a,,(t)q,(t) + ажа) + > + a,,(t)q,(t) + b,(t)x(t) 

d 

s = а) (Па (t) + ap (t)g(t) + * + as (t)q,(t) + by(t)x(t) 

- = An OG) + ара) +++ + а, (ба + baa) (7-12) 


The output equation associated with this system of equations is 
уа) = e Ma) + сода) + +++ + сода) + ЖДОха) (7-13) 


The input is x(t), the output is y(t), and the state variables are q,(t), where 
К = 1,2,... ‚п. Note that these equations may represent a time-varying system 
since the coefficients are functions of time. In the case of a time-invariant system 
all of the coefficients are constants. 

It is not necessary for the state variables to be physically observable quantities 
within the system in order for the normal-form representation to be valid. For 
example, state variables may be sums or differences of currents or voltages and 
still allow a valid representation of the system. It is convenient from a conceptual 
standpoint, however, to be able to sketch a block diagram in which the state 
variables appear explicitly, even if the resulting blocks have no physical counter- 
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parts in the actual system. The first-order feedback system of Fig. 7-7 makes it 
possible to do this. 

As an example of the block diagram representation in terms of state variables, 
consider a simple system with two state variables and the following normal-form 
equations: 


zum = —109,(t) + 540) + 3x(t) 
44-1 
чт) = 74,0) — 40) — 4х0) (7-14) 
and the output equation is 
y(t) = 24100) + 24.0 (7-15) 


The block diagram that corresponds to these equatons is shown in Fig. 7-9. Al- 
though this diagram appears to be fairly complicated, it is relatively easy to compare 
the block diagram with the equations and to verify the equivalence. 

It is certainly possible, in principle, to draw a similar block diagram for systems 
of any order. However, such a diagram is likely to be so cluttered with detail that 
it no longer provides a simple, overall characterization of the system. It is desirable, 
therefore, to provide some method of simplifying the presentation of both the 





Figure 7-9 Block diagram for a second-order system. 
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АҒ 10002 











Figure 7-10 A two-input, two-output network. 


normal equations and the corresponding block diagram. This is accomplished by 
matrix notation, as described in the next section. Before we proceed with this 
discussion, however, it is desirable to consider a more concrete example of system 
representation and, at the same time, to introduce the concept of multiple-input, 
multiple-output systems. 

All of the discussion of systems so far has assumed that there was only one 
input signal and one output signal. Actually, however, there are many systems that 
have several inputs or several outputs or both. It is still possible to represent such 
systems by a set of normal equations by adding to each equation the appropriate 
contribution from each input. Likewise, the output is expressed in terms of the 
state variables by a set of equations instead of by a single equation. Obviously, 
the complete block diagram for this situation will be even more complicated than 
in the single-input cases already discussed. 

As a simple example, consider the two-input, two-output network shown in 
Fig. 7-10. The two inputs x,(¢) and x(t) are assumed to be voltage sources here. 
The two outputs у (7) and y,(t) are the open-circuit voltages appearing at the outputs 
of a high-pass R-C filter and a low-pass R-C filter, respectively. This circuit might 
be used to separate the low-frequency and high-frequency components of the input 
signals into separate outputs regardless of which input contained which component. 
The resistance and capacitance values are such as to make the cutoff frequency of 
these two filters about 100 Hz. Thus, a 10-Hz component in either х (7) or x(t), 
for example, would appear predominantly in y,(t), whereas a 1000-Hz component 
in either input would appear predominantly in y,(f). 

For reasons that will become clearer later, the state variables g,(t) and q(t) 
have been chosen to be the voltages across the two capacitors. By writing the usual 
equilibrium equations and converting to normal form, it is easy to obtain the normal 
system equations as 


да (1) 
dt 


аа-(4) 
dt 


– 7504 (0) + 25041) + 250x,(t) + 250x,(t) 


2504 (1) - 750q,(t) + 250x,(t) + 250x,(t) (7-16) 
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Figure 7-11 Block diagram for the system of Fig. 7-10. 


Note that both input signals appear in each equation. 
Since there are two output signals, there will be two output equations. These 
are 


y(t) = —0.75q,(t) + 0.25q,(t) + 0.25x,(t) + 0.25x,(t) 


and у) = q(t) (7-17) 


Note that in this case y,(t) cannot be expressed solely in terms of the state variables 
but must also include contributions from the input signals. 

Equations (7-16) and (7-17) can now be used to sketch a block diagram for 
the system of Fig. 7-10 by using first-order feedback systems to create the state 
variables. The resulting block diagram is shown in Fig. 7-11. The complexity of 
the diagram for even a simple case like this clearly indicates the need for a more 
compact notation when there are many inputs, outputs, and state variables. 


7-4 MATRIX REPRESENTATIONS OF THE NORMAL EQUATIONS 


The discussion in this section and throughout the rest of this chapter assumes that 
the reader is familiar with concepts of vectors, matrices, and elementary matrix 
manipulations. А brief summary of the necessary matrix manipulations is given in 
App. C. 

The first step is to define an appropriate set of vectors and matrices. If there 
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are n state variables, these can be combined in a column vector, or ann X | 
matrix, and designated as q(t).' Thus, 


q(t) 


q(t) 


q(t) = (n х 1) 


4.01) 


is known as the state vector. If there аге т input signals, the input vector will be 
designated as 


Хака) 


Likewise, if there are p output signals, the output vector is 


у10) 


yx(t) 


y(t) = (p x 1) 


yt) 


The coefficients of the state variables, as given in (7-12), can be represented 
by an n X n matrix. Thus, for a general time-varying system, let 


а) a(t) > ay) 
A(t) = an) а2200) des aa) нижа 
а (1) а,2(1) dabo а,,() 


The coefficients of the input signal were designated in (7-12) by b,(t), . . . , 
b,(t), since there was only one input. If there are т inputs, then there will be т 


such coefficients in each of the л equations. Thus, these coefficients may be rep- 
resented by ann X m matrix as 


' Vectors will be designated by boldface, lowercase letters, such as а or x. Matrices will be designated 
by boldface, uppercase leters, such as A or X. 
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b(t) bt) +++ bt) 
B(t) = "ui эш) О °з) (п х т) 
№100) №200) 777 b, (t) 


In the time-invariant case these will all be constants and the matrix becomes 
just B. 

If there are p output signals, there will be p output equations, each requiring 
n coefficients as in (7-12). Thus, define a p X n matrix as 


cu) cit) Слао) 
C(t) = cat) 2140) E cat) (p X n) 
C£) сой) +++ сый) 


Likewise, each output equation may contain terms from each of the m input signals. 


Thus, let 
di,(£) dix(t) ando di, (t) 
Do = di) dat) idi daft) (n X nd 
dj(t) dt) +++ а,б 


Both of these matrices will have constant elements in the time-invariant case and 
will be designated as C and D. 

Having defined these vectors and matrices, it is now possible to write the 
complete set of normal equations as 


dq(t) 


ићи A(t)q(t) + В(ух(г) (7-18) 


These equations are frequently referred to as the state equations. 
Similarly, the set of output equations becomes 


y(t) = C(t)q(t) + D(o)x) (7-19) 


The accuracy of these equations can be verified easily by carrying out the 
indicated multiplications and writing an equation relating corresponding elements 
of the resulting vectors. This will be illustrated by a specific example. 

Consider again the circuit shown in Fig. 7-10 and the corresponding equations 
(7-16) and (7-17). In this case n = m = p = 2, and the system is time-invariant. 
From the equations it is clear that 





7-4 MATRIX REPRESENTATIONS OF THE NORMAL EQUATIONS 379 
— 750 250 250 250 
A B = 
250 —750 250 250 


-03 0:25 0.25 0.25 
С = р = 
0 1 0 0 


Thus, (7-18) сап be written as 
dq (1) 
dt — 750 250 250 250 
_ q(t) + x(t) (7-20) 
dq (t) 250 —750 || q(t) 250 250 | | x(t) 
dt 


Carrying out the multiplication yields 


dq(t) 

dt | pe + — Бем + m -— 
dqt)| | 25040) — 75040) 250х (1) + 250x,(t) 

dt 


Since matrices are equal only when corresponding elements are equal, it follows 
that 


dq (1) _ 


| – 7504100) + 2504.(1) + 250х (1) + 250х (0) 


results from equating the upper element in each vector. This is exactly the upper 
equation in (7-16). Equating the lower elements will lead to the lower equation of 
(7-16). 

In a similar way, (7-19) can be written as 


_ PE ul А |023 i еу ad 
у>(1) 0 | q(t) 0 0 xxt) 

The reader may verify that carrying out the multiplication and equating similar 
elements will lead to equation (7-17). 

It should be clear from the foregoing discussion that a considerable notational 
convenience can be achieved by using matrix notation. Furthermore, increasing the 
order of the system, the number of inputs, or the number of outputs does not make 
the state equations more cumbersome. In a later section it is shown that the matrix 
form of the normal equation can be solved explicitly to obtain a solution in matrix 
form. Thus, a great deal of the analysis of complicated systems can be carried out 
by procedures that are only slightly more involved than those for first-order sys- 
tems. 

It is also possible to draw a simple block diagram for the state equations. In 
order to distinguish such a block diagram from the type already discussed, we shall 
use double arrows to represent vector quantities and blocks with thicker edges to 


380 STATE SPACE METHODS OF SYSTEM ANALYSIS 





Figure 7-12 Matrix block diagram. 


represent matrices. Thus, (7-18) and (7-19) could be represented by the matrix 
block diagram of Fig. 7-12. 


Exercise 7-4.1 






A system is represented by the third-order differential equation 
yt) + 290) — yt) + 2y = x(t) 


Define the state variables as у, у, and у and determine the A matrix. Draw the 
block diagram of the system. 





7-5 ELEMENTARY STATE SPACE CONCEPTS 


Now that the notational preliminaries are out of the way, it is time to discuss some 
of the basic concepts associated with the state space approach in a little more detail. 
The most fundamental concept, of course, is just what is meant by the state of a 
system. For our purposes, it is sufficient to consider the state of a system at any 
time to be all of the necessary information about the past history of the system 
needed to determine the future response of the system. This definition glosses over 
many subtle points that need to be considered for a full understanding of the concept 
of state, but attempting to explain these here would only add confusion. 
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The mathematical representation of the state of a system at any time is the 
state vector q(t). This is not a unique representation, since there are many different 
collections of state variables that would convey the same information about the 
system. However, if it contains all the essential information, then it does lead to 
a unique determination of system response to any excitation x(t). In most cases it 
is convenient to pick some time 1; and assume that all inputs of interest occur for 
t > tọ. If this is done, then q(tọ) is the initial state of the system and contains all 
the necessary information about the history of the system prior to the time tọ. 

For values of time greater than tọ the response of the system depends upon 
both the initial state and the input excitation. For purposes of analysis, it is con- 
venient to separate the total response into the parts dependent upon each. One part, 
called the zero-input response, is the response that would evolve from the initial 
state if the input excitation were zero. The other part, called the zero-state response, 
is the response that would evolve from the input excitation if the initial state were 
zero. Each of these concepts requires further clarification. 

The input is a vector x(t), and in order for it to be zero, all its components 
must be zero. Thus, zero input is designated as x(t) = 0 and implies that х (7) = 
0, x (t) —0,..., x, (t) = О for all t = ty. The concept of zero state is a little 
more involved since it does not necessarily imply that q(t)) = 0. Instead, it implies 
that the system output y(t) will be zero when the input is zero. That is, a state 
qo(£9) is called a zero state if, for every tọ, y(t) = 0 when x(t) = 0 for all t = tọ. 

The concept of zero state can be illustrated more concretely by two examples. 
For the first example, refer to the network shown in Fig. 7-10. A brief examination 
of this network reveals that y,(t) and у-(/) are zero when x,(t) and x(t) are zero 
if, and only if, both g,(t) and g,(t) are zero. Thus, in this case the zero state does, 
in fact, occur when до() = 0 for any tọ. The second example illustrates that this 
is not always so, although it is true most of the time. The situation shown in Fig. 
7-13 is somewhat contrived, but it is not greatly dissimilar from many situations 
that arise in connection with active networks. 

The state variables in the network of Fig. 7-13 are again chosen to be the 
capacitor voltages. It is clear that y(t) will be zero when x(t) is zero only if 


R, R, “В, 
[) Ей See ү апа f) e————ÓÀ V 
qi) Е. +R, +R 424) К, + К, + К, 
A #72 82 (7) 
--А/УУУ- — == s + 
Co 
(7) (7 bi 
х(?) fra y(t) 





_ д\\ "o А 
(0| v 


Figure 7-13 Network with an internal voltage source. 
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Thus, the zero state for this system is 


R; 


(у) = | | | е (7-23 
t B 
WONG R, t R, ) 


As stated earlier, it is desirable to express the total response of a system as 
the sum of the zero-input response and the zero-state response. This is possible 
only if the system is linear. The concept of linearity was introduced in Chap. 1 for 
single-input, single-output systems and with no consideration of initial conditions. 
(Although it was not so stated, the definition of linearity employed there is appli- 
cable only if the initial state of the system is a zero state.) It is appropriate at this 
time to extend the concept of linearity in the light of state space methods. 

Suppose that the initial state of a system is a zero state qo(t)), the zero-state 
response to input x,(t) is y,(7), and the zero-state response to x,(t) is y,(t). Then 
the system is zero-state linear if, and only if, [ay,(t) + by,(t)] is the zero-state 
response to input [ax,(t) + bx,(t)] for all a, b, and t = tọ. 

Next, suppose that the zero-input response is У01(1) when the initial state is 
41(10) and that the zero-input response is yo?(£) when the initial state 15 4-(і0). Then 
the system is zero-input linear if, and only if, [ауб (1) + by o>(t)| is the zero-input 
response when the initial state is [aq,(t)) + bq-(tọ)] for all a, b, and > fp. 

In the third place, a system is said to be decomposable if, and only if, the 
reponse to every input x(t) for every initial state q(t)) can be represented as the 
sum of the zero-state response for that input and the zero-input response for that 
initial state. 

On the basis of these three concepts, we can now make a more general defi- 
nition of linearity. A system is fully linear if, and only if, it is decomposable, zero- 
state linear, and zero-input linear. It should be noted that this definition is valid 
for either time-varying or time-invariant systems. 

It is of interest to check on the linearity of the networks shown in Figs. 7-10 
and 7-13. It is not difficult to show that the network of Fig. 7-10 satisfies all three 
criteria and, hence, is fully linear. In Fig. 7-13, however, the system is zero-state 
linear but is not zero-input linear. This is easily verified by noting that the zero- 
input response to an initial state that 15 a constant times the zero-state 40(19) is not 
zero. 


Exercise 7-5.1 


For the system shown determine the zero-state vector. Is this system fully linear? 





7-6 STATE SPACE METHODS FOR DISCRETE SYSTEMS 383 


7-6 STATE SPACE METHODS FOR DISCRETE SYSTEMS 


For systems modeled in terms of a discrete time variable instead of a continuous 
time variable, difference equations replace differential equations in the system 
description. The solution can be carried out in either the (discrete) time domain or 
in the frequency domain, using the z transform. The normal-form difference equa- 
tions for a discrete time system can be written in matrix form as 


ч[(л + 1)At] = Aq(ndAt) + Bx(ndt) (7-24) 
The corresponding output equation is 
y(nAt) = Cq(nAt) + Dx(nAt) (7-25) 


The matrix block diagram of the system corresponding to these equations is shown 
in Fig. 7-14. In (7-24) and (7-25) the system is assumed to be time-invariant so 
that A, B, C, and D are constant matrices. A solution can be obtained by recursively 
solving for the succeeding values of the state variables in terms of the preceding 
values. Starting with the initial state of the system 4(0), the solution is obtained 
as follows: 


q(Ar) = Aq(0) + Вх(0) 
q(2At) = Aq(At) + Bx(Ar) 
= A[Aq(0) + Вх(0)| + Вх(А/) 
= A’q(0) + АВх(0) + Вх(А/) 
q(3At) = Aq(2At) + Bx(2Ar) 
= A?q(0) + А?Вх(0) + ABx(Ar) + Bx(2Ar) 
Continuing this procedure leads to the following general expression: 


п—1 


q(nAt) = A"q(0) + У A"-"-'Bx(mAr) (7-26) 


m=0 





Figure 7-14 Matrix block diagram for a discrete system. 
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This is called the discrete state-transition equation of the system, which is anal- 
ogous to the state-transition equation for a continuous system. The system output 
can be written as 


п— 1 


y(nAt) = CA"q(0) + С У A"-"-'Bx(mAt) + Dx(nAt) (7-27) 


т= 0 
The matrix А” is called the discrete state-transition matrix and is written as 
ф(лАт) = А" (7-28) 


Considerable simplification in the analytical solution of the state equations for 
discrete systems can frequently be obtained through use of transform methods. 
Taking the z transform of both sides of (7-24) leads to 


(п + DAH} = AF{q(nAr)} + В х(пдг)! 
zQ(z) — zq(0) = AQ(z) + BX(z) 
Solving for Q(z), 
[1 - А|О(2) = 24(0) + BX(z) 
Q(z) = 121 — АЈ 'а(0) + [1 — А] 'BX(z) (7-29) 
Taking the inverse z transform of (7-29) gives 
q(nAt) = #7 (z[zI — А] !}ч(0) + +“ Ч[Д — A]~'BX(z)} (7-30) 
Comparing (7-30) with (7-26), the following relations can be seen: 
А" = Æ- 2 – АЈ“! (7-31) 
X A" "-'Bx(imA:t) = 47 M[zI — A] 'ВХО) (7-32) 


These identities can be verified by taking the z transfrom of each side of the equation 
and establishing the equivalence of the various terms that result. Through use of 
(7-31) and (7-32), the matrices involved in the time-domain solution of the state 
equations can be evaluated for the general case. 

As an example of the application of state variable techniques in the analysis 
of discrete systems, consider a system characterized by the following equation: 


уп + DAt) — 3y[(n + БАЙ + 2y(nAt) = x(nAt) (7-33) 

Define the state variables as 
q\(nAt) = y(nAt) (7-34) 
g(nAt) = y[(n + ПАХ] (7-35) 


The state equations are then 


41(п + АД = g,(nAt) (7-36) 
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qin + DAt] = —2q,(nAt) + Зд (пАг) + x(nAt) (7-37) 
and the output equation is 
y(nAt) = q,(nAt) (7-38) 
The defining matrices are then 
0 | 
A= (7-39) 
ER 
o | 
В = (7-40) 
0 | 
1 0 
С = (7-41) 
io ој 
0 0 
р = (7-42) 
o o 


The state-transition matrix is 


b(nåt) = %- {212 — АТ!) 


HETE P tE.) 


2-3 1 
„gaid |: 32%2 22 — 32 + 2 
—2 2 
72 — 32 + 2 2: — 32 + 2 
2—2" —1 +2" 
eee aim v 


The general expression for y(nAt) can then be written from (7-27) and (7-43) as 
1 01:2— 2 —1 + 2" 41(0) 
0 0 P „= 2п+1 wd әр 2п+ 1 400) 
1 0 n—1 2 __ п—т-—1 “Йй whe 2П-т-1 0 0 0 
+ У 
0 01525012 — 2" " —-1+2"" О Lll x(mAt) 
n—1 


(2 + 27q(0) + (—1 + 2400) + € (—1 + 2^7"-x(mAr) 
m=0 (7-44) 


y(nAt) 


In order to make the example more specific, let q,(0) = 1, 4(0) = 0, and 
x(nAt) = 6,0. Substituting these values into (7-44) gives 
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2—2" =1 п = 0 (7-45) 


ПА) = 
С Р -2-1427 =1- 2 m»0 (7-46) 


This result can readily be checked with the iterative solution of the original equation 
starting with the specified initial conditions. 


Exercise 7-6.4 





Find the general expression for 4,(пА1) from (7-43) and (7-26) and check the result 
by substituting for 4|(пА4) in (7-36). 


7-7 A SIMPLE TRACKER 


A practical application of discrete modeling of a system occurs in applications 
where periodic measurements of a changing system are made in order to determine 
the parameters of the system. A typical example is the track-while-scan operation 
of a radar in which the position of a target is measured each time the antenna 
rotates past the target position. If it is assumed that the target is moving in a straight 
line at constant velocity, then these measurements can be used to determine both 
the target position and velocity. In any practical case the measurements are cor- 
rupted by noise so they are not precise but have errors associated with them. This 
means that the tracking operation must provide some filtering or smoothing in the 
process of estimating the system parameters. A simple system that is capable of 
generating the track of a target from a sequence of discrete measurements is the 
a-B tracker. In this system current and past measurements are used to predict what 
the next measured value will be. The difference between the actual measured value 
and the predicted value is found and used to correct the predictor parameters. The 
fractions of the error between the measured and predicted positions used to correct 
the prediction of position and velocity estimates are the constants œ and f, re- 
spectively. The system is easily implemented in two or three dimensions, however, 
in the interests of simplicity, an example in only one dimension will be considered. 

Assume that periodic measurements of a target's position are made at intervals 
T seconds apart and let x, and V, be the smoothed estimates of the target position 
along the x coordinate axis. Let х, be the predicted value of the target position and 
x, the observed target position. The filtering operation can then be described by 
the following difference equations. 


х(п) = xin) + alkin) — x] (7-47) 
о(п) = о,(п — 1) + (B/T)[x (n) — x,(n)] (7-48) 
X,(n + 1) = xn) + Топ) (7-49) 


x,(n) = observed value at nth interval 
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T = sampling interval 
a, B = fixed filter parameters 


In order to start the tracking operation, it is necessary to specify some initial 
conditions so that predicted values can be computed. The usual choices for initial 
values are: 


x(1) = x,(2) = x,(1) (7-50) 
о) = 0 (7-51) 
v2) = [x,(2) - x(DI/T (7-52) 


The coefficients а and | determine how much of the error between the pre- 
dicted and measured values will be used to correct the position and velocity esti- 
mates. а is the fraction of the difference in measured and predicted positions that 
will be added to the predicted value to give the smoothed estimate. f is the fraction 
of the apparent error in velocity that will be added to the last smoothed velocity 
estimate to get the current smoothed velocity estimate. 

These equations can be put in the state variable form by defining х.(п) and 
u(n) as the state variables. The state equation then becomes 


e + d _ | (1 = @) Т | 4 
v(n + 1) -В(1- oyT (1 — В) || Ха) 
а 0 || x, (n) 
Ы l. + B/T М 0 | ~ 


x(n) = (1 — a)x,(n) + ax,(n) (7-54) 


and the output equation becomes 


The best values to use for а апа В depend on the characteristics of the noise present 
in the measurements and what kind of transient performance is required of the 
filter. As an example of how such a system would work, consider its performance 
when the input is a ramp corresponding to a continually increasing sequence for 
x(n). Let the sampling interval be T = 1 and the increment in x,(n) between 
samples be 100, with an initial value of 1000. A value of a = 0.4 and B = 0.1 
will be assumed. The A and B matrices are then 


0.6 | 
А = (7-55) 
—0.06 0.9 
0.4 0 
В = (7-56) 
0.5 0 


In order to solve this problem analytically, the following quantities are needed. 
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Estimated Target Position 
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Figure 7-15 Tracker output for first 10 increments. 


A" = Æ- H{z(zI — А) (7-57) 


n—1 


> А"-"-! Bx(m) = ®—!{(1 — А) 'ВХО) (7-58) 


m=0 


These equations can be solved but lead to somewhat cumbersome expressions. 
However, the numerical solution of the original difference equations is very 
straightforward on a digital computer. For the input specified above, the output is 
found by iteratively evaluating the state equations starting with the initial condi- 
tions. The result is shown in Fig. 7-15. It is not very clear from the figure exactly 
what the initial transient response is like. However, it is clear that there is no steady 
state error in tracking the ramp. A better idea of the transient can be obtained by 
plotting the difference between the estimated position and the true position, 1.е., 
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Figure 7-16 Tracker error for ramp input. 
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Figure 7-17 Tracking with noisy observations. 


the tracking error, as a function of time. This is shown in Fig. 7-16 where it is 
seen that, although there is a rather large initial transient, it dies out quite rapidly. 
To see how the tracker performs in the presence of noise, the input can be modified 
by adding a random component to the observed values. Fig. 7-17 shows the result 
when the observed values are modified by adding independent random values hav- 
ing a Gaussian probability density function with zero mean and standard deviation 
of 200. It is seen that the basic tracking function continues but that there are random 
deviations from the true position due to the errors in the observations. Fig. 7-18 
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Figure 7-18 Observation and tracking errors in the presence of noise. 
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Figure 7-19 Observation and tracking errors with modified a- tracker. 


is an expanded plot showing both the observation errors and the tracking errors. It 
is seen that the tracking errors are smaller than the observation errors by about a 
factor of 2, however, they are present throughout the entire track. 

If it is known that the track is actually a straight line, it is possible to improve 
the performance of the filter by modifying the system to give less weight to new 
measurements as compared to the average of the previous measurements. There 
are appropriate mathematical procedures for doing this in an optimum manner, but 
they involve concepts relating to random processes that are beyond the scope of 
the present discussion and relate to what is commonly called Kalman filtering. To 
see how such a filter might work, however, all that is necessary is to replace the 
constants а and В by quantities that get smaller as new data becomes available. 
As an example let these parameters be exponentially decreasing as a function of 
the number of measurements but have a lower limit below which they do not 
decrease, as follows. 


a => (0.06 + 0.95 exp (—k/20)) (7-59) 
В => (0.006 + 0.3 exp (—k/15) (7-60) 


where k is the index of the observation. The position errors resulting from using 
observations from the noisy data set are shown in Fig. 7-19. It is seen from the 
figure that a much smoother track is generated by this filter once the initial transient 
has died out. One problem with this type of tracker is that if the assumed form of 
the track is not correct or if maneuvers occur, there may be very large errors 
generated, and, since the gain constants have been reduced, the system will not be 
able to correct the errors. Dealing with problems of this kind is part of the design 
process and is part of what makes engineering so challenging. 
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Exercise 7-7.1 


Find the impulse response of the a-f tracker defined by equations (7-55) and 
(7-56) by applying an input that is 1000 for k = 1 and O fork > І. 
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The state equations for a linear time-varying system are given in Sec. 7-5 as 
equations (7-18) and (7-19). If the system is time-invariant, these may be written 


as 
ud es Aq(t) + Bx(r) (7-61) 

dt 
and y(t) = Cq(t) + Dx(t) (7-62) 


where A, В, С, and D are constant matrices that characterize the system. For the 
purpose of the following discussion, the system is assumed to be fully linear as 
defined in the previous section. 

The general problem in system analysis is to find the output y(t) when the 
input x(t) is specified for £ = tọ and some initial state (1) is given or can be 
determined. In order to do this, it is necessary to solve the matrix differential 
equation (7-61) for the state vecotr q(t). Once this has been determined, the eval- 
uation of the output from (7-62) is straightforward. 

Since the system is fully linear, it is decomposable, and the total solution can 
be written as the sum of the zero-input response and zero-state response. This is 
also true for the state vector as well as the output vector. Thus, the zero-input 
response for the state vector can be obtained from (7-61) by letting X(t) = 0. The 
resulting homogeneous equation is 


—— = А) (7-63) 
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By analogy to the corresponding first-order scalar equation, it might be suspected 
that the solution of this equation would have the form 


q(t) = eA" q(to) (7-64) 


where the subscript implies that this response is due to the initial state only. It will 
be shown that this is true by substitution into (7-63). Since A is a constant matrix, 
the derivative of (7-64) is? 


йч) _ 


P A [e^ '%96(10)] (7-65) 


Substitution of (7-63) and (7-64) into (7-62) obviously yields an equality. 
The quantity e^' is an n X n matrix, which can be defined by the series for 
an exponential. Thus, 


2 3 
P = + М + АЗС BA T Re (п Х п) (7-66) 
where I is the identity matrix. The matrix e^' arises so often іп the solution of 
linear equations that it is given а special symbol, фи), and is often called the 
fundamental matrix for the system. Its evaluation and properties are so important 
to system analysis that the following section is devoted exclusively to discussing 
them. For the moment we note simply that (1) is a solution to the homogeneous 
equation, and that the zero-input response for the state vector may also be written 
as 


4,4) = p(t — учу) (7-67) 


The matrix фи — 1) is frequently referred to as the state-transition matrix since 
it specifies the transition from the state at time 10 to that at some other time 
i= ~ 

The zero-state response for the state vector will be determined by the method 
of variation of parameters. In order to do this, assume that this solution has the 
form 


q(t) = e^ g(t) = (7-68) 


where the subscript i implies that this is the response due to the input only and 
where g(t) is an n X 1 vector that is to be determined. The derivative of (7-68) is 


dq;(t) Арый Абеу 280) 
—-- = А 1— 10 + е =; 
dt е 800) е dt 


and this may be substituted into (7-61) to give, after simplifying, 


d 
Aut) BO px) 
dt 


“Тһе basic rules of matrix calculus are summarized in Appendix С. 
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-Ай-ю yields? 


dg) _ 
dt 


Premultiplying by e 
eMC“ OBx(t) іс% 
which may be integrated to give 


g(t) = | e- ^9 - Bx(A) ал (7-69) 


10 


Substituting (7-69) into (7-68) gives the zero-state response for the state vector as 


t 
q(t) = | e^ 9 Bx(A) dA 
to 


( 


or, using the definition of the state-transition matrix, 


q(t) = | фи — A)Bx(A) ал (7-70) 


It is now possible to write the total state vector as the sum of the zero-input 
response, given by (7-67), and the zero-state response, given by (7-70). That is, 


q(t) = 4,0) + 44) 


фи — %4(0) + | „Фа — AYBx(A) dA (7-71) 


This result clearly indicates the important role played by the state-transition matrix. 
It is necessary, therefore, to examine the properties of this matrix and consider 
ways of evaluating it before we go to a specific example. 


7-9 THE STATE-TRANSITION MATRIX 


The state-transition matrix for time-invariant linear systems was defined to be 
b(t — tj) = eA» (7-72) 


The most basic method for evaluating the elements of this matrix is using the series 
expansion for the exponential. Thus, 
(t — Қ) 


3 EN d ы e 
ж CA (7-73) 


ái = па = + А = фу + OEE 


This method is tedious by hand calculation but can be adpated to computer cal- 
culations quite readily. An example that can be carried out easily by hand is shown 
in the next section. 


This operation is equivalent to premultiplying by the inverse of the matrix e“’~ and assumes that 
the inverse exists. 
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A second method of evaluating this matrix in the time domain is based on the 
Cayley-Hamilton theorem, which states that a square matrix A satisfies its own 
characteristic equation.* This makes it possible to express all powers of A in terms 
of a polynominal in A of degree no higher than n — 1. Thus, the entire series of 
(7-71) can be written as 


фа: — to) = оса — WMI + at — А + +++ + o, (t — А" (7-74) 


in which the coefficients a(t — tọ) are to be determined by substituting the eigen- 
values of A into the scalar equivalent of (7-74) and obtaining a set of л simultaneous 
equations. An example will illustrate this procedure. 

Suppose that A is (2 х 2) and has the form 


a 4 


Since the characteristic equation comes from the determinant equation 





А — А = 0 
it follows that 
=J = Д | 
= 0 
2 = re А 
апа ћепсе, 
A + 5, + 4 = 0 
from which the two eigenvalues of A are А, = —1 and A, = -4. The state- 
transition matrix can then be expressed as 
фа — to) = aot — t)I + alt — А = ел9 (7-75) 


and the scalar form of this is simply 


aet = tg) + at — &)A = еу” 


Substituting in A = А, = — 1 gives 

Q(t 6) — a(t — t) = e V 
while A = A, = —4 yields 

a(t — tg) — 4a,(t — to) = e 4-9 
from which 

a(t — 9) = $e 79 — $e “4-9 

a(t — to) = de 779 — $e 40—00 


Inserting these values into (7-74) yields the results 


*See Appendix C for a summary of characteristic equation concepts. 
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b(t - to) а [$e (10) __ ею] E [5e “0 - 3e ЈА 


eTo) 4 20-44- 1070—10) = 107 41—10) 
= ә (7-76) 
3 


2674—10) — 2о-44-ю 2070—10) е-44-ю 


- d 
3 
The foregoing procedures for evaluating the state-transition matrix are general 
in the sense that they can be carried out in almost every case, although it obviously 
becomes much more difficult if n is large. Another procedure, which may be very 
simple and straightforward in some cases (even for large n), but which may offer 
no simplification at all in other cases, is based on the physical interpretation of the 
state-transition matrix in terms of the impulse response of the state variables. In 
order to investigate this possibility, consider the zero-state response for the state 
vector given in (7-70) as 


90) = | b(t — A)Bx(A) ал 


It is now desired to pick B and x(A) so that they correspond to applying a unit 
impulse directly into the integrator associated with any one state variable, say the 
jth one. This can be done in several ways, but the easiest is to let the input vector 
be 


OA — 5) 
0 
x(A) = | (m X 1) 

0 

and let the B matrix be all zeros except 2,; that is, 
В= |1 ·--· 0 |—jthrow (n — m) 
0 0 
Then 
0 

BxA)2|1 +-+- 0 | = | О(А — tọ) | < jth element (п X 1) 
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Multiplying by the state-transition matrix gives 


p(t ЕЕ À) шы Pi p(t Е À) 0 
фи — A)Bx(A) = ЖА — tg) 
ф, | (t ЕЕ À) chu Ф,„(ї Е Л) 0 
фис ш А)О(А M ty) 
y(t — АА — to) mm 


Фу Е А)О(А т ty) 


Introducing (7-77) into (7-70) and integrating over the 6-functions leads immedi- 
ately to 


fit — to) 
q(t) = Su ~ 6) (7-78) 
$, to) 


The interpretation of the elements of the state-transition matrix is now clear. The 
element Ф(ї — tọ) is the zero-state response for the Ath state variable when a unit 
impulse occurs in the derivative of the jth state variable, that is, at the input to the 
jth integrator in the block diagram. 

As an illustration of the procedure, consider the system represented by the 
block diagram of Fig. 7-20 and, in particular, the portion inside the dotted lines. 
If a unit impulse at ¢ = tọ is introduced at point A, the resulting g,(t) and q5(t) are 
clearly just 


ай) = e 9*9 11^ 
q(t) = 0 і — tg 


since there is no cross-coupling between state variables in this example. Likewise, 
if a unit impulse at ¢ = tọ is introduced at point B, the state response is 


q(t) = 0 t = to 
q(t) = е 7-4) f= da 


Hence, the state-transition matrix can be written immediately as 
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Figure 7-20 System to illustrate the impulse response interpretation of the state 
transition matrix. 


e 31—10) 0 
фе– 0) =| xu (7-79) 


For the case of time-invariant systems, the state-transition matrix can also be 
obtained quite straightforwardly by the Laplace transform. This procedure is dis- 
cussed in Sec. 7-11. 

There are special cases in which the state-transition matrix can be obtained 
more easily than by using the techniques outlined above. An obvious situation in 
which this is true is for а first-order system such as shown in Fig. 
7-7 or Fig. 7-8. In such a case the A matrix is a scalar 


A = [a] 
and the state transition is also a scalar given immediately by 
b(t — tj) = е» (7-80) 


This can be extended immediately to the nth-order system in which there is 
no cross-coupling among the state variables. A second-order system of this type 15 
illustrated in Fig. 7-20. Because there is no cross-coupling, the A matrix is diagonal 
and can be expressed in the form 


А = |. | (7-81) 


п 
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Since A is diagonal, any power of A is also diagonal; that is, 


а 0 -.. 0 
; 0 a 
А“ = |. | (7-82) 
0 ak 


п 


From (7-79) the transition matrix can be expressed as 


2 


— ју | 
bt- 1) = У LOO ди (7-83) 


к=о К! 


Using (7-82), this becomes 


a; 0 0 
0 " 
which is just 
gut Q TTE. 
фи - = | 0n (7-85) 
0 gar 


Thus, the state transition matrix is also diagonal in this case. A related special case 
is discussed in the next section. 

A few of the properties of the state-transition matrix are frequently useful in 
analysis or for the purpose of checking results. These are summarized as follows: 


1. (0) - I. 
2. (t, — tj) = (t; — tdo — to). 
3. db —t) = 6 '(t — t). 

The first property may be obtained either by setting / = 10 in the series ex- 
pansion (7-73) for фи — tọ) or from the uniqueness of the solution of the ho- 
mogeneous state equation, as given in (7-63). That is, since 


4,4) = e(t — t)q(to) 
and 4.(10) = q(to) 
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it follows that Ф(0) = I. The second property can be obtained from the same 
equation, since 


9,00) = (t; — todo) = e(t — tda) 
But ат) = e(t, — t)q(to) 
SO а:(5) = Ф( — 1) b(t) — 104(00) 


from which the second property is apparent. 
The third property, concerning the inverse of the state-transition matrix, is 
obtained by premultiplying (7-81) by ф '(t — tọ). Thus, 


bd t — юч) = ^ (t — (e(t — toqli) = q(t) 
But 900) = e(t, — 04,0) 
from which it follows that 
ф '(t — to) = bf — t) (7-86) 


An important consideration with regard to the inverse of the state-transition matrix 
is whether or not it exists. It can be shown, by methods that are too lengthy to 
include here, that @(t — tọ) is always nonsingular, and hence, its inverse will 
always exist. In addition, (7-68) is true for all values of t, not just £ = tọ. The 
inverse can be interpreted as being the state-transition matrix for another system 
known as the adjoint system. The use of the adjoint system is an important aspect 
of system analysis but is beyond the scope of the present discussion. 


Exercise 7-9.1 


Use the eigenvalue method to determine the state-transition matrix of a system 


whose A matrix is 
— ] 1 
А = 


ANS. фи — tọ) = 


e (^ e «^ __ е-24-ю) 
0 e 24—10) ' 
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In the previous discussion of single-input, single-output linear systems, the impulse 
response was a convenient way of characterizing systems and could be used for 
determining the system output for any input by means of convolution. As a matter 
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of convenience, the impulse response was defined to be the response to an impulse 
of unit area applied at time rt = 0. 

A similar concept can be applied to multiple-input, multiple-output systems 
by defining the impulse-response matrix for such a system. If there are m inputs 
and p outputs, the impulse-response matrix will be a p X m matrix whose (i, /) 
element is the zero-state response at the ith output due to a unit impulse at = 0, 
applied at the jth input, with all other inputs zero. This matrix, which will be 
designated as 261), can then be used in a multidimensional form of the convolution 
integral to obtain the system output for any input. 

For purposes of obtaining the impulse-response matrix, it will be assumed that 
the system output equation is of the form 


y(t) = Са() (7-87) 


in which it is assumed that there are no contributions of the form Юх(ї) in y(t).° 
Since only the zero-state response is being considered, the state vector can be 
obtained from (7-70) with £j = 0. Then the output vector becomes 


y(t) = | „Сфе — А)ВХ(А) dà (7-88) 


When a unit impulse is applied to the jth input only, then 


0 
ba coo obw]: by, 
Bx(A) = |: say | = |: |80) (7-89) 
Ы, hal - b,; 
0 


which is simply the jth column of B times the impulse. The corresponding output 
vector, which is the jth column of 2641), is, after integrating over the 6 function, 
just 


ћу) b 
y(t) = · 1 = СФО: (7-90) 
һы) b,j 


A similar result can be obtained for every 1 = j = т, and this will give every 
column of 27}. Then the complete impulse-response matrix is given by 


Hit} = Сф()В t=0 (7-91) 


“Тһе case in which D 15 not zero сап be handled also by using additional state variables. It is not 
considered here simply for ease in discussion. 
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Figure 7-21 Example of system analysis. 


When the input vector x(t) is not an impulse but a set of general time functions, 
the output vector can be obtained by using (7-91) in (7-88) to give 


y(t) — | Hit — АЈХ(А) dA (7-92) 


The similarity of this result to the previous convolution integral is apparent. 

It may be useful to consider a simple example to illustrate these concepts. The 
system represented by the block diagram of Fig. 7-21 will be used for this purpose. 
The various matrices that characterize this system are 


p | | { 
А = В = с=п I] 
0 —a 0 1 


The first step is to determine the state-transition matrix. For illustrative pur- 
poses, this will be done directly from the series expansion. The important thing 
needed here is a general expression for any power of A; this will be determined 
by induction. Consider first 


в -а 1 -а 1 o? —2a 
A = = 
0 -a О -a 0 а? 
-а 1 | а2 —2е Е —a За? 
0 –а ||0 | | 0 -æ 


From these it can be deduced that 


i. (е а 
^ “| о (о) | 


and also A? 


Using this result in the series expansion (7-73) 


= 2 
PU- ы = 1 AG =) + А у... 
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leads to 
б (t — tH) < 2a: = Ry 
2, (car k! 2, „жй и 
== = | 7-93 
b(t to) со сй 1, Y | ) 
0 (-а) 
i-5 К! 


Each of the summations in (7-93) can be recognized as the series for ап exponential. 
Thus, it can be written as 


— a(t — 10) (1 — "T | " 94] 


0 е 1—10) 


фи — b) = | 


In this example it was a simple matter to recognize the closed-form summation 
of the series. In other cases a closed form may not exist or may be too complicated 
to recognize easily. Hence, the use of the series has only limited application in 
attempts to find state-transition matrices analytically. 

Once the state-transition matrix is found, the impulse-response matrix can be 
found from (7-91). Thus, in this case, 


сфов = [1 1) e “ tfe 1l 0 
i 0 е“ о 1 


—-[e* (t+ le] г> 0 (7-95) 


#41} 


In order to illustrate a particular case of system analysis, let the input signals 
be 


x(t) = u(t) x(t) = е ‘u(t) 


The integrand of (7-92) then becomes 


= АЈ i .. —a(t—A) u(A) 
le -At Os on 


= eg MA) + (t — A + De е u(r) (7-96) 


Ж — A}x(A) 


Since there is only one output signal in this example, (7-92) represents a scalar. 
In general, it would be a р X 1 vector, and each component would have to be 
integrated to obtain the corresponding output component. In the present case, how- 
ever, 





t 
y(t) = | [e **9u(A) + (t — А + Те“ Me™ u(A)] ДА 
ол |! (а= 1) |! а-ро А — nl 
—eU7—| + (+ De-^ * = ан Р ш.м а= 5 | 
0 а llo (а ) 0 











_ ИО, __= actum e E p жен um 
i т. и(ї) Li. u(t) (7-97) 
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Exercise 7-10.1 









For the system defined by the A matrix of Exercise 7-9.1 with С = [1, —1] and 
B = I find the impulse-response matrix and determine the output when the input 


iS 
ü | | | 
x(t u(t) 


ANS. ЖЩ} = [e "^ е '— 2e %] 
and y(t) = [-е ' + e "]u(t) 
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The use of Fourier and Laplace transforms in linear, time-invariant system analysis 
has been discussed in previous chapters. It was shown there that the use of such 
transforms converts differential equations into algebraic equations and, thus, often 
simplifies the mechanics of carrying out a solution. It should be expected, therefore, 
that a similar simplification would result from using transform methods in connec- 
tion with the state equations. 

In order to examine this possibility, recall that the state equations for time- 
invariant systems [(7-61) and (7-62)] had the form 


dq(t) 
dt 


y(t) = Сай) + Dx(t) 


= Aq(t) + Bx(t) 


Let the one-sided Laplace transform® of q(t) be designated as 


Q,(s) dq) 


Q»(s) %49›00)) 
Q(s) = . = 


Qs) dq.) 


and let the Laplace transform of x(t) and y(t) be defined in a similar manner to be 
X(s) and Y(s). Then the Laplace transform of (7-61) can be written as 


sQ(s) — q(0) = AQ(s) + BX(s) (7-98) 
and the Laplace transform of (7-62) as 
Y(s) = CQ(s) + DX(s) (7-99) 


*?The use of the one-sided Laplace transform is equivalent to setting һу = 0. It is possible to avoid this 
restriction by using the two-sided Laplace transform, but it is seldom necessary to do so. 
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Equation (7-98) can be written as 
(51 — A)Q(s) = 4(0) + ВХ(5) 


where I is ann X n identity matrix. This can be solved for Q(s) by premultiplying 
by (sI — A) !. Thus, 


Q(s) = (sI — A) !q(0) + (sI — A)~'BX(s) (7-100) 

The Laplace transform of the output can then be obtained by substituting into 
(7-99) to yield 

Y(s) = C(sI — A) 'а(0) + [C(sI — А) 'В + D]X(s) (7-101) 


This result can be used to determine the system response to any causal input when 
the intitial state is known. 

The transfer function for a linear system was previously defined as the ratio 
of the output and input transforms when the initial condition was zero. Thus, if 
q(0) — 0, one can define a transfer function matrix by 


Y(s) = H(s)X(s) 
Upon comparison with (7-101), it is clear that 
H(s) = СТ — A) 'В + D (7-102) 


The transfer function matrix is ар Х т matrix whose (i, /) element is the transfer 
function relating the ith output and the jth input. Hence, this element must be the 
Laplace transform of the impulse response between these two terminals; that is, 


H;(s) = Lth;(t)} 


or, more completely, 


Hs) = KL = | H(t)e ^ dt (7-103) 


Thus, the transfer-function matrix is just the Laplace transform of the impulse- 
response matrix. 

It is also possible to obtain an explicit expression for the state-transition matrix. 
The total state response was shown in (7-71) to be given (for 19 = 0) by 


q(t) = Ф(/)4(0) + | b(t — A)BX(A) dA (7-104) 


Since the integral in (7-104) is a convolution integral, its Laplace transform is 
simply a product of transforms. Thus, the Laplace transform of (7-104) is 
06) = Ф(5)4(0) + Ф(5)ВХ(5) (7-105) 


where Ф(5) is the Laplace transform of the state-transition matrix, фи), and is also 
ап л X п matrix. Upon comparison of (7-105) with (7-100), it is clear that 


(s) = (sI — А)! (7-106) 
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This result leads to another procedure for evaluating the state-transition matrix, 
namely, taking the inverse Laplace transform of (7-106). Thus, 


b(t) = 27 I-A) (7-107) 


Although this procedure is straightforward, finding the inverse may become cum- 
bersome if n is large. 

In order to illustrate the foregoing procedure for obtaining the state-transition 
matrix, consider the system shown in Fig. 7-21 for which the A matrix was 


Hence, 


and its inverse is 


Ф(5) 


| 
| 
LE 
| 
Les 
| 
| 
poem 
Се 
+ 
- 
| 
— 
| 


1 1 
$ та (s + а)? 
1 
кта 








0 


The inverse Laplace transform of Ф(5) yields the state-transition matrix as 


1 1 
$+а (s + а)? Е 27: jig 
| 
з та 





фи = £7! (7-108) 





0 


which is identical to the previous result (7-93) when tọ = 0. 
The transfer-function matrix for a system in the zero state can also be related 
to the Laplace transform of the state-transition matrix. It was shown in (7-90) that 


Jt) = СфоВ 
when D = 0. The Laplace transform of this immediately yields 
H(s) = СФ(5)В (7-109) 


As an illustration of this result return to the example considered above. For 
the system of Fig. 7-21 and B and C matrices were 


Z2 Сей 1 
= lo 1 =r ij 
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1 1 
sta (5 + а)? |11 0 
0 1 





Hence, H(s) = СФ(5)В = [1 1] 





0 
ге 


1 1 1 
= —— + 7-110 
EN E ( 


This also leads directly to the Laplace transform of the output since 


Y(s) = H(s)X(s) 








In this example the input vector is 


[oo 
у) = MA 


so that its Laplace transform is 











X(s) — (7-14) 
s+ 1 
1 
| 1 1 5 
Непсе, Y(s) = зис Me eur apo 
sta {s + ay ға 1 
5 + 1 
| 1 1 
s(s + а) (5 + DG + ај (s + 1)(5 + а) 
25° + 2(а + Ds + а 
PE NEL RC ЛИЛА... (7-112) 


s(s + Ds + ay 
The output time function may be obtained by first making a partial fraction expan- 
sion of (7-112). Thus, 


1 а 1 
ие а - СЕП П ~ об 4a 


2 1 1 
= + = -— 
25 астығы 


«9 = Ж „ * „= – ша | үе и 
а; e == а = 


| а(а — 1)? 





from which 


which agrees with the previous result (7-97). 
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Exercise 7-11.1 












Starting with the state equations for the system of Exercise 7-10.1 and using trans- 
form methods, determine the state-transition matrix, the impulse-response matrix, 
and the system response for an input 


- 0] 
me в 


7-12 SELECTION OF STATE VARIABLES FOR NETWORK ANALYSIS 





Since this text is intended primarily as an introduction to general system analysis, 
it is not appropriate to consider network analysis in great detail. Nevertheless, it 
is of interest to have some idea of how to select an appropriate set of state variables 
in typical networks. This section briefly outlines a procedure which, while not 
infallible, will work in a majority of the cases. 

Although it is not necessary that state variables represent physical quantities 
in the network, it is a great conceptual advantage to have them do so. Furthermore, 
from the block-diagram representation of the normal equations, such as Fig. 7-11, 
it is clear that each state variable should also be the integral of another physical 
quantity, since it always appears as the output of an integrator. This implies that 
it might be resonable to associate state variables with the energy-storage elements 
of the network, that is, with the inductances and capacitances. 

In line with this discussion, therefore, it is appropriate to let the state variables 
consist of the capacitor voltages and the inductor currents. Note that a capacitor 
voltage is the integral of the corresponding capacitor current and that an inductor 
current is the integral of the corresponding inductor voltage. In certain cases this 
simple procedure leads to too many state variables, and some have to be eliminated. 
This occurs, for example, if there is a capacitance loop, so that the sum of the 
capacitor voltages is constrained to be zero. It is also true if there is an inductance 
cut set, so that the sum of the inductor currents is constrained to be zero. In such 
cases, it is necessary to eliminate one capacitance voltage in each capacitance loop 
and one inductance current in each inductance cut set. 

Choosing state variables in this way also makes it relatively easy to determine 
the initial state of the system. In particular, the initial state vector will have as its 
elements the initial capacitor voltages and the initial inductor currents; these are 
the quantities that can most easily be determined by inspection of the circuit. 

Although several different networks have been considered in previous exam- 
ples, it may be desirable to consider still another network in order to emphasize 
some of the points mentioned above. Hence, consider the R-L-C network shown 
in Figure 7-22 and designate the state variables as the capacitor voltages and the 
inductor currents. The first step in the analysis is to determine the A matrix for the 
network. There are several standard procedures for doing this almost by inspection. 
However, since it is not appropriate in this brief discussion to develop the theo- 
retical basis for such a procedure, we shall resort to a less formal approach. 
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93(7) galt) 46 (7) 


—»-— 










L 
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+ + + 
Ся (7) у1(7) С > 


Figure 7-22 An R-L-C network with two inputs and two outputs. 


x(t) xo( 7) 





In the first place, it should be recalled that the first row of the A matrix comes 
from the relationship between q(t) and the other state variables; that is 


да (1) 


di = 4119100) + а) + +++ + ay5q5(t) + · °° (7-113) 


In the present example, C[dq,(t)/dt] is the current in the left-hand capacitor, and 
this current must be related to the inductor currents g,(t) and q4(t) by 


4410) 
C = 40) — 40) 
| да (1) 1 1 
f hich — s жә Др = = ПАГ 7-114 
rom whic di C q3(t) С 44(1) ( ) 
It is clear from this that a,, = а), = а = 0, a4 = 1/C, anda,, = —1/C. 


The second row of A relates to the current in the right-hand capacitor, the 
third row relates to the voltage across the left-hand inductor, and the fourth and 
fifth rows relate to the other two inductor voltages. Thus, by using only elementary 
reasoning of this sort, it is possible to write down the A matrix immediately. It is 


0 0 С -ІС 0 
0 0 0 ІС 1С 
A=|-1/L 0 -R/L 0 0 (7-115) 
l/L -1/L 0 0 0 
0 —1/L 0 0  —R/L 


The B matrix, which is 5 X 2 in this case, can also be determined by inspection 
by noting that x(t) enters only into the voltage relationship involving q(t), and 
x(t) enters only into the voltage relationship involving qs(r). Hence, 


0 


(7-16) 


” 

|| 

O = 
— © O O 


o 
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Likewise, the С matrix, which is 2 X 5 in this example, is readily obtained by 
noting that 


y(t) = 41/0 
and y(t) = q(t) 
H С = d bd d. 7-117 
епсе = бо 1900 (7-117) 


These relationships also make it clear that D = 0 in this case. Hence, the state 
equations can be written as 


AN) – Aq(t) + Вх() (7-118) 
dt 
y(t) = Сай) (7-119) 
q(t) 
q(t) 
where Q(t) = | q(t) x(t) = bed y(t) — | ed 
X(t) y(t) 
4441) 
qs(t) 


and the other matrices are as defined above. 
For the circuit as shown in Figure 7-16, the zero-state vector is 


9000) = 0 


The initial-state vector, on the other hand, need not be zero (although it may be), 
but the individual elements of this vector cannot be adjusted arbitrarily and inde- 
pendently unless additional inputs are permitted. 

The foregoing discussion of state-variable selection avoids many subtle prob- 
lems that may arise with some network configurations or in the case of active 
networks or networks with negative elements. These problems are discussed in the 
literature, however, and there are straightforward procedures for dealing with them. 
Some appropriate references are given at the end of this chapter for the interested 
reader. 


7-13 TIME-VARYING SYSTEMS 


As noted previously, one of the advantages of the state space approach to system 
analysis is that it can be extended readily to handle time-varying systems. Although 
a detailed treatment of this topic is beyond the scope of the present discussion, it 
is appropriate to introduce some of the basic concepts and to illustrate them with 
a simple example. 
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The state equations and the output equations for the time-varying case have 
already been presented in Sec. 7-4 as 


a = A(t)q(t) + В(/)х(1) (7-120) 
y(t) = C(r)q(r) + Dx) (7-121) 


In the time-invariant systems considered until now, the matrices A, B, C, and D 
were constants rather than functions of time. In the time-varying case, one or more 
of these matrices depend upon time. 

The state-transition matrix for a time-varying system is denoted as Q(t, tọ) 
rather than фи — tọ). The reason for this change in notation is that in the more 
general time-varying situation, the state-transition matrix may not be a function of 
time difference only. However, the state-transition matrix does satisfy a homoge- 
neous differential equation analogous to (7-63). That is, 

S A(t)q(t) (7-122) 
dt 
Furthermore, the time-varying state-transition matrix has properties quite analogous 
to those listed in Sec. 7-9: 


1. b(t, t) = I, allt. 
2. %(15, to) = Oh, 1)%(11. 10). 
3. (4. D = Ф (6,5). 


The time-varying state-transition matrix cannot in general be expressed in 
exponential form as in (7-72). Thus, the evaluation of the state-transition matrix 
is not as straightforward as it is in the time-invariant case, and general methods 
for accomplishing this are not considered here. There is one situation, however, 
that is worth noting. If, and only if, A(t) and 


| A(A) ал 


0 


are commutative, then 


ФС, to) = exp | A(A) а | (7-123) 


Note that if A(t) is a constant matrix, (7-123) reduces exactly to (7-72). 

The time-domain solution of the state equations is a straightforward extension 
of the time-invariant case given in (7-71). Thus, the total state vector can be written 
as 


q(t) = (t 94 (0) + | | b(t, A)B(A)x(A) ал (7-124) 


As a simple example of the solution of a time-varying system, consider the 
single-input, single-output system of Fig. 7-23. Let the time-varying function be 
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Figure 7-23 A simple time-varying system. 


ao = -(1 +4) {> | 


1 
B(t) = 


| 
IV 


1 
Са) = 5 t=1 


Since all matrices are scalars in this case, the commutative property for A(t) 
and its integral is satisfied and the state-transition matrix becomes 


„[[-( + ај 


t t 
exp Е — i — in 4 = Ра t 2 10 (7-125) 
0 


P(t, 10) exp [—(A + In Afal 


Let the input to the system be a step function at t = / = 1, 
x(t) = 2u(t — 1) [> d 


and the initial state be а) = 0. The state now becomes 


40) = P(t, to) · (0) + | T 5) (2) ал 


+ 4 
= | —-e'e ДА = те (е! — е!) 


| £f 
- -(-1 
= = 0 — e «-V] {> 1 (7-126) 
Since D(t) = 0, the output equation for this system is 


1 2 
y(t) = C(t)q(t) = 277 [1 — #99] 


= EIL — e «-V] Е> 1 (7-127) 


The response of this system could be quite different if the initial state were not 
zero. Suppose, for example, g(1) = 2. Then the state would become 
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|| 2 
g(t) = 764792 + = – е6 - = - tm] (7-128) 


and the output would be 


2 2 
М = = (2) = 3 fx] (7-129) 


Exercise 7-13.1 







The A matrix of a time-varying system has the form 
m 0 
A(t) — 0 -r і2 1 > 0 
Find the state-transition matrix. 


ANS. Ф(1, tọ) = 


е-4/2х2-ф 0 
0 е (1/30 – 10) 
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PROBLEMS 


7-24 а. Prove that the equivalent-impulse response of two linear systems con- 
nected in cascade is the convolution of the individual impulse responses. 

b. Prove that the equivalent-transfer function of two linear systems connected in 
cascade is the product of the individual-transfer functions. 


7-2.2 а. Show that the equivalent system of two cascaded, invariant linear sys- 
tems is independent of the sequence in which they are connected. 

b. Show by means of a simple example that the statement in (a) does not hold 
for cascaded, time-varying linear systems. 


7-2.3 Two systems having impulse responses of 
h(t) = 10(e~' — e *)u(t) and h(t) = 20e *u(t) 
are connected in cascade. Find the equivalent impulse response of the combination. 


7-2.4 a. Prove that the equivalent impulse response of two linear systems con- 
nected in parallel is the sum of the individual impulse responses. 
b. Repeat part (a) for transfer functions. 


7-25 Find the equivalent transfer function for each of the three block diagrams 
shown. 





Figure P7-2.5 
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7-2.6 a. A linear system has an impulse response of 


h(t) = (е ' — е “ий 


Find the impulse response of the inverse system. 


b. Is the inverse system causal? 


7-2.] Prove the results given for the equivalent of the negative feedback system 
shown in Table 7-1. 


7-2.8 Find the equivalent transfer function for each of the three block diagrams 
shown. 





Figure P7-2.8 
7-2.9 Sketch and label the first-order feedback system that represents the following 
first-order network. 


Figure P7-2.9 


7-31 Write a set of normal differential equations and an output equation that 
relates the output y(t) to the input x(t) for the system shown. 
galt) 


93(?) 92(?) 
+ + 





y(t) 


Figure P7-3.1 
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7-3.2 Sketch a block diagram for the following set of normal differential equations 
and output equation: 


dq (t 
ч = — да (t) + q(t) 
44 (1) — Е 
"x 6q(t) + x(t) 
y(t) = 4101) 


7-33 Write a set of normal differential equations and the output equation corre- 
sponding to the block diagram shown in Fig. P7-3.3. 





Figure P7-3.3 


7-3.4 a. Write the normal equations and output equation for the two-input, one- 
output network shown, using the state variables indicated. 
b. Sketch a block diagram for this network based on first-order feedback systems. 


2000 2 + JAU)- 2H ф»(?) 


x (1) q(t) E AF 3000 xg 7) 


Figure P7-3.4 


7-41 а. Write the matrix form of the normal equations for the network of Prob- 
lem 7-3.4 and specify the elements of all vectors and matrices. 
b. Sketch the matrix block diagram for this network. 


7-4.2 Write the matrix equations for the block diagram shown in Fig. P7-4.2. 
Specify the elements of all vectors and matrices. 
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Figure P7-4.2 





7-4.3 


х(7) f ми 
System 1 nr System 2 E 


_ Y] Figure P7-4.3 


System | is defined by the matrix equations 
AES = А(04/(0) + B (Ox) 
y(t) = C,(t)q,(t) 
and system 2 by the equations 
дао) 
dt 
z(t) = C,q,(t) 
If the cascaded combination of these two systems is defined by 
dq(1) 
dt 
z(t) = C(n)q() 
find q(t), A(t), Ви), and C(t) іп terms of the similar quantities for the separate 
systems. 


= A,(t)q.(t) + B,(t)y(1) 


= A(t)q(t) + В()х() 


7-4.4 Repeat Problem 7-4.3 if the two systems are connected in parallel. 


7-4.5 Write the matrix state equations for the system shown and specify the 
elements of all vectors and matrices. 


JG) 





Figure P7-4.5 
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7-4.6 A system is characterized by state equations with the following matrices: 


a= |7 | - | | | C-[-1 D=[0 1 0] 
- | _ " = 


1 01 
Sketch the complete block diagram for this system. 


7-54 


x (7) 





Figure P7-5.1 


a. Find a zero-state vector for the system shown. 
b. Is this system fully linear? 


7-61 Write the state equations for the following discrete-time system. 


х.(пА) + 





y, (nt) 


xfndt) Figure P7-6.1 


7-6.2 Sketch a block diagram of a discrete-time system having the following 


matrices. 
0 2 0 
А = ‚В = ‚С = [4 2], D = [2] 
1 —2 1 


7-6.3 Write a single difference equation that characterizes the system of Problem 
7-6.2. 


7-6.4 Find the discrete state-transition matrix for the system of Problem 7-6.2. 


7-6.5 In the system of Problem 7-6.2, let q,(0) = 4-(0) = 0 and x(nAt) = 56,2. 
Find the system output, у(лАт). 


7-71 Determine the performance of the а — В tracker when the input is an acce- 
lerating target having a position given by x = 1000 + 100k + 0.1k?. 
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7-7.2 Calculate the performance of the modified a — f tracker with the coefficients 
given by (7-59) and (7-60) when the observed coordinates are given by: 


x(k) = 1000 + 100k 0<k< 50 
= 6000 50 < к 
Find the maximum error after the maneuver occurs. 


7-7.3 One modification of the а — В tracker that allows accomodation of maneu- 
vers is to increase the gain when a sequence of errors of the same sign occurs, 
indicating that they are no longer random. Apply this method to improve the 
tracking of the coordinates in Problem 7-7.2 by having the equations specifying 
the values of а and f revert to their full values whenever four consecutive calcu- 
lations of x, — x, have the same sign. Find the maximum error after the maneuver. 


7-8.4 Use the series expansion for the exponential to show that 


de^! 
. — = Ае“ 
У dt , 


b. ee At = eg Мрм = 1 


7-8.2 А time-invariant system has a fundamental matrix of the form 


фи) = In à 
Ту 0 p m 


a. Find the A matrix for the system. 
b. If the initial state for the system is 


— 10 
q(t) = | 5 | 


write the zero-input response for the state vector for all t = tọ. 


7-83 For the system of Problem 7-8.2, the B matrix is 


ДЕ) 


If the input is a ô function at = tọ + 1, write the total state vector for all 
tan 


7-91 Use the series expansion for the exponential to determine the state-transition 
matrix for a system whose A matrix is n X n and has the form 


А = -I (n X n) 


7-9.2 Use the eigenvalue method to evaluate the state-transition matrix for a 
system whose A matrix is 


==. 1 0 
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7-9.3 For each of the following matrices, specify whether it is a valid state- 
transition matrix for a linear, time-invariant system. If it is not, state the reason. 


2e 21—10) () e «^9 e (to) 
| b. 
а 0 Зе“ 3 — 10) e 24—10) e 24—10) 


e (^9 (t о Гоје >“ '9 2 O 
“| 0 et) 8 [о 1 


7404 Using the impulse-response interpretation, find the state-transition matrix 
for the system of Problem 7-9.2. 


7-10.2 Using the impulse-response method, find the state-transition matrix for the 
system shown. 





Figure P7-10.2 


7-10.3 a. Find the impulse-response matrix for the system of Problem 7-4.5. 
b. Find the output vector for this system if the input vector is 


and the initial state is a zero state. 


7-10.4 АП of the impulse responses indicated in the block diagram shown are 
physically realizable. 


x(t) 






h(t) =e Ут) 





hU) = е (7) 


Figure P7-10.4 


a. Find the impulse-response matrix for this system. 
b. Find the zero-state response of this system if the input vector is 


Е u(t) 
ја la a | 
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7-44 Епа the state-transition matrix for the system described by Eq. (7-81) by 
using Laplace transform methods. 


7-4.2 Find the state-transition matrix for the system of Problem 7-9.2 by using 
Laplace transform methods. 


7-M.3 Find the transfer-function matrix for the system of Problem 7-10.2. 


7-M.4 a. Find the transfer-function matrix for the system of Problem 7-10.4. 
b. Find the zero-state response for the specified input by using frequency-domain 
methods. 


7-124 Write the state equations for the network shown and define all matrices and 
vectors. 


x(t) L R y(t) 


или Figure P7-12.1 





7-12.2 Find the impulse response of the network shown using state space methods. 





о – Figure Р7-12.2 


7431 а. Find the state-transition matrix for the time-varying system shown for 
t>t)> 0. 

b. Find the impulse response for this system. 

q(t) 


x(t) y(t) 








Figure P7-13.1 


7432 Ift, = 1 and g(1) = 0 іп Problem 7-13.1, find the output y(t) for t > 1 
when x(t) = 5u(t — |). 








Mathematical 
Tables 





Table А4 Trigonometric Identities 





sin (А + В) = sin А cos В + cos A sin B 

cos (A = В) = cos А cos В + sin A sin B 

cos A cos B = 3[cos (A + B) + cos (A — B)] 

sin A sin В = 3[cos (A — B) — cos (А + B)] 

sin A cos B = [уп (A + В) + sin (A — B)] 

sin A + sin B = 2 sin ҚА + В) cos ҚА — B) 

sinA — sinB = 2sin3(A — B) cos 3(A + B) 

cos А + cos В = 2 cos ¿(A + В) cos (А - B) 

cos А — cos B = -2 sin ЖА + В) sin А — В) 

sin 2A = 2 sin A cos A 

cos 2A = 2 cos? A — 1 = 1 — 2 біп? A = cos? A — si? A 
sin ЗА = УК! — cos A) cos ЗА = МЕ! + cos A) 


si? A = 3(1 — cos 2A) cos? A = #(1 + cos 2A) 


sin x PE cos "T ж + jsi 
= ————— Қ eee ” = 

F 2 е cos x + j sin x 
А cos (wt + ф,) + В cos (wt + ф,) = С cos (wt + ф;) 
where 

С = УА? + В? + 2AB cos (ф„ — ф)) 
$, = tan~! A зпф, + B sin ф, 
А cos ф, + В сов ф, 

| T 
sin (wt + ф) = cos (в + o= z) 
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Table A-2 Derivatives 





4 ди du 

= NE 

4 u\ _ ах ах 

ах \v v? 

d n n—1 du 

--и пи — 

dx dx 

d log e du 

-— | D eei 

dx сн ах 

а In du 

S је ју не == 

ах Ж 

а и и In du 

— а“ = а а — 

ах а 

а : du 

a= gt ше за Es 

ах ах 

Soy = pg a а 

ах айтайы ах “ “ dx 

d sin COS ш 

=. "T Ра 

ах ах 

e COS sin 24 

=, Hox - „== 

ах ах 
- 1 du 

A "T — 

dx cos? u dx 


---------:-:::Б>---------->------------->------->------->----5-55:5-5:5:5Б.Б-5555-:5-:55:5:55-:-:5::5-:5-:5:5:5:::5::-5:55::::::::5::5::-:-5:5:-::5:Б55Ь>Ь>ЬЬЬЬЬБЬБЬБЬБЬҚБЬБЬЬ5ЬЬ5БЬЬБЬЬБЬЬБ5>>----->-->--->->>------------- 
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Table A-3 Approximations 


Taylor’s series: 

oy hd әй 
f(x) = f(a) + Ја) — „+ f(a) —— Зе жж я 
Maclaurin’s series: 


! x " x 
Јо) = fO +00) т 00) +: 


For small values of x: 


1 





Per U- 
(1 + х)" =1 + их 
e=] +x 
In (1 +x) =x 
sin x = x 
cos x = 1 _= 

2 
tan x =x 
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Table A-4 Indefinite Integrals 


1 TC TT == и = 


| 1 1. 
| sin ax dx = -- cos ax cos ax dx = — sin ах 
а а 
| x sin 2ax 
sin? ax dx = = — —— 
2 4a 


| Т? 
x sin ах dx = — (sin ax - ax сов ах) 
a 


| | 
х? sin ax dx = = (ах sin ах + 2 cos ax — a?x? cos ax) 
a 


sin 2ax 


x 
cos? ax dx = - 
2 Да 


1 Е 
x cos ах ах = — (cos ax + ax sin ax) 
a 


2 


1 | 
х? cos ах dx = = (2ах cos ax - 2 sin ax + а?х? sin ax) 
a 


sin (a — b)x sin (а + Бух 


ај ји" аъ а? зё р 
- b +b 
sin ax cos bx dx = — ee wi + эн а? з b 
i — b si +b 
сов ах cos bx dx = “М4 ОН, SEM TO а? зё b 
1 
p" dy = == 
а 
хе“ dx = => (ах — 1) 
eX dx = — (а2х? — ах + 2) 
а 
е“ sin bx dx = Xu (a sin bx — b cos bx) 
| e“ , 
e** cos bx dx = шут (а cos bx + b sin bx) 








МЗ о а о “--. “--. о MMÁ- “---. о Sy 


& 
~ 


= se tan "(xVa7b) 


+ 
> 
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Table A-5 Definite Integrals 


———————————————————————————————————————————————————————————————————————————————————— 


Е ик | alo Tm + 1) 
0 хе dx Е а"! n q"*! 
[ - Ут 
е" dx = — 
0 2r 
Е 1 
#952 m. 
| хе ах DE 
а 2 Au 
ге" dy = —— 
0 4r 
{ “меса g _ Па + 0/2] 
0 2rn*! 


for a > 0 


7 
о. 2 
| а - 0 for ae б 
0 x 
m 
2 


т 
mr" f < 0 
5 or a 





sin? ax 
2 d = |а| = 
0 X 2 
т 77 т 7 
2 ‘ail 2 2 - 
o sim mx dx — о Sin х dx = о COs mx dx = о COs х ах = > т an integer 
т т 
|| sin mx sin nx dx = | cos mx cos nx dx = 0 m # n, m, n integers 
2m | 
т т 7 if m + n odd 
т — n 
|| sin mx cos nx dx = 
0 " 
0 if m + n even 
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Table A-6 sinc (x) = (sin тх)/тх 


x sinc (x) x sinc (x) x sinc (x) 
0.0 1.00000 1.0 0.00000 2.0 0.00000 
0.1 0.98363 1.1 -0.08942 2.1 0.04684 
0.2 0.93549 1.2 -0.15591 2,2 0.08504 
0.3 0.85839 1.3 | —0.19809 2.3 0.11196 
0.4 0.75683 1.4 -0.21624 2.4 0.12614 
0.5 0.63662 1.5 —0.2122] 2.5 0.12732 
0.6 0.50455 1.6 -0.18921 2.6 0.11643 
0.7 0.36788 1.7 | —0.15148 d 0.09538 
0.8 0.23387 1.8 | —0.10394 2.8 0.06682 
0.9 0.10929 1.9 -0.05177 2.9 0.03392 


For values of sinc(x) outside the range of x given in the table the following pro- 
cedure may be used: 


1. Subtract the largest integer n less than x from x. 
2. Look up in the table below the value of (1/7) sin[z(x — n)]. 
3. Multiply the tabular value by ( — 1)" and divide by x to give sinc(x). 


Half-power point of sinc x is x — 0.443; maximum of first side lobe is — 0.217 
atx — 1.43. 


x—n а. 
— sin 7X 
T 
0.0 0.1 0.000000 
0.1 0.9 0.098363 
0.2 0.8 0.187098 
03 02 0.257518 
0.4 0.6 0.302731 
0.5 03 0.318310 
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Table A-7 Fourier Series Representation of Common Waveforms 


Waveform 


General periodic wave x(/) 


-7/2| lo |угјт 
Odd square wave 





— IL Ll (1 


-f 105 T 27 


Rectangular pulse train 





-1| 
Sawtooth wave 


c. 


Half -wave rectified cosine wave 


Р 1 
– 774 O 7/4 T 





Fourier Series 


оо 


У а g/O7n/Ty 
n 


n= — œ 


2 
|| 


n-T 
ean x(t eg Јаттту dt 
| 1 | (0 


а, = 2тп _ 2mn 
= + а, cos — t + b. sm —-t 
2 > п T п Т 


п=1 


A 
| 


2 (+Т 2 
2 | x(t) cos 77 t di 


81 ЮРТ 2 
b,, + | ха) sin = 1 dt 





+ NN 1 is 2T(2n — D, 

T „= 2n — 1 Т 

4 a (= у": - 2m(2n — 1); 
Tn-i12n— 1 T 

24, 4t, TA 2тт 
— “> sine | —— | eos 

T п= | Г 
8 ~ 2m(2n - D, 


л? ar Өл = | T 


2 b (-1)"*! omn 


T п=1 n T 
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Table A-8 Fourier Transforms of Mathematical Operations 


Operation 

Complex conjugate 
Reversal 

Symmetry 

Scaling 

Time delay 


Time differentiation 


Time integration 


Time correlation 


Freq. translation 


Freq. differentiation 


Freq. convolution 


Time function 


x(t) 
х) 
x( — t) 
X(t) 


x(at) 
XU = by) 


n 


dr x(t) 


| x(A) dA 


К(т) = Һауа + та 
х(г)е/“% 


( —j)"t"x(t) 


х(1)у(1) 


Fourier transform 


X(w) 
Х%(-о) 
Х(- о) 
2тх(- о) 


1 о) 
"— X Ma 
ај ) 
Х(о)е 70% 


( Јо)" Х(а») 


Lu + тХ(О)б(в)) 
jo 


X(w)Y*(w) 
X(@ — ош) 


n 


— ДЕ 
д е) 


Е.З 


m Х(о) ж У(о)) 


Fourier transform 


X(f)e Pro! 


(j2af)"X(f) 


l 1 
Эт) + 2Х(0)6(7) 


X(f)Y*(f) 
X(f m fo) 


1\" a 
(55) ap ^ 


XCf) * YCf) 





Other F.T. relationships include Parseval's theorem: 


| x(t)y*(t) dt = = | X(w)Y*(w) dw = | 
— го 27 J-> 


— со 


O= хам xo = | 


со 


со 


X(f)Y*(f) df 


. x(t) dt 
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Table A-9 Fourier Transforms of Energy Signals 





x(t) Х(о) X(f) 
| Т Т in (wT /2 in zT 
СВЕТЕ т sin (07/2) 9n If 
-Т/2 О T7? : 2 «Т/2 тј 
Rectangular 
pulse 
= 1 1 
е “и(1) | 
jo + а т} + а 
Exponential 
| 
| Т 2 
а И] <> Т | sin (w7/4) T 
Т 2 — 1----- алг Т 2 
-7/2 0 7/2 | «Т/4 2 ee (TF/2) 
Triangular 0 elsewhere 
| 
Мт _, 
____ „ — (п2ј2/а2 
УК e e? VT айдар " e`! ) 


Gaussian а 


У 
| 
R 
N 
т 
ко 
ge 





Doble а? + о? а? + 4m?f? 
exponential 
к ; Wo Wo 
e *' sin (Wo t)u(t аге зч" ---------- 
~ (оо и) (а + joy + we (а + j2nfy + we 
Damped sine 
+i | 
Mw TAI arjo O otpa | 
- к (a + jw)” + wo (a + j2mf) + wo 
amped cosine 
| 1 1 
/ М. ee m e FP lu(t) 3%. uà көй e ~ — = 
ame pu (jo + а)(јо + p) (àmf + ајртј + В) 


Т Т | sin (w — «)T/2 Т | sin z7(f — fo) 
N най бы М: 2 | (о = w)T/2 2 | тт — fo) 
Cosine pulse os ( " r) + sin (w + шы 4 sin тТ(У + fo 
(w + w,)T/2 TI(f + fo) 








Table A-10 Fourier Transforms of Power Signals 





x(t) Х(о) X(f) 


|! (t) | || 
О та 


Unit impulse 


1 1 
u | u(t) по(о)) + n $0(f) + рај 


Unit step 





t 
је О sear = 4 Рм 


Å 
€ 
z| 


Signum function 


~ K 2тКб(а) кӛр) 
О 


Constant 


ЈА у 9s oot mie — w) + део + e) HIF — fo) + OF + То 


Cosine wave 


ж А А sin wot то — w) — Sw + в)! - [Xf — fo) — &f + f) 
О 7 


Sine wave ы 2 ~ 2 
2, xt — nT) Е > My (2m) | - 








n= — 0 T n= — %0 T n 

Жж asli -- 

О f = | 2тп am =e Т 
2. а,„е j2mnt/T 8lo — > 


Periodic wave 


27 27 1 п 
ӨТШТ >д( — nT) 2E за (а - 22") 1а (у – 2) 
-27 0 27 7 
Impulse train 


~ 7 \ 2% eo! 2тб( а» = Wo) (Ў ~ fo) 
Yu! V, ОУ МУ? 


Complex sinusoid 


| 1 ] 1 
tu(t) ітб (w) == ар 2—80 m Am f? 


O 7 
Unit ramp 





ү" 2m j) 8" (ш) (4) o"Xf) 
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Table A-11 Laplace Transforms Corresponding to Mathematical Operations 


Time domain s-Domain 


Property 


Linearity 


Time differentiation 


Time integration 
t Multiplication 
Division by t 
Delay (t-shift) 


Multiplication by 
exponential 


Scale change 


Time convolution 


Initial value 


Final value 


Second derivative 


Multiplication of 
time functions 


Time Function 


a,x,(t) + a x(t) 
x'(t) 


| ко ae 


0 


tx(t) 

А (1) 

; X 

x(t — tg)u(t — tg) 


e "x(t) 


x(at), a > 0 


хржх = | x,(A)x,(t — A) ал 


0 
х(0”) 


x(oc) 


x"(t) 


x (1)Х (1) 


Laplace Transform 


a,X,(s) + а Х (5) 
sX(s) — х(0”) 


i X(s) 
5 
Е dX(s) 
ds 
| xo ae 


e "oX(s) 


X(s + a) 


ZI", 
ран Х => 
а а 
X (5)Х (5) 


lim sX(s) 


$— co 


lim sX(s) 


5—>0 
[X(s) left half plane poles only] 
s*X(s) — sx(07) — х(0”) 

| c + joo 


2— ona Хи — А)Х (А) ал 
2пј Jc—je 


Property 


Linearity 
s multiplicatior 


Division by s 


Differentiation 


Integration 


Multiplication | 
exponential 


s shift 


Scale change 


Multiplication | 
transforms 


Limit as 5 — о 


Limit as 5  ( 


s multiplicatior 


Complex 
convolution 
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Table A-12 Laplace Transforms 
|_________________.___._________ ______________._._. ы... 


X(s) 





(5 + ay 
__В__ 
52 + В? 
5 
52 + В? 
— B 
(5 + а)? + В? 
те 
(5 + а)? + В? 
| 





(s + а)(5 + b) 


y: Pag 


(s + а)(5 + b) 


о 


(с — аје“"“" — (с — Ме” 


x(t) 
6 (1) 


Ó' (t) 
e(t) 


u(t) 


tu(t) 


n-—1 


(n = 1)! 





u(t) 


e “u(t) 


ге“ “u(t) 


sin Bt u(t) 


cos Bt u(t) 


e “ sin Bt u(t) 


е *' cos Bt u(t) 


е“ = e " 


= 12 
= ка 


b 


b-a ud 


Table А-13 z Transform Operations 


Operation 


Definition 


Inversion 


Linearity 
Delay (right shift) 


Advance (left shift) 
Multiply by a" 


Multiply by n 


Multiplication of functions 


Convolution of functions 


Initial value 


Final value 


Time function 
x(n) 


EU 7 м--1 
Znj | Х(2)2 42 
ax,(n) + bx,(n) 
x(n — k)u(n — k) 
x(n + k)u(n) 
а"х(п) 


пх(п) 


х(п)у(п) 


п 


У x(n — Юу(Ю 


к= 0 


lim x(n) 


п->0 


lim x(n) 


n-o 
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z transform 


oc 
* х(п)2 " 
n=0 


X(z) 


aX (2) + bX,(z) 
z^" *X(z) 


k-1 
ZX(z).— z* У, хд)! 
i=0 
X(za~ ') 
г = Хе 


1 | X(A)Y(z/A) dA 


2л] А 


X(z)Y(z) 
lim X(z) 


za 


lim (1-2 !)Х(2) 
2—>1 
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Table А-14 z Transforms of Sequences 








{x(n)} x(n) X(z) 
(Хо Xis X5, Хз, .. E: Xp Xo T xz + a = + ГЕ җы +... 
{1,0,0,0,...} 5,0 | 
1,1,1,1,..) u(n) ~ 
gc 
Z 
B. do duos — — 
{ } п zT 
ur + 1) 
0, ү, 4, 9, а © "e 2 ——— 
( } n этү, 
| 67%. еч. u ‚} еген -- 
2-е 
12-677 
0, 1 — "— 1 — ш. ] — 69 EE. P" _ 
adis i | ° C- ђе е9) 
{1, а, a’, a, } а" ~ 
т-а 
п! 2 
К(п — k)! (2 — 1)**! 
| 2 sin B 
oa z — 2zcosB + 1 
z — zcos В 
= 22 — 2z cos B + 1 
e " sin Bn = 3. 


z — 222“ cos В + e7” 


1 — ге © cos В 


pU ба ние 
z* — же "cos B + е? 


= К_– = ниши 
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Table А-15 z Transforms of Sampled Time Functions 
ы SSRN RE LLORAS ысы CITI I TM AGE VIVE S -- 








"Y va LI 
Ó, o Ó, o l 2 < oo 
u(t) l z| > 1 

4-1 

t nåt T || > 1 

б (nAt)? аро || > 1 

p (Агу уе = > 1 
ы иеа eo I] > g 
је“ пДіе ?"^! D | > e- ^ 
а (ay^' TT А > [е 
а! nAt(a)"^' Ss lz| > |a^!| 
sin Bt sin BnAt Toi 13 || > 1 

cos Bt cos BnAt ey EY z| > 1 

е “ sin Bt e ?"^! sin BnAt ос ee |2| > 1 

e *' cos Bt e "А! cos BnAt na = Rund сов BAD z| > 1 


z* — 22275: cos БА; + е 288: 
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Contour 
Integration 


Integrals of the following types are frequently encountered in the analysis of linear 
systems. 


| 
-- | Х(2)2"-! dz (B-1) 
21] 
с + јо 
— _ X(s)e" ds (B-2) 
2т/ Jc—-je 


The integral (B-1) is the inversion integral for the z transform, whereas (B-2) is 
the inversion integral for the Laplace transform. In both cases the integration is 
with respect to a complex variable, and only in very special cases can these integrals 
be evaluated by elementary methods. However, because of the generally well- 
behaved nature of their integrands, these integrals can frequently be evaluated very 
simply by the method of residues. This method of evaluation is based on the 
following theorem from complex variable theory: If a function G(s) is analytic on 
and interior to a closed contour C, except at a finite number of poles, then the 
integral of G(s) taken counterclockwise around the contour is equal to 277j times 
the sum of the residues at the poles within the contour. In equation form this 
becomes 


$ G(s) ds = 2т] > residues at poles enclosed (B-3) 


What is meant by the left-hand side of (B-3) is that the value of G(s) at each point 
on the contour C is to be multiplied by the differential path length and summed 
over the complete contour. As indicated by the arrow, the contour is to be traversed 
in a counterclockwise direction. Reversing the direction introduces a minus sign 
on the right-hand side of (B-3). 
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In order to utilize (B-3) for the evaluation of integrals such as (B-1) and 
(B-2), two further steps are required: First we must learn how to find the residue 
at a pole, and second we must reconcile the closed contour in (B-3) with the 
apparently open path of integration in (B-2). 

Consider the problem of poles and residues first. A single-valued function G(s) 
is analytic at a point, s = So, if its derivative exists at every point in the neigh- 
borhood of (and including) sọ. A function is analytic in a region of the s plane 
if it is analytic at every point in that region. If a function is analytic at every 
point in the neighborhood of Sọ, but not at sj itself, then sọ is called a singular 
point. For example, the function G(s) — 1/(s — 2) has a derivative, G'(s) — 
—1/(s — 2%. It is readily seen by inspection that this function is analytic every- 
where except at s = 2, where it has a singularity. An isolated singular point is a 
point interior to a region throughout which the function is analytic except at that 
point. It is evident that the above function has an isolated singularity at s = 2. 
. The most frequently encountered singularity is the pole. If a function G(s) becomes 
infinite at 5 = Sọ in such a manner that, by multiplying G(s) by a factor of the 
form (s — 50)", the singularity is removed, then G(s) is said to have а pole of 
order па s = sg. For example, the function 1/sin s has a pole at s = 0 and сап 
be written as 


1 1 
"I pp 
(s) sins 5— 8/3! + 52/5! — · ·• 


Multiplying by s (that is, the factor s — 0), we obtain 


5 1 


Me T = JN els: 1-3) 4 A Ee 


which is seen to be well-behaved near 5 = 0. It may, therefore, be concluded that 
1/sin s has a simple (that is, first-order) pole at s = 0. 

It is an important property of analytic functions that they can be represented 
by convergent power series throughout their region of analyticity. By a simple 
extension of this property, it is possible to represent functions in the vicinity of a 
singularity. Consider a function G(s) having an nth order pole at s = sọ. Define а 
new function Ф(5) such that 


Ф(5) = (s — so)"G(s) (B-4) 


Now Ф(5) will be analytic in the region of sọ, since the singularity of G(s) has been 
removed. Therefore, (s) can be expanded in a Taylor series as follows: 


f(s) - А. + A_n+ 1(5 50) * А – „+265 = 50) 
+ ж) Ж) os T A _ (5 == ы + > Виз т ss)" (B-5) 
k=0 Р 


Substituting (B-5) into (B-4) and solving for G(s) gives 


A_ A A ie 
G(s) = ———*— + —HHl— +... + Ly В,(5 — so) B-6 
(5 — 5)" (5 — 5)" $ — 5 2. Kl о) ы. 
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This expansion is valid in the vicinity of the pole at s = sọ. The series converges 
in a region around s, that extends out to the nearest singularity. Equation (B-6) is 
called the Laurent expansion, or Laurent series, for G(s) about the singularity at 
5 = So. There are two distinct parts to the series: The first, called the principal 
part, consists of the terms containing 5 — Sọ raised to negative powers; the second 
part has no special name and consists of terms containing 5 — Sọ raised to zero or 
positive powers. It should be noted that the second part is analytic throughout the 
5 plane (except at infinity) and assumes the value Во at 5 = 50. If there were no 
singularity in G(s), only the second part of the expansion would be present and 
would just be the power series expansion. The coefficient of (s — sg) |, which is 
A. | in (B-6), is called the residue of G(s) at the pole at s = Spo. 

Formally, the Laurent series expansion of G(s) can be obtained from the usual 
Taylor series expansion of the function $(s) and the subsequent division by 
(s — 50)". For most cases of engineering interest, simpler methods can be em- 
ployed. Because of the uniqueness property of analytic functions, it follows that 
any series of the proper form [that is, the form given in (B-6)] must, in fact, be 
the Laurent series. When G(s) is a ratio of two polynomials in 5, a simple procedure 
for finding the Laurent series is as follows: Form Ф(5) = (s — sg)"G(s); let s — 
So = о, Ors = U + 50; expand ġ(v) around the origin by dividing the denominator 
into the numerator; and replace v by 5 — Sọ. As an example, consider the following: 


2 
СО) = => 
80) = Ту 
To find the Laurent series for G(s) in the vicinity 015 = —1, let 
2 
p(s) = 25-1) 
Lets = v — 1. 
2 
OW) = 2 = 20 + IXv = 2) 
Е 2 
из — 40? – 39-2 
30 1 
--1 oom d шә ЖӘЙ 
2 4 


-2 — 3v — 40° + 912 
2 + 3v + 4v — v 
— 30 — 4U* + 0 
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3 1 
фи) = -1%;9-10--- 


2-4 4-4 + 12 — · ·· 
Ф(5) = 5 (5 45 


І Ру ааа tm sos 
+12 4" 





G(s) = — 


The residue is seen to be — I. 
A useful formula for finding the residue at an nth-order pole, 5 = So, is as 
follows: 


_ Qo = (50) 


M ne - Di 


(B-7) 
where Ф(5) = (s — sg)"G(s). This formula is valid for n = 1 and is not restricted 
to rational functions. 

When G(s) is not a ratio of polynomials, it is permissible to replace transcen- 
dental terms by series valid in the vicinity of the pole. For example, 


_sins _ 1 S 5 .. 
C= a a aT 5 

_1_5 з _ 

gs 8| S! 


In this instance the residue at the pole at the origin is 1. 

There is a direct connection between the Laurent series and the partial fraction 
expansion of a function G(s). In particular, if H,(s) is the principal part of the 
Laurent series at the pole 5 = s; then the partial fraction expansion of G(s) can 
be written as 


G(s) = H,(s) + Hxs) + +++ + Hs) + q(s) (B-8) 


where the first k terms are the principal parts of the Laurent series about the poles, 
апа q(s) is a polynomial а) + a,s + as? + * * * + а,в" representing the behavior 
of G(s) for large s. The value of m is the difference between the degrees of the 
numerator and denominator polynomials. In general q(s) сап be determined by 
dividing the denominator polynomial into the numerator polynomial until the re- 
mainder is of lower order than the denominator. The remainder can then be ex- 
panded in its principal parts. 

With the question of how to determine residues out of the way, the only 
remaining question is how to relate the closed contour of (B-3) with the open 
(straight-line) contour of (B-2). This is handled quite easily by restricting consid- 
eration to integrands that approach zero rapidly enough for large values of the 
variable, so that there will be no contribution to the integral from distant portions 
of the contour. Thus, although the specified path of integration in the s plane may 
be from s = c — jo to c + jo, the integral that will be evaluated will have a 
path of integration as shown in Fig. B-1. The path of integration will be taken as 
the lim Rọ — œ of the contour along C, from c — jR, to c + ЈА and then along 
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Figure B-1 Path of integration in the s-plane. 


either contour C, or C5, which are circular arcs closing to the left or right. The 
vertical portion of the contour must lie in the region of convergence of the Laplace 
integral. For a one-sided Laplace transform c must lie to the right of су, the abscissa 
of absolute convergence. For the two-sided Laplace transform the vertical path 
must lie in the strip of convergence. As will be discussed shortly, the contour is 
always closed to the left for positive time. Therefore, the inversion integral for the 
one-sided Laplace transform (or positive-time portion of the two-sided Laplace 
transform) can be written as 
1 с + joo 1 c t jRo 
. X(s)e" ds = — lim | _ X(s)e" ds (B-9) 
oo 27) Ro 


21] MEE Во->> с-/ 


If in the limit as Rọ — ^ the contribution along the contour С, is zero, then (B-9) 
can be written as an integral around the closed contour Су + С, giving 
1 с + јоо 


ah 
—— 51 1 "ини 51 E 
Г} ЖИМ Х(5)е 2. ЖЕРІ Х(5)е“ ds (В-10) 


> residues of X(s)e* to the left of the vertical 


path of integration (B-11) 


As an example, consider the Laplace transform X(s) = 1/s(s + 1). Formal ap- 
plication of the inversion integral gives 


c + joo 
(t) - | | st d (B-12) 
= ---- ———— e 5 т 
ы 2%] Jc-f» s(s + 1) 


where с is to the right of all poles. The only poles of the integrand are at s = 0, 


— 1, and the residues are readily found [for example, by equation (B-7)], giving 


1 
x(t) = > residues ss +1) e? ats — 0, —1 


(1 — e^5u(t) (B-13) 


In any specific case the validity of assuming that the contribution over the 
closure arc is zero can be investigated. However, there are some general conditions 
that can be stated that encompass many of the situations encountered in system 
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s-plane 


I——€ -plane 





Figure B-2 New coordinate system. 


analysis problems. Consider the contours again as shown in Fig. B-2. Here a new 
coordinate system is defined as having its vertical axis coincident with the vertical 
portion of the integration contour. This coordinate system has the complex variable 
С related to s by the equation 





f=s—-—Cc (В-14) 
The inversion integral now becomes 
с! 
x(t) = = - lim | X(E + с)е d£ (B-15) 
217] R—oo C 


A theorem from complex variable theory (Jordan's lemma) may now be applied to 
(B-15) to give the following results: 


1. Іта. X(£ + c) = 0 uniformly for 7/2 = 0 = 37/2, and if t > 0, then 
the integral (B-15) over C, approaches zero as R approaches infinity. 

2. If па о X(€ + c) = 0 uniformly for — (7/2) = 0 = т/2, and if t < 0, 
then the integral (B-15) over C, approaches zero as R approaches infinity. 


Note that та. Xé + с) = lim, ог X(s), and in many practical cases the 
following more general condition is met: 


3. Шта X(s) = 0 uniformly for all Ө which meets the requirements of both 1 
and 2. 


The procedure for inverting the Laplace transform can now be stated. If con- 
dition 1 or 2 is met, the value of x(t) for positive time is found by closing the 
contour to the left and evaluating the integral as the sum of the residues at the 
poles enclosed. If condition 2 or 3 is met, the value of x(t) for negative time is 
found by closing the contour to the right and evaluating the integral as the sum of 
the residues at the poles enclosed. These results may be stated more compactly as 


0 t<0 
= 1 > vas 
EOM = x0 = (0 residues to left of C, t0 (210) 
x — У, residues to right of C t«0 
1 Ре - 0 ғ 
= Han = a0) | > residues to left of С; peg; $9 
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It is clear that (B-16) is a special case of (B-17), since the one-sided transform 
X(s) never has poles to the right of C, and, therefore, is identically zero for 
f « 0, 

The above procedures are directly applicable and reasonably straightforward 
when X(s) is single-valued. However, when X(s) is multivalued, as, for example, 
X(s) = 5 !/?, the integration is more complicated. Such integrals can be evaluated 
by deforming the path of integration to avoid the lines along which lim, „„ X(s) 
does not converge uniformly to zero. The evaluation of integrals of this type is 
discussed in the references and will not be considered further. 

The following two examples illustrate the procedures discussed above. 


Example ВА. Given X(z) = 1/z(z + 1), find the inverse z transform, 


1 
Ld X(z)z ! dz 
21] 


1 71— 1 


a Ди. 
Lay 2 да +'1) j 


x(nAt) 


The pole configuration depends on n. There are three cases to consider. 
1. Forn = 0 the integral is 


| 1 
$5 a = У, residues at 0, —1 
2(2 + 1) 











2т] 
К F pop ж. 1 
= = [7 = = -- 
° dz wy @+ IW 
к == = 1 
=] E E 
" ход) = -1+1=0 


2. Forn = | the integral is 











1 1 
= 4251) dz = > residues at 0, - 1 
K | = | 
0 z41 = 
1 
K | — = — = | 
2 | = –1 
ЖАР) = 0 
3. For n = 2 the integral becomes 
1 21-2 





— dz = residue at — 1 
27j J (2 + 1) 
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K_, - pr ui ішік (—1)"~? - (— 1)" 
: _ Jil forn = 2 
шанада ( for n <2 
Example B-2. Find the inverse transform of Xy(s) = 1/s?(s — 2), 0 < a < 2. 
1 c + јо e? 
t) = — A Pumpe: 
x4) 2л] Je-je 55 — 2) 
_ residue ats = 0 fort > 0 
(- 1) residue at s = 2 fort <0 
From B-7 
d ем te"(s — 2) — e“ —2t — 1 
ko = ын aw oll + = — fec Ww o ш --- 
ais = Z1. ($ = 2) dB 4 
mem e" – Aa 
is 5” 5= +2 8 
Therefore, 
x(t) = (—3t — Dult) — 4е”и(—1) 
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LH Matrices 


DEFINITIONS 


A rectangular array of elements having m rows and n columns is called anm X n 
matrix. A matrix is denoted symbolically by a boldface capital letter in the follow- 


ing manner: 
а ар Ain 
а, а» ... Ay 
a=}. : 1 | = lad 
а, Am Amn 


Ann X 1 matrix is called a column matrix, a column vector, or often just a 
vector. Such a vector will be designated by boldface lowercase letters as follows: 


а, 


a» 


a 


n 


A similar notation is also used for a 1 X л matrix, which is called a row 
matrix, or row vector. However, in this text, row vectors will always be designated 
as the transpose of a column vector (see below). Accordingly, boldface lowercase 
letters will always refer to column vectors. 
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An n X n matrix is called a square matrix of order n. A square matrix is 
diagonal if, and only if, j = k implies a, = 0; that is, all elements not on the 
main diagonal (from upper left to lower right) are zero. 

A scalar is an ordinary number. It is also sometimes indentified with a matrix 
of order 1 X 1—that is, a single element. Scalars will be denoted by ordinary (not 
boldface) type. 

The identity matrix is a diagonal matrix that has all its diagonal elements equal 
to one. It will be denoted by I. 

The null, or zero, matrix (either square or rectangular) has all its elements 
equal to zero. It is denoted by 0. 

The transpose А? of a matrix А is formed by interchanging the rows and 
columns of А. For example, if 


а Ар 443 
A= 
а, an 43 
ајр 42 
then А! = |4; а» 
а\з 053 


From this definition it is seen that the transpose of a column vector is a row vector, 
and vice versa. 

The determinant of a matrix (necessarily square) is the determinant of the 
elements of the matrix and is accordingly a number or scalar. The determinant of 
A is denoted |А). For example, if 


1 1 2 
А = |2 1 1 
1 2 2 
1 1 2 
then A = 12 1 1| -3 
1 2 2 


A matrix (necessarily square) for which the determinant of its elements 15 
zero is called a singular matrix; that is, if |A| = 0, then A is a singular matrix. 
If |A| = 0, then A is nonsingular. 

The cofactor of the element a, of the square matrix А is the scalar element 
formed by considering the matrix as a determinant, striking out the jth row and kth 
column and multiplying by ( — 1)/**. For example, if 


а ау) а; 
А = | а а» 453 


аз 432 (033 
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а; а, 
{һеп Cofactor of a4, = (— 1) = 053 — 4305» 








an 053 


The adjoint matrix adj А of a (necessarily) square matrix А is formed by 
replacing each element of A by its cofactor and transposing. Thus, if 


















































12 1 
А =|0 1 1 
0 10 
1 1 0 1 o ill 
EE LU — 38 __ 1\4 
CDY ji of СУ Jo of СУ Jo | 
| 2 | 1 1 2 
= _ 113 _ 1\4 _ 112 
then adj A = | (—1) | | со 0 (“IP Jo | 
2 1 | 1 | 2 
_ 144 22145 _ 116 
-» fF || Cp» orl 3 
- 0 Ј - 1 1 1 
б [=] 8 6-і 
е “1 1 0 -1 1 
MATRIX ALGEBRA 


Equality of matrices. Two matrices А and B are equal if, and only if, they are 
of the same order and all their corresponding elements are equal; that is, A — B 
provided A and B are of the same order and а, = б, for all j and k. 


Addition and subtraction of matrices. In order for two matrices to be added 
or subtracted, they must be of the same order. If A and B are of the same order, 
then their sum С is defined as the matrix whose elements are the sums of the 
corresponding elements in А and B. Thus, 


С-А-В 

уућеге Су = Ay + dy 

The subtraction of two matrices is defined similarly; thus, 
D- A- В 


where а, = ак Е: by, 
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Scalar multiplication. The multiplication of a matrix A by а scalar (ordinary 
number) k is called scalar multiplication and results in a new matrix, each element 
of which is multiplied by the scalar. Thus, 


а! аә a a % lin Ка, Ка,» T mS T Ка, 

а 42 ... An Kay, Ка,» ‘>> Ка» 
B = КА = | " к = 4 А 

а, Am2 Se Amn ka, kam шісі Ка ут 


Scalar multiplication is commutative, and therefore, kA = Ak. 


Matrix multiplication. Two matrices can be multiplied together only when the 
number of columns of the first matrix is equal to the number of rows of the second. 
Such matrices are said to be conformable in that order. If two matrices are con- 
formable, their product is defined as 


AB=C 


q 
where C = 2, аб, 
i-1 

and the orders of the matrices A, B, and C are m X q, q X n, and m X n, 
respectively. The operation of matrix multiplication can be visualized as follows: 
To obtain the jkth element in the product matrix, take the jth row of the first matrix 
and the kth column of the second matrix and multiply them term by term and 
add the result. This is illustrated below for the product of a 4 х 3 matrix and a 
3 X 2 matrix. 


The product matrix C will be a 4 х 2 matrix. To find the element са of the 
product matrix we must multiply the elements in the third row of A by the elements 
in the second column of B and add 
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The final result is as follows: 


1 2 2 8 7 
2 1 
| =3 1 | 0 
1 lj = 
2 0 1 6 E 
2 4 
oat. | => -2 6 


In general it is not possible to reverse the order of multiplication in a product. 
Only for an m X n and an n X m matrix would both products be defined, since 
otherwise the matrices would not be conformable in both orders. Over and above 
that, however, reversing the order of a product when possible leads, in general, to 
a different result. Thus, 


AB = ВА 


If two matrices do have the property that their product is independent of their 
order of multiplication, they are said to commute. In particular the identity matrix 
I commutes with any square matrix of the same order; that is, 


IA = АЛ 


The product AB can be referred to in two ways: we may say that B is pre- 
multiplied by A or that A is postmultiplied by B. In the notation we are using, 
vector a is a column matrix; therefore, when a vector premultiplies a matrix B, the 
product will always be in the form a’B in order that the matrices be conformable. 
When the order of multiplication is reversed, the transpose is not required, and the 
product will be Ba. Premultiplication and postmultiplication of a matrix by a vector 
lead to the scalar form a’ Ва. 


The inverse matrix. The matrix operation corresponding to division is defined in 
terms of the inverse matrix. For a given matrix A, the inverse matrix A~', when 
it exists, is defined by the following equation: 


АА"! = I = A'A 


Thus, any matrix multiplied by its inverse leads to the identity matrix. Only 
a nonsingular matrix (that is, one whose determinant does not vanish) has an 
inverse. The inverse of a nonsingular (necessarily square) matrix is 


adj A 
А 





Ав an example, consider 


£e 
e 
> 

| 


F 
| аҙ? pl _ | d») bs 
— 412 1 ~h; à 


det A = 11055 = а12421 
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1 аз 74) 
Therefore, AT! --------- 
411822 1505, | — 05 а 


Characteristic equation of a таїгіх. A frequently occurring problem in matrix 
analysis is to find values of a scalar parameter A for which there exist vectors 
x ~ 0 that satisfy the matrix equation 


where A is a given nth-order square matrix. Such a problem is called a character- 
istic value, or eigenvalue, problem. This equation can be written by means of the 
identity matrix as 


Ах = Ах 
(A — ADx = 0 
There will be a solution if, and only if, 
ЈА — А = 0 
that is, if and only if 
aj; = A dp tt аһ 
421 dy, — A 
= 0 
а, am tt d, — A 


Either of these last two equations is called the characteristic equation of the matrix 
A and the expression 


КА) = ЈА — Al] = A" + aA! + HaHa 
1— | 1 0 


is called the characteristic polynomial for А. 

The roots of the characteristic equation, denoted by A; (where і = 1,2,...,п) 
are called the characteristic values, or eigenvalues, of the matrix A. The vectors 
x that satisfy the equation Ax = Ax are called characteristic vectors, or eigenvec- 
tors, of the matrix A. 

If there exists a nonsingular matrix T such that B = TAT™', the square 
matrices А and B аге said to be similar. All similar matrices have the same eigen- 
values and eigenvectors. 

If A is a symmetric matrix, then all of its eigenvalues are real, and the eigen- 
vectors corresponding to different eigenvalues are orthogonal; that is, if x; is the 
eigenvector corresponding to A; (where А, ~ A,), then 


Cayley-Hamilton theorem. The Cayley-Hamilton theorem states that ‘‘every 
square matrix satisfies its own characteristic equation in a matrix sense.’’ This 
means that if an nth-order square matrix A has as its characteristic equation 
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fA) = А ға, A7 +: + aA + a = 0 


then А" + а, А" + ::· + ДА + al = 0 


n—1 


Matrix calculus. If the elements of a matrix A are differentiable functions а(7) 
of a scalar parameter 1, then the derivative of A with respect to 1 is defined as 


йа) 440) ^ da,,{t) 
dt dt dt 
LL Nem да (1) day,(t) 2. аа-,(1) 
dt dt dt dt 
day (t) аа,2(0) йам!) 
dt dt m dt 


Partial differentiation and integration of matrices are defined in an analogous 
manner. 


Functions of matrices. The definition of a function can be extended to matrix 
arguments. This concept is particularly useful when the function can be expanded 
in a convergent power series. Such a representation takes the following form: 


g(A) = У B,A"  A?^-I 


m=0 
For example, the exponential function of the square matrix A 
се“ = Т+А + $A? + 

This series converges for all square matrices. From the Cayley-Hamilton theo- 
rem it is seen that if A is an zith-order matrix, we can express А” as a polynomial 
in A where the highest power of A is n — 1. Using this relationship, it is possible 
to systematically reduce a polynomial of any order in A to an equivalent expression 
containing no terms of power higher than n — 1. The resulting expression will be 
of the form 


А 1 sa] Д. 2 A, Ao 
— ЛЕ n -- TEE i Ледарғ._-. п E «© e э + к=." -- жашы 
g(A) | A ' A A I 


where A is the determinant 
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апа A,, А),..., А, are the eigenvalues of A. The determinant A,. , is derived 
from A by replacing the elements of the rth row by g(A), g(A,), . . . , g(A,). 

If the n eigenvalues of A are distinct, then the expression for the matrix 
function can be written in the following alternative form: 


„ [LA -aD 
КА) = X QS 
jal И (A; m Ар) 

J 


This is known as Sylvester s theorem. 


Miscellaneous matrix relationships. It is assumed in the following that the 
various matrix operations are permissible; that is, matrices being multiplied are 
conformable, matrices being inverted are nonsingular, and so on. 


(ABC) = (AB)C = A(BC). 

А" = АА::: A ton factors. 

If D = ABC, thenD ! = С“'В !'А“'. 
А" = (А 7". 

If С = AB, then С! = (AB)! = B'A". 

If D = ABC, then D/ = (ABC)! = CBTA". 


Premultiplication (postmultiplication) of A by the matrix obtained by replacing 
the 1 in the jth row (column) of the identity matrix by а multiplies all elements in 
the jth row (column) of A by a. 

Premultiplication (postmultiplication) of A by the matrix obtained by replacing 
the zero in the nondiagonal element 6, of the identity matrix by 1 adds the kth 
row (column) of A to jth row (column) of A. 

Premultiplication (postmultiplication) of A by the permutation matrix obtained 
by a permutation of the rows (columns) of the identity matrix results in an identical 
permutation of the rows (columns) of A. 









D Computer 
Programs for 


Numerical 
Computations 


Organizations with large computer facilities generally provide a library of subrou- 
tines for carrying out frequently encountered computational procedures. Unfortu- 
nately, many students do not have access to such a library. With the advent of the 
personal computer and the engineering workstation, substantial computational ca- 
pabilities are now available to many more individuals. In particular, a number of 
specialized programs are now available for personal computers that take much of 
the tedium out of numerical computations. One example is a program called 
"MATLAB.'' This is a program specifically designed to handle analysis and 
design problems involving signals and systems. It readily deals with residues, roots 
of polynomials, convolutions, transforms, analog and digital filter design, matrix 
analysis, and many other matters of concern to the system analyst. 

Without such a program it is still possible to greatly reduce the drudgery of 
numerical calculations by using a computer. A few simple programs are described 
in the following sections to illustrate how such programs can be used. 


NUMERICAL CONVOLUTION 


452 


The convolution operation is readily implemented on a digital computer using 
languages such as BASIC or FORTRAN. A FORTRAN subroutine (CONVOL) 


l Available from the Mathworks Inc., South Natick, Mass. 
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Program 0-1 Convolution Subroutine CONVOL 


0001 subroutine convol (а, b, c, la, Ib, дећ) 
inputs: 
a, b input arrays 
la, Ib length of arrays a, b 
delt sampling interval in seconds 


output: c (convolution of a and b) 


0002 dimension a(1), b(1), c(1) 
0003 Ic = la + Ib — 1 

0004 do 10 i = 1, Ic 

0005 10 c(i) = 0 

0006 до 1i = 1, Ја 

0007 do 1j = 1, Ib 

0008 k=i+j- 

0009 1 c(k) = c(k) + a(i) * b(j) 
0010 do 20i = 1, Ic 

0011 20 c(i) = c(i) * delt 

0012 return 

0013 end 


for convolving two sampled functions is given in Program D-1. This program will 
convolve two functions contained in arrays a(1) and b(1) and generate the output 
in array с(1). 

As an example of using the CONVOL subroutine, consider the following 
problem. The two functions 


| D ugs] 
x(t) — 


0 elsewhere 

sin 7t 0ztzl 
h(t) — 

0 elsewhere 


are to be convolved. A sampling interval of At = 0.1 will be used, and, because 
of the discontinuities at the beginning and end of x(t), a value of 3 will be used at 
these points. The FORTRAN program tconvol given in Program D-2 carries out 
the necessary convolution and prints the results shown in Table D-1. 

A BASIC program to carry out numerical convolution is given in Pro- 
gram D-3. 

It is also possible to carry out numerical convolution on a personal computer 
using a spreadsheet such as EXCEL™ or Lotus 1-2-3**, As an example consider 
the convolution of the two pulses used in the previous example. There are a variety 
of ways to organize a spreadsheet to do the convolution. One method is shown in 
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Program D-2 FORTRAN Program for Convolving a Rectangular Pulse and a Sinusoidal 
Pulse Using Subroutine CONVOL 
e WP RR EES ACE ORE Р Н EN ALS RT RA ENS SN E A Oe ТЫН и ТА С 
program tconvol 
dimension x(20), h(20), y(30) 
generation of x(t) 
pi = 3.14159 
x(1) = 0.5 
do 10i = 2,10 
10 x(i) = 1.0 
x(11) = 0.5 
note that at x(1) and x(11) which are points of 
discontinuity in x(t), the sample value is taken as; 
x(k * delt) = 0.5 » [x(t*) + х(17)] 
generation of h(t) 


do 20 i = 1, 11 

20 h(i) = sin (pi * (i — 1)/10.) 
la — 11 
Ib = 11 


call subroutine convol 

call convol(x, h, у, la, Ib, 0.1) 
print out results 

do 30 i = 1,la + Ib —1 


30 write(6, 40)y(i) 
40 format (2x, g16.8) 
end 


NN $$$ td IO 


Fig. D-1. The first column is the time variable with an increment of At = 0.1. 
Although negative time values are shown, the convolution is only carried out for 
positive time, since both functions are zero for і < 0. The negative time values 
are included for computational convenience. The second column is the tabulated 
values of one of the functions reflected about the origin. The third column is the 
other function padded with zeros to provide a numerical value for each point of 
overlap as the functions are slid over each other. The fourth column is the con- 
volution product obtained by taking the sum of the fixed reference array corre- 
sponding to the signal in column B and a relative reference array containing the 
overlap of the two signals. The key entries are on row 17 in columns C and D. 
The formula in C17 sets the value of this cell to the sine of т times the value in 
Al, which is the time. It isn’t necessary to type the changing formula into the 
other cells, but, instead, this is done by the “НШІ down’’ command that automati- 
cally indexes the referenced cells as it moves down the column. After cell C26 all 


Table D-1 Convolution of Sinusoid and Rectangle 
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x(nAt) h(nAt) y(nAt) 
.50000 .00000 .00000 
1.00000 .30902 .01545 
1.00000 .58778 .06029 
1.00000 .80902 .13013 
1.00000 ‚95106 ‚21813 
1.00000 1.00000 ‚31569 
1.00000 ‚95106 41324 
1.00000 .80902 .50124 
1.00000 .58779 .57108 
1.00000 .30902 .61592 
.50000 .00000 ‚63138 
‚61593 

„57108 

‚50124 

41324 

‚31569 

‚21814 

‚13013 

‚06029 

„01545 

‚00000 


--------------------------------------------------------------------------------------------- 


the cells are set to zero, corresponding to the signal value for 1 > 1. Тһе formula 
in cell D17 calculates the value of the convolution. The formula says to multiply 
the elements in the fixed reference array B$7:B$17 by the elements in the variable 
reference array C7:C17, sum the products, and multiply by the sampling interval. 
When this formula is moved to the higher numbered cells in column D, the relative 
indexes are changed, producing the correct overlap for the convolution. Again the 
formula is only typed once in D17 and is then entered using the “НІ Доп”? 
command. The formulas are not generally visible on the spreadsheet—just the 
numbers and text. Fig. D-2 shows the spreadsheet as it would normally appear. A 
further nice feature of the spreadsheets is that the result can be immediately dis- 
played graphically, if desired. 

This same computation would be even more simply carried out using a spe- 
cialized program such as MATLAB™. In this case the result would be obtained 
from the statement 


z = At * conv (x, y) 


when x and y are data vectors, At is the sampling interval and z is the vector of 
values resulting from the convolution. 
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Program D-3 BASIC Convolution Program 

Полат, с сымы TR р: ARIE AC RRR OR SSA сзсз ————————— 
100" BASIC PROGRAM ТО CONVOLVE TWO SEQUENCES 

110 CLS:PRINT " DATA FROM KEYBOARD OR FILE (KF) 7" 

120 A$=INKEY$:IF A$="K" OR A$="k" СОТО 200 ELSE IF A$="F" OR A$="" GOTO 1010 ELSE GOTO 120 
200 CLS: INPUT; "ENTER NUMBER OF POINTS IN X AND У (NX,NY)", NX,NY 

210 PRINT: INPUT; "ENTER SAMPLING INTERVAL DT= ",DT 

220 PRINT:PRINT "ENTER SAMPLES OF X" 

230 PRINT 

240 FOR І-1 TO NX 

250 PRINT "Х(";1;")= "; 

260 INPUT "", Х(І) 

270 PRINT 

280 NEXT | 

300 PRINT:PRINT 

320 PRINT:PRINT "ENTER SAMPLES OF У" 

330 PRINT 

340 FOR |=1 TO NY 

350 PRINT "Y(";1;")="; 

360 INPUT "", Ү(І) 

370 PRINT 

380 NEXT | 

500 FOR І-1 TO NX 

510 FOR J=1 TONY 

530 К=1+Ј-1 

540 Z (K)=Z(K)+X(I)*Y(J) 

550 МЕХТ 

560 МЕХТ 

570 FOR 1=1 TO NX«NY-1:Z(I)2Z(I* DT:NEXT 

580 CLS:PRINT "DO YOU WANT ТО PRINT THE CONVOLUTION PRODUCT (Y/N)" 
590 A$=INKEY$:IF A$="Y" OR A$="y" GOTO 600 ELSE IF A$="N" OR A$="n" GOTO 700 ELSE GOTO 590 
600 CLS:PRINT "n"; TAB (8); "Z(n)" 

610 PRINT:FOR І-1 TO NX+NY-1 

620 PRINT І;ТАВ (8);Z(l) 

630 NEXT | 

640 LOCATE 20,1:PRINT "PRESS ANY KEY TO CONTINUE" 

650 AS$-INKEYS$: IF A$2"" СОТО 650 ELSE GOTO 660 

660 CLS:PRINT " DO YOU WISH TO SAVE THE CONVOLUTION (Y/N)?" 

670 AS-INKEYS$:IF A$= "Y" OR A$="y" СОТО 700 ELSE IF A$="N" OR A$="n" THEN END ELSE GOTO 670 
700 CLS: INPUT "ENTER FILE NAME TO STORE РАТА" РЕФ 

700 OPEN "О", #1 РЕФ 

710 FOR |=1 TO NX+NY-1 

720 PRINT #1, 2(1) 

730 NEXT 

620 CLOSE#1 

630 CLS:END 

1010 ‘SEQUENCES STORED AS FILES 

1030 CLS:INPUT "ENTER NAMES OF FILES TO ВЕ CONVOLVED (МАМЕ1,МАМЕ2)”, A$,B$ 
1040 PRINT:INPUT; "ENTER SAMPLING INTERVAL =",DT 

1050 DIM X(100), Y(100), Z(200) 

1060 OPEN "I", #1, A$ 

1070 NX=1 

1080 WHILE NOT EOF(1) 

1090 INPUT #1,X(NX) 

1100 NX=NX+1 

1110 WEND 

1120 CLOSE #1 

1130 OPEN "I", #1, В$ 

1140 NY=1 

1150 WHILE NOT EOF(1) 
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Program D-3 Continued 


1160 INPUT #1, Y(NY) 
1170 NY=NY+1 

1180 WEND 

1190 CLOSE #1 

1200 GOTO 500 
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-SIN(PI()'A22) |20.1*SUM(B$7:B$17*C12:C22 

-SIN(PI()'A23) |20.1'SUM(B$7:B$17'C13:C23 

-SIN(PI()*A24 
-SIN(PI()*A25 


-SIN(PI()'A26) |=0.1*SUM(B$7:B$17*C16:C26 
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о e eo ' ! ! 
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Figure D-1 Formulas used in spreadsheet convolution. 
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e 
= | 
а 
~t 


convolution 


0.000 | 
0.309 
0.587 
0.809 


0.000 


0.951 
1.000 
0.951 
0.8090) 05012 
0.587 
0.309 
0.0000) 0.6314 
0.0000 0.6159 
0.000 
0.0000 — 0.5012 
0.0000 04132 
0.000 
0.0000 02181 
0.0000| 0.1301 
0.000 
0.000 
0.000 


Figure D-2 Spreadsheet convolution. 
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FAST FOURIER TRANSFORM 


A FORTRAN subroutine for computing the FFT and IFFT of sequences using an 
in-place FFT algorithm is given in Program D-4. This subroutine, called RGFFT, 
is adapted from a program given in L. R. Rabiner and B. Gold, Digital Signal 
Processing (see reference 1 at the end of Appendix D). The subroutine takes as an 
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Program D-4 FFT Subroutine 
ЕЕЕ 
subroutine rgfft(a,m,n,sign) 


a=complex array of length 2**m 

m = power of two of the number of points 
n=number of data points (power of 2) 
sign = — 1.—direct fft 


1.—inverse fft 


complex a(n),u,w,t 
п = 2**т 
nv2=n/2 
nmi=n-1 
j=1 
do 7i =1,nm1 
if(i.ge.j)go to 5 
t=a(j) 
a(j) = a(i) 
а()=1 

5 k=nv2 

6 if(k.ge.j)go to 7 
| = је 
k=k/2 
go to 6 

7 j=j+k 
pi=3.141592653 
do 20! = 1,m 
le = 2ж=| 
le1 =le/2 
u=(1.0, 0.0) 
м = cmplx(cos(pi/le1),sin(pissign/le1)) 
до 20 ј= 1, le1 
до 10i=j,n,le 
ір-і--Іе1 
t=a(ip)*u 
a(ip) =a(i) —1 

10 a(i) = a(i) +t 
20 u =и*үү 

if (sign.It.O.O)return 
do 8i = 1,n 
a(i) = a(i)/float(n) 

8 continue 
return 
end 


а MLA LSE RN UE TTL ART IT ТОА 
CC oOo nna 
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Program D-5 BASIC DFT Program 


100" DFTBASIC 

105 ' PROGRAM TO COMPUTE THE DISCRETE FOURIER TRANSFORM 
110 CLS: 

120 PRINT" +++" DISCRETE FOURIER TRANSFORM*****" 
130 PRINT:PRINT 

140 INPUT "CHOOSE DIRECT OR INVERSE TRANSFORM--D/I ";А$ 
150 IF A$="D" THEN Q=-1 ELSE IF A$="d" THEN Q=-1 ELSE IF A$="I" THEN О-1 ELSE IF A$="i" THEN Q=1 
ELSE GOTO 150 

160 PRINT:PRINT 

170 INPUT "ENTER NUMBER OF POINTS "ММ 

180 DIM RE(NN), IM(NN) 

185 P=8*ATN(1)/NN 

190 IF Q=1 GOTO 300 

200 PRINT:PRINT:PRINT "ENTER TIME SAMPLES " 

210 FOR І-0 TO NN-1 

220 PRINT "x(":N;") ="; 

225 INPUT ™, X(I) 

235 PRINT 

240 NEXT | 

250 GOTO 1000 

300 PRINT:PRINT:PRINT "ENTER COMPLEX ELEMENTS AS REAL, IMAG " 
305 FOR l= 0 TO NN-1 

310 PRINT: PRINT 

320 PRINT "RE(";I"), IM(";1;") ="; 

325 INPUT;"", RE(I), IM(I) 

330 PRINT 

335 NEXT 

340 GOTO 1200 

1000" CALCULATE DIRECT TRANSFORM 

1010 FOR K=0 TO NN-1 

1020 FOR N=0 TO NN-1 

1030 RE(K)=RE(K)+X(N)*COS(P*K*N) 

1040 IM(K)-IM(K)-X(N)*SIN(P*K*N) 

1050 NEXT N 

1060 NEXT K 

1070 CLS 

1080 PRINT " К";: PRINT TAB(8);"RE{X}";TAB(16);"IM{X)":PRINT 
1090 FOR І-0 TO NN-1 

1100 PRINT USING "##";I;: PRINT TAB(8);:PRINT USING "##.##";RE(|);;PRINT TAB(16);:PRINT USING 
"it 4I; IM() 

1110 NEXT | 

1120 GOTO 1600 

1200 ' CALCULATE INVERSE TRANSFORM 

1210 FOR N=0 TO NN-1 

1220 FOR K=0 TO NN-1 

1230 X(N)-X(N)- RE(K)' COS(P*K*N) - IM(K)'SIN(P*K*N) 

1250 NEXT K 

1260 NEXT N 

1270 FOR l=0 TO NN-1: X(I)-X(/NN: NEXT 

1270 CLS 

1280 PRINT " n";: PRINT TAB(8); "X(N)":PRINT 

1290 FOR l=0 TO NN-1 

1200 PRINT USING "##"; ;: PRINT TAB(8);: PRINT USING "##.##"; X(I) 
1210 NEXT I 

1300 ' STORING INVERSE TRANSFORM 

1310 LOCATE 17,15 

1320 PRINT "DO YOU WISH TO SAVE THIS DATA-Y/N " 
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Program D-5 Continued 
AIEEE Ses eh AER NEI AR ET AY LR RAE а а ossium ee аб 


1330 A$=INKEY$ 

1340 IF A$="Y" GOTO 1350 ELSE IF A$="y" GOTO 1350 ELSE IF A$="N" GOTO 1390 ELSE IF A$="n" 
GOTO 1390 ELSE GOTO 1330 

1350 CLS:PRINT:PRINT "DATA WILL BE STORED AS x(n)" 

1360 PRINT:INPUT "NAME OF FILE TO STORE TIME FUNCTION ";FL$ 

1370 OPEN FL$ FOR OUTPUT AS #1:FOR l=1 TO NN: PRINT#1,RE(|), ІМ(І):МЕХТ 

1380 CLOSE #1 

1390 CLS:END 

1600 ' STORING TRANSFORM 

1610 LOCATE 17,15 

1620 PRINT "DO YOU WISH TO SAVE THIS DATA-Y/N" 

1630 А%-ІМКЕҮ% 

1640 IF А$="Ү" GOTO 1650 ELSE IF A$="y" GOTO 1650 ELSE IF A$="N" GOTO 1690 ELSE IF A$="n" 
GOTO 1690 ELSE GOTO 1630 

1650 CLS:PRINT:PRINT "DATA WILL BE STORED ЕДІ), ІМДІ) 

1660 INPUT "NAME OF FILE TO STORE OUTPUT ";FL$ 

1670 OPEN FL$ FOR OUTPUT AS #1:FOR I-1 ТО NN: PRINTiH,RE(I), ІМ(І):МЕХТ 

1680 CLOSE #1 

1690 CLS:END 


——————————————————-—-—-—-—-—————— 


Program О-6 BASIC FFT 
EE DAT IT TEE SREY EM TNE TIE GTS Es PSR BES ВН e 1. son gemi mur ORES PERE ағалы = EM 


100" ҒҒТ2 PROGRAM TO COMPUTE THE FAST FOURIER TRANSFORM 
110 CLS: 

120 PRINT " *****F AST FOURIER TRANSFORM*****" 

130 PRINT:PRINT 

140 INPUT "CHOOSE DIRECT OR INVERSE TRANSFORM--D/I "Аф 
150 IF A$="D" THEN Q=-1 ELSE IF A$«"d" THEN О=-1 ELSE IF A$="I" THEN Q=1 ELSE IF А5="" THEN О=1 
ELSE GOTO 150 

160 PRINT:PRINT 

170 INPUT "ENTER NUMBER OF POINTS (POWER OF 2) "М 

180 DIM ARE(N), AIM(N) 

190 IF Q=1 GOTO 300 

200 PRINT:PRINT:PRINT "ENTER TIME SAMPLES " 

210 FOR 1=1 TON 

220 PRINT "А("; 7) ="; 

225 INPUT ™, ARE(l) 

230 АМ(ђ=0 

235 PRINT 

240 NEXT 

250 GOTO 1030 

300 PRINT:PRINT:PRINT "ENTER COMPLEX ELEMENTS AS REAL, IMAG " 
305 FOR l= 1 TON 

310 PRINT: PRINT 

320 PRINT "ARE(";I"), AIM(";1;") =”; 

325 INPUT;"", АНЕ(1), АІМ(І) 

330 PRINT 

335 NEXT 

1030 CLS:NV2=N/2 

1040 NM1=N-1 

1050 J=1 

1060 PIz4* ATN(1) 

1070 FOR І-1 TO NM1 
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Program D-6 Continued 
eS SEOS DN те SSN AARP ТЕЕ SSS LA Pa A a Oe ои кекке. 


1080 IF | >= J GOTO 1150 

1090 TRE=ARE(J) 

1100 TIM=AIM(J) 

1110 ARE(J)-ARE(l) 

1120 AIM(J)=AIM(I) 

1130 АВЕ(І)=ТВЕ 

1140 АІМ(І)=ТІМ 

1150 К-МУ2 

1160 IF K => J СОТО 1200 

1170 JzJ-K 

1180 К=К/2 

1190 GOTO 1160 

1200 JaJ+K 

1210 NEXT | 

1215 M=CINT(LOG(N)/LOG(2)) 

1220 FOR L= 1 TOM 

1230 LE=24L 

1240 LE1=LE/2 

1250 URE=1 

1260 UIM=0 

1270 МАЕ = COS(PI/LE1) 

1280 WIM = SIN(PI*Q/LE1) 

1290 FOR J = 1 TOLE1 

1300 FOR I= J TON STEP LE 

1320 TRE - ARE(IP)*URE - AIM(IP)*UIM 

1330 TIM = AIM(IP)*URE + ARE(IP)*UIM 

1340 ARE(IP) = ARE(I) - TRE 

1350 AIM(IP) = AIM(I) - ТІМ 

1360 ARE(I) = АВЕДІ) + TRE:PRINT "ARE(":I:")=":ARE(I) 
1370 AIM(I) = AIM(I) +TIM:PRINT "AIM(":1:")=";AIM(I) 
1380 NEXT | 

1385 URE1=URE: UIM1=UIM 

1400 URE = URE1 * WRE - UIM1 * WIM 

1410 UIM = UIM1 * WRE + URE1 * WIM 

1420 NEXT J 

1430 NEXT L 

1440 IF Q « 0 GOTO 1490 

1450 FOR |= 1 TON 

1460 АВЕДІ) = ARE(IN 

1470 AIM(I) = AIM(I)/N 

1480 NEXT I 

1490 CLS: FOR l=1 TO М: PRINT lL, ARE(D, AIM(D:NEXT 
1610 LOCATE 17,15 

1620 PRINT "DO YOU WISH TO SAVE THIS DATA-Y/N " 
1630 A$-INKEY$ 

1640 IF A$="Y" GOTO 1650 ELSE IF A$="Y" СОТО 1650 ELSE IF A$="N" THEN END ELSE IF A$«"n" THEN 
END ELSE GOTO 1630 

1650 CLS:PRINT:INPUT "NAME OF FILE TO STORE OUTPUT ";FL$ 
1660 OPEN FL$ FOR OUTPUT AS #1:FOR l=1 ТО М: PRINT#1,ARE(I), АІМ(І):МЕХТ 
1670 END 


АА 
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input a sequence (of time samples) x,, n = 1,2,3,..., М, where N is a power 
of 2, and computes the (complex) DFT sequence given by 


N 
X= > xe РЖ ЮУНЫ of = 1,2,3,...,М (D-1) 
п=1 
The first М/2 + 1 samples (that is, К = 1 — N/2 + 1) in the frequency domain 
may be considered as the postive frequency components having frequencies of 
0, I/NAt, 2/NAt, .. . , 1/2At Hz. The last N/2 samples may be considered as 
negative frequency components having frequencies of (k — N)/NAt Hz. Note that 
the value corresponding to k = N/2 is used as the positive and negative frequency 
component +1/2Ar. Since 1/At is the sampling frequency f,, it is evident that 
the frequency components occur at multiples of f,/N, with the maximum frequency 
being at + f,/2 Hz. The IFFT is computed in an analogous manner except that the 
input is a complex sequence corresponding to the FFT. The output is a sequence 
of N values that represents the time function. 
A BASIC program for computing the DFT and IDFT is given in Program 
D-5, and a similar program for the FFT and IFFT is given in Program D-6. 
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tains basic as well as advanced material on a wide range of topics relating to digital 
signal processing and, in particular, the FFT and its applications. 
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Solutions to 
Exercises 


1-24 
В, 1, 
L R, ' 
C 
қ 1 
1-34 
dy 
dy aio ECT 
di x(t) — ж ) 


Ж 25, И 
a y(t — T) = x(t) 


ду 
х(ђ + © y(t) 


d*y dy гч) 
каз а п = 3x + ; —— 


APPENDIX Е 


465 


Linear, second-order, time-varying, lumped parameter, continuous time, dynamic, 


causal. 
1-54 
d 
A = 40) + x0 
а 
2 = ак + 400) — x 
y(t) = 410) — q(t) 


Using operator notation for derivatives 


PQ; = Ф + х 42 = pq х 


Ph = Ф + 49 = х рр – х) =a + ра, – х — х 
у= 4 - | у= -ралтхт Ql — p) + x 


Eliminating q, and solving for y in terms of x gives 


yxp? — p — 1) = xQp — 3) 
d?y dy dx 


— у=2— — 3x 


d dt у dt 


1-6.1 
y(n) = а[и(п) — y(n — 1)] 
For a = 0, y(n) = 0 for all n. Fora = —% 
| 
y(n) = u^ [1 = » DE — 19 
1 
у(0) = “2 
3 
У(1) = "4 
yo) = (у 
1-9.1 


a. x(t) = sin 1 cos 7t is a nonperiodic power signal 


P 
z^ 4 i 2 
P — lim 2) " (sin 1 cos 1077) dt 


T—> œ m 
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гр 
= lim 5 тесі — 10m)t — 2 cos (1 — 107)t cos (1 + 107)t 


+ cos? (1 + 107)t) dt 





ii | |; sin 2(1 — 107 sin 2077 cos 2t " 
slo s hid db umm Pom dn 
ве ST |2 4(1 — 107) 207 2 
1 sin 20. + 1079] 
2 4(1 + 107) " 
_ 1 
224 


b. x(t) = 2027 19! cos 2071 is а nonperiodic energy signal 


E = | 400е 29! cos? (20m) dt 


“ [1 || 
800 | — 2 200 + — 27200 cos 40 | dt 
0 \2 2 


= 20 + = 20.494 
| + Ат: 
1-10.1 
со E 4 
ag К = 2,42 == — = 5.33 
n=0 1 2 


| М 2—2(п1+1) 
b. ти=1— = У, 4:272" = 1 – .75 EPT) 
то = 272 = 2.384 x 1077 


c. 0.001 > 272™+1) 
1000 < 22™+1) 





– 1 = 3.98 


1-11.1 





1 
a. ay = | бата - = — = 0.637 
T 


APPENDIX Е 467 


1/2 1 
sin 7t dt — |, sin zt dt = 0 


a= | 
3/4 l 
sin 7t dt — | sin 7t dt + |. sin mt dt = — 0.264 


1/4 
a, = |, 
1 
b. E = | sin? mt dt = - 
0 2 
Ê (.637)2 + (— .264)2 
| = = | — = 0.049 
Е 0.5 
1-12.1 
a. u(cos (4)) 
T 0 T 3T от t —> 
2 2 cx 2 


b. rect (27) 
1 
е ul = D 
0 1 t —=— 
Р 
а. u(t)u(1 — t) 
0 1 t —>- 


e. 2 rect (t — .5) 


f. arect ((t — b)/c) 
€ 
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1-14.1 


2-44 


a. | е + 3t — D + 1) dt = (7-1? + 3(-1) – 1 
b. | (2 + 3t — Dó'(t + 1) dt 

= | [t — 1)? + за — 1) = Пор 

= -1 З [а + 12 + 38 – 10-10 = --1 

i dt — 


с. ІШ (2 + 3t — Dé"(r + 1) dt 


| 
N 


, d 
= (– 1) ule - D + 38 — 1) = По = 
а. | (> + 3t — 1)89®( + 1) dt 


= рата i = та MN _ 
(-D ple D + 30- 1) — По = 0 


0 t 2 М —— 


x,(t) = | 6e ?*-M9w(t — А)[и(А) — u(A — 2) dA 


—o-ct«( 


x(t) = 0 


жуд 


t 
x = 6 | em» ал = 3[1 — е 7] 


2s peo 


e~2@-A) ДА = 160.79e ^? 


m. 
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2-5.1 
x(t) = 0, 1, 2, 1, 0 
y(t) = .5, 1, .5 
z(t) = .5(0, 1, 2, 1, 0) * (.5, 1, .5) 
= D, .25, 1, 1.5, L .25, 0 
Check 
ACA TO 1*2*140:5:(G 14 S: 22:122 
A = (0+ 25-1 15 15 25 + 0)5=2 
3-2.1 








а, = 0 
д (7/2 
b, = і sin (2znt/T) dt 
4 cos 2тпі не 2 Т | 
а = erar 7-72 = — [1 — cos 
T 2тп/Т |, пт ER 
4 
= — п ода 
пт 
4. - 1 
f) = — — —á 2т(2п — Dt 
x(t) аф Gs — p S 270" - 1) 


3-34 y(t) = x(t) — c(t) 

Original wave has zero dc and second harmonic 
so clipped wave will have the negative 

of the dc and second harmonic of c(t) 


c(t) 


-.057 057 T ot 
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2 .OST JN t 
a ==] 004-2 А ‚1 - 27 dt 


а > 
2 0 


OST 05 
2t 4тї 
| Е — У cos === и | (.1 — 27) cos Апт ат 


‚05 


41 2 
- 4 | sin 47т — ——— (cos 4at + 471 sin 9 


Ат (47)? а 


= 4{.00468 — .01267(.80902 + .36932) + .01267} = .00970 
3-4.1 
Odd square wave: 


odd — a, = 0 
odd half-wave — odd harmonics 


Even square wave: 


even — b, = 0 
odd half-wave — odd harmonics 


Rectangular pulse train: 


even b, = 0 
no half-wave symmetry — all harmonics 


Triangular wave: 


even — b, = 0 
odd half-wave — odd harmonics 


Sawtooth wave: 


odd — а, = 0 
no half-wave symmetry — all harmonics 


Half-wave rectified cosine wave: 


even -> b, = 0 
no half-wave symmetry — all harmonics 


Fractional cosine wave: 


same as half-wave rectified cosine wave 
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3-5.1 
Triangular wave: 
discontinuous derivative 1/7? 
Sawtooth wave: 
discontinuous — 1/n 
Clipped sine wave: 
discontinuous — 1/n 
3-8.1 
T/2 2t 
X(f) = af | = z) cos 2т Па! 
T/2 
sin27ft 2 1 
- 2 = эж 2aft + 2mft sin 27ft 
| Эт} T Отуу (cos 2af aft sin 2т) | 
sin mft 2 1 2тЈТ . 2 
-2| nf - (оз afr + 5 sin aft) = 0 + Lm 
1 — cos fT 2 sin? (mfT/) Т. 
= трт = трт = 2 sinc? (Tf /2) 
3-8.2 


x(t) = u(t + T/2) — u(t — T/2) 
X(f) = T sinc (Tf) 


у wax => Т 
Box = 1/T 
211 
y(t) = 1 ші - T/,«t« T/2 





| 
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TIT 
ХО = 5 f sinc? не 


не. 
Y(f) =j2afx(f) = ШЕ sinc? (Tf/2) 


FS (t)} = j2mf910(0) = j2mf > jo 
FLEA} = j2cf9(0 (f) = -4r f > – о? 





(=) = 





jo + 2 . +1 
(—w* + Зје + ОУ(о) = jo + 1 — 2јо — 4 
(—jw)’V(w) + 3jwV(w) + Vw) = —3 — jo 


42 U du 
2 ———- o — ! 
2 + 3— + v(t) = -36() + (t) 


3-9.1 


x(t) is odd — Re {X (о)) = 0 
x(t) not odd or even — nothing 
x(t) is even — Im 1x4(v»)) = 0 


3-10.1 
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How -WO -R фе 
| У(о) А+ l/joC jw + 1/RC 
ү (с) 1/jwC 1/RC 
РО decur SS и c e m7 
V(@) R+1/joC jw + 1/RC 
3-10.2 
Gain Phase 
—10 100 
-20 
e 50 
© D 
o —30 e 
2 g 0 
» – 50 
– 50 
—60 -100 
107? 107! 10° 10! 107 10% 140" 10 10! 107 
Frequency, rad/sec Frequency, rad/sec 
H(o) L 
w =—-——-—-—-—-—_ 
(jo + 2)(jo + 4) 
„125 А, Z Ө 
H(s) = - =- — A 


C55 + 1255 + 1) A; Z 0,4, 2 6, 

Gain at w = 0.1 is 20 log (.0125) = —38.1 dB. Break frequencies аге 
о = 0 up 6 dB/octave 

2 down 6 dB/octave 

4 down 6 dB/octave 


о) 


о) 


о) Ө, 6, ө, Ө 
01 90° 0 0 90° 
1 90° m d 86" 
1.0 90° “ДИ = 497 
2 907 409 — 27 18" 
4 90" 65 «457 —18° 
10 90° «ТҮР -0 -r 
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3-12.1 
due" “ay = o 
te UO} = ra 
- —2at | ~ | 
к= | ечи = 2) = 1 
0 = 2а |, 2а 
W 2 
1 1 
2 | 10 а=} 
0 |ј2гтј + а ) 4a 
amm ОИ... 2d 
о 472] +a?  2ma & fio _ 8a 
-g (20W T 
tan — | == m 
2 4 
2т// = tan Ж = 1 
а 4 — 
пе == 
2T 
3-15.1 
XXf) = Е + .46 cos (z) rect (£) X(f) 
= $9 10.54 + .46 22 gg - ! Ей 
X,(t) F fo 5 COS (z) * (ка Еа X(f) 
1 1 
= .546(t) + 0.236 + — | + — — 
| 546(1) + 0.23 ( x) 0.238 ( 5) ж xi(f) 
= 0.54х (7) + 0.23 TES + 0.23 pes a. 
3-16.1 
H Е 1 
Џој = 1 + jo, | 2 — 200 x 100 
917 (200 — 100) 
Е 1000) Е — 71000 
1000 + je? — 20000 о? — j100(m - 200) 
4-24 


Number of samples = 3.5 x 10? x 2 x 60 = 420 x 10? 
Number of bits = 420 x 10? x 7 = 2.94 x 106 
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4-2.2 
3.5 х 10? df 
4 
1 ] | dg 
0 3.5 x 10° | | + of 
SDR = ae 5 
= 8 
а) 
Р у 
3.5 x 10° 3.5 x 10? 
0.867 
= 0.244 = 3.56 — 5.51 dB 
4-3.1 


x0) =e +0 +0 + е? = 2 

Ха) = ё + 0 + 0 + e 74 = | + jl 
Хо) = e + 0 + 0 + e! = 0 + j0 
X(3) = & + 0 + 0 + 27974 = | — jl 


1 
x(0) = 1 26 + (-1 — ђе + 0 + (-1 + је) = 0 
“iy = га + (—1 — jel” + 0 + (—1 + Йеб/4у-1 
ж2) = 10 + (-1 — jet + 0 + (—1 + j)ej?7/^ = 1 


x3) = 20 + (—1 — еб“ + 0 + (—1 + јелу“) = 0 
4-3.2 

9j (1, 1,0, 1} = (3, 1, —1,1) 

%11,0,0,1} = {2,1 +j,0,1 — j} 

{1, 1,0, 1} {1, 0, 0, 1} = 9-6, 1 + j,0,1-— j} 


= 42, 1, 1, 2} 
In the time domain the convolution is: 
п = 0 n= 1 п = 2 п = 3 
1101 1101 1101 1101 
1100 0110 0011 1001 
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4-5.1 
f, = 2 X 20 = 40 
At = 1/40 = .025 
T= Af 
N=5 х 40 = 200 
^N = 256 
Additional zeros = 256 — 4 х 40 = 96 














4-64 
N-1 
>, ми] = X[0] = 4 
n=0 
- X[k] = .99981 x[0] = 1 
N 50 
5-34 
к e т 
=s 2 == = .....2 = — 
Se^ | tre dt (СУ ((—syf + 2st + 2)) ы 
t est te st E 
Silt — to)u(t — t9) = | (еше "= === (== = Џ = 0 
10 (==) — 5 to 
— Sto ре 50 1 
= —— (st) + 1) е 
5 5 5 
5-4.4 
7 gejed — ejoo 
F{sin (wt)ult)} = | het Жай”: 
0 72 
"ы (s + jwo)t e — s — jo)t 
= Ј2(—5 + joy)  j2(—s — joy)|, 
Е 1 Е 1 Е Wo 
js — jeg) — j2(s + јер) s* + а) 
5-4.2 


Ф190) = 1 ёа) = 2-1 = : 


a 











] 1 1 1 
— ей = — *• — 
5 + а -1 —: + а 5 — а 


die — 


Slu(—at)) = 0 since u( — at) = О fort > 0 
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5-4.3 
Жо()) = fuut) - (t — Dut — 1) 
1 ЖЗ | 3 
са ме 3076) 
Li{x,(t)} = L{u(t — 1) — u(t — 2)} = гез - сес» 
— T a e ^ 
5-4.4 
d 1 , 
SIDE = sl | = 5+—— и(0") = 1 
dt 5 
а _ 
L{5'(s)} = 44 z = 5.1- 60") = 5 
5-4.5 
ДЕ а жа | ee ee = мађ 
s$ + 25 + 1 (s + 1) 5? 
— 1 NEN ZEN i == NN РЕН — 54 i^ -1 l 
> ај = 3 (егін | 3 52 + 1 
=e 'sin t u(t) 
5-74 
_ $011 841 3 5 
HT Am owl rs лез 
x(t) = za + е ”ult) 
5-7.2 








НИ ну А + В T —2s 
ВОН ul REP 4-4 
РЕНЕ SEN 
|» (-14+2P — 
РЕКЕ 
{3+0 

1 | || e 

— ------ ------4---- 

(5 + 1)( + 2) 5 + 1 (s+ 27 8-2 

іІ-(5-527-5-1-(5-1)%--2)С 


=i 
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) = 52 + Cs? 
C= -1 
| 1 1 
Х En 1 ла сый гө Жататын әкі = 25 
в) |.— $42 E 
x(t) = [e7672 — e-?«-2 — (t — 26774-21 6 — 2) 
5-7.3 
зе 5 + 252 + 9 
X) ete = 
(s) s(s? + 9) 
e^ 252 + 9 





+ — 
52-59 s(s? + 9) 
25? + 9 А,Б +С 

5 52 + 9 





2$? + 9 = 1: (52 + 9) + (Bs + С) 
252 = s? + Bs? 


B= 1 
0 = Cs 
С = 0 
Е | 
XG = е $ 


$ +9 s 52-9 


x(t) = ~ sin 3(t — ші — 1) + (1 + cos 3t)u(t) 


5-8.1 
From (5-101) and (5-102) 
l 12 
Vs) - —— Vs) = ——— 
() 73131 29 = 505 + ђ 


—W(s) + 5(s + 1)V,(s) = 0 





1 Е 12 
2s + 1| 805 + D 
12 


1 
25 + 1){5 + 35s — 
2m ( ° “sl 


У (5) Е +) = 


VX(s) = 
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12 
s(10s + 5 + 10s? + 5s — 1) 


1 1.2 
5(1052 + 15s + 4) s(s? + 1.55 + .4) 


1,2 
5(5 + .347)(5 + 1.153) 
3.00 4.29 1.29 


— — _ + ап 
5 5 + .347 5 + 1.153 








V(t) = (3 — 4.292" ?*" + 1.292" | 53) (7) 
5-9.1 
| 5(352 + 1) 3 
0) = in ————5——--—- 
Mey = Me Sm 4 
(со) Т 5(352 + 1) m 5 1 
x = lim-—————————- — = = 
0 457 + 352 + 25 6025 2 
| 5(35 + 1) 
Въ am Man eite ш 
уо, өш 453 + 352 + 25 + 1 
‚ 5(35 + 1) 
= li eee : fj 
Уб) с 453 + 352 + 25 + 1 
5-9.2 
sx(s) = |. х (је “ dt + х(07) 
lim 5Х (5) = |. x'(t) dt + x(0*) 
5->0 
= x(t)| -х(07) = хә) 
Or 
5-11. 
From Fig. 5-17 the input current is 
[ Le 
L() =—+sC + ° 
R 
Therefore 
V, 1 R/LC 
(5 
| С+— ё +5 + 
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543.1 
аз а, 
ay ао 
аза 
аҙ 
ao 


For no sign changes 


азау 
а, = ~ 0 
a» 


414 = ааз 
5-17.1 


Т Т Ge i 


e 3/72 e? 5 A | z 
= ----- - — = – sinh | — 
5 5 2 


-T/2 78 








—S 


Lait — а)и(—1)} = [. (t — a)e * dt с 0 


— st =“ 




















е за 1) ae --1 ik а 
= —st — -- = ——— = 
52 -s |. 52 
5-19.1 
Жж|---5-2| лае 
| s(s + 1) 
Pole to left of strip of convergence at s = — 1 corresponding to т > 0. Pole to 
right of strip of convergence at s = 0 corresponding to t < 0. Need residues of 
2“ 
s(s + 1)? 
d — 227 EN О 
t) = — 0 в = = 
х4) ds 5 қ (s + 1)? шқ. 
= - е5) — 225 %(—1) u(t) — 2u( —t) 
у= —1 iu 





(2te~' + 2e )u(t) — 2u(— 1) 
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6-2.1 


Ха) = У, х(п)2" = 1 +27! + 27? 





п= 0 
оо оо а п 
у) = У ач" = > (2) 
n=0 n=0 
Using the expression for the sum of a geometric series 
Y(z) 
*) mm eee—— шщ ti 
1 1+ а! 
1 + – 
2 
6-2.2 
x(t) = tu(t) 
1 
Ais) = — 
(5) к. 
е 1 
У{пАт>б(ї e nAt)} = үч [xs 
- d 1 — g 9565-9]-1 = —e 50 9(—Ar) 
dé - [1 m e ^ 6-8]-? 
Е Ate 58 
[1 E Pesci Bio 
Ағ”! Atz 
X(z) = ——— = —— 
ИТЕРЕ: 
6-34 
2 
Z 
A(z) = —— 
(2) с 12 


1 + 22"! + 32 2 + 4273 
22 — 22 + 122 


12 — 22 + 1 
22 — 1 
22 — 4 + 22 ! 
3-22! 
3 — 62 ! + 32 2 


4271 — 322 


x(n) = 1, 2, 3,... = (n + Dug 
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| 2,n—1 
= --- а 0 = 
МАЈ j2aJ (2 — 1) : " 
"+! 
= У, residues Gop atz = 1 
d п+ 1 п 
= 1 Z = (n + 1)2 = (n + 1)и(п) 
2=1 zz] 
Y(z) ; 
Z 2 
2 + Б 
271 — ђг 2 + }2273 — · · » 
2 + р | | 
1 + 62 ! 
— bz"! 
— bz ! — pz? 
bz? 
bz? b 
yn = 0 + | - Б + № — b+- = (- Б)" !и(п — 1) 
(п) | E. dz = У, residues |z| < 1 
H) = = 7 = 
7 рај; +b Р 
For n = 0 
‚ 1 
у(0) = > residues | е7 | at 0, —b 
1 1 
Ь —b 
For n = 1 
7171 
y(n) = residue тұр at —b 
= (— Б)" 
гут) = (= Б)" “шп — 1) 
6-4.1 
1 10 
Px) = XG) 3X0 = — 
4 2 — 1 


1 
X(z) = 102 ~ 
dad (z — 1) 
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1 п 1 п 
х(п) = | -40n 5) — 40 В + 10 u(n) 


6-5.1 


d , 
dn (тп cos пт — sin пт) 
g(0) = lim 


d 
d. (mm^ At) 


T COS пт — т°п sin пт — T COS пт 
2mnAt 


ђ T — Tnsin mm — T 
in ы 


_ =a sin n7 
lim ——— = 0 


6-64 
1 1 


Sca 2 2 


--------- = ———— 4 ------ 
(sc ay +b 5 + (а + ЈЬ) 5+ (а — jb) 
This transforms to 
1 1 
2 i — 
1 = e 4*5»At-1 1 = e- (-j5Ar -1 
3[1 2. gaat, jee 4 e Аг); 1 + 1] 
ÉD ~ ETPA м 5 3 g 50-1 + e 2aAt,—2 


Е 1 — e ?^' cos (БА г)2 ^! 
1 — 2e~*4t cos (bAt)z~! + e 25871 
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6-74 





x(n) 





Н (5) = 5 + 1 _, 1 — е! соѕ (2)27! 
Фр +4. 1 — е1 сов ОСІ кеті 
1 + .153z7! 


~ 1 + 130627! + .1352 2 


H.(5) 2 _, е”! sin (2)2 | 

Ay amme —— — — H— e— ———————ÁÀ ВН A— — 

2 (5 + 12 + 4 1-2е1! сов(2)2 ! + ez? 
33527! 


Тж .3062—! 5113522 
y(n) + .306y(n — 1) + .135у(п — 2) = .335х(п - 1) 


6-8.1 
— јат] / | – јатј/ fs 
ПНЕ TEL PEL 
1 — 1.144e 275 + 0.414e TITS 
0675(1 + 24 1 
H(e9) = жәйтті) - 1 


1 — 1.144 + 0.414 © 
.0675{1 + 2 cos (2af/f,) + cos (4af/f,) — J[2 sin (2arf/f,) + sin (4zf/f)l || 


| — 1.144 cos (27f/f,) + 0.414 cos (4mf/f,) — 311.144 sin (2a7f/f,) — 0.414 sin (47f/f,)] ~ 10 
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Solving by trial and error 








f 
— = 0.25 
Т; 
7-2. 
h(t) = h(t) * h(t) = | 10e~2"-) - 20e-^ dA 
= 200e 2е7^| = 200[e"' — е "ји(г) 
0 
7-2.2 
H(s) = 
5-- а 
1 $4 1 а 
: == =E СЕ = -14-- = — 06 nib 
ћу) = Ж ГЕ f | 5 | 5 8'(1) n ó(t) 
7-44 


h(t) = y Фх) = y(t) Фу) = уй) 
фу) = -2ф(0 + pt) - 2640) + x(t) 
Фуа) = Фа) 

p(t) = p(t) 


0 1 0 0 
Ф() = 0 0 1 | фа) + x(t) | 0 
— | -2 | 
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For y(t) to be zero when x(t) is zero, the current through А, must be zero. Therefore, 
4>(1) = 0, and q(t) = constant. If 4-(1) is constant then 4)(7) is constant and the 


voltage across L, = 0. 


К,К;1 


fo through K, = ——— a 
qi = сштеп Шоп AY = ER + RR, de RR: 
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Е lo _ (RR, + R5Ry)lo 
37 T RiR, + RaR, + КЊ 
r (J | 7 Кә + КК; + Ку 
3 


—+—+ 
КІ К, R; 
Zero state linear. Not zero input linear. 
7-64 
2 = 2" =] +? q,(0) 
а(п) = ntl T4 
Д. == д = 1 I q»(0) 
h—1 )n-m-] = | 4- )n-m-] 0 0 0 
+ 2, - 
m=0 | ps quM н a 0 14] x(m) 
| - 2440 -а- 2")q,(0) | 


2 — 2"*19,0) -(1- 27554,0) 


n=} _1— »n-m-«l 
+ 5 | Pe "ui 


m=0 | (—1 + 2"""x(m) 
иу = (2 — 27*54,0) — (1 — 27* 09,0) 


п—1 


+ У (—1 + 2"7")x(m) 


m=0 
= q»xn) 
7-94 
К i ЕЗ5 
0 он Д 
А = -1, -2 


Q(t ы 10) = a(t T to) = Є — (2—10) 
Q(t == to) и 2a(t => to) =e 2(t— to) 
A(t — to) = 2е“ 479 — е-—?@-® 


~ OF — to) = [2e “10 ма е-74-ю) 4 


ade [e 10) - e €-19] -1 І 
0-2 


e (^9 e (479 — e 24—10) 
= 0 e 24—10) 
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7-104 
е! e'—e"||1 0 
И cn | 0 e^! Il | 
= [е ' e'—2e !] 


y(t) = | И (64-9 — 26774-51 (А) dA 


2a |! 
= елер — 21474 B 
2 10 


= [~e™ + e ?lut) 








7414 
А - [7 | © = 2! -1] 
1.80 = {| 0 s+2 
кк GEM IE 
[stl (+ IG + 2) 
А | 
5 + 2 
4 = n C ш 
ш 0 e ^ u ) 
= ин НН 
зей cn 5+1 (5 + 165 + 2) f i 
в | 0 1 
5 + 2 
из M HUNE. ІН 
_ |5=+1 (5 DG + 2) 
h(t) = [e ет" + 2е ји(г) 
а 0 _ 
— = eS NN. SN 
5 +1 (5 + 165 + 2)||1 (5 + 16 + 2) 
5 
yt) = [~e + егі) 
7434 


Му = В 0 
2210 — 12 
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-P+ 
l'asa-| 2 
-% | -P + из 
() қыналы сы 
3 
P __ 12, 
t 2 ° 0 t 
A(t) | A(A) dA = MEME | А(А) dAA(t) 
fo 0 Р ГЕ 10 
3 


Commutative. Therefore 


e €-n 0 
фа, to) = 0 g- a: 





Index 


Adjoint 

matrix, 446 

system, 399 
Aliasing, 180, 202, 342 
Amplitude modulation, 152 
Amplitude spectrum, 112, 131 
Analytic function, 437 
Approximation of functions, 27—35 

by impulses, 57 

piecewise linear, 169 
Average power, signal, 26 
Average value, periodic waveform, 98 


Bandpass filter 
ideal bandpass, 136 
transmission of modulated carrier, 210—213 
Bandwidth, equivalent, 117 
Basic functions, 27, 91 
complete set, 32 
complex, 28 
finality of coefficients, 28 
orthogonal, 28 
orthonormal, 28 
Walsh, 33—35 
Bilinear transformation, 349—352 
Block diagram, 7, 367—373 
cascade connection, 369 
first-order system, 370 
interconnected systems, 371 
matrix, 380 
normal-form equations, 373 
parallel connection, 368 


Bode diagram, 131—135 

Bounded input/bounded output 
stability, 73 

Butterworth filter, 162—166 
digital, 343—350 


Capacitor 
mathematical model, 6, 8 
s-domain equivalent, 252 
Causal function, 127 
Causal system, 11 
impulse response, 72 
Cayley-Hamilton theorem, 394, 349 
Characteristic equation, 394, 449 
Circuit analysis 
using the Fourier transform, 121 
using the Laplace transform, 251, 257 
Clipping, 100—102 
Complex exponential, z transform, 312 
computer programs, 452—463 
Constant, Fourier transform, 151 
Continued fraction expansion, 264 
Contour integration, 436, 443 
Convolution, 56—82 
aperiodic, 186 
approximation by DFT, 186, 204—213 
area of resultant, 80 
associative property, 77 
asterisk notation, 62 
center of gravity of resultant, 80 
circular, 186 


circular shifting, 187 
489 
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[Convolution] Discrete system, 14 
commutative property, 77 frequency response, 324 
computer programs, 452-458 state space method, 383-391 
discrete, 81 steady state, 324 
distributive property, 77 transfer function, 316 
Fourier transform, 128 Discrete signal, Fourier analysis of, 177—214 
frequency domain, 146 Discrete Time system, 19 
high speed, 204 Distortion 
Laplace transform, 232 due to clipping, 100 
numerical, 65-71 harmonic, 168 
periodic, 186 Doublet, 43 
radius of gyration of resultant, 80 Duration, equivalent, 117 
of sequences, 81 
with singularity functions, 77—78 Eigenvalue, 394, 409, 449 
Convolution algebra, 76 Energy, signal, 26, 29 
Convolution integral, 60 Energy spectrum, 136—140 
direct calculation, 63 rectangular pulse, 139—140 
evaluation, 62 units, 139 
Correlation coefficient, 175 Energy transfer function, 138 
Correlation function, 175 Error 
Cosine, Fourier transform, 152 approximation, 30 
Critical frequency, 132 fractional squared, 32 
integral squared, 30 
Decibel, 131 Error in digital filters (see Digital filter) 
Deconvolution, discrete, 81 Exponential function 
Delay sketching, 131 
Fourier transform theorem, 142 Fourier transform, 118 
Laplace transform theorem, 226 z transform, 312 
Delay line, 172 Exponential pulse, two-sided Fourier transform, 119 
Delta function (see Impulse function) 
DFT Fast Fourier transform (see FFT) 
approximation of Fourier transform, 194—204 FFT, 189-194 
convolution, 186—189 butterfly, 192 
definition, 183 comparison of direct and FFT computation, 191 
error in approximating the Fourier transform, computer programs, 458—463 
196 convolution, 204 
periodicity, 183 definition, 189 
properties, 185-189, 213-214 periodicity, 193 
symmetry properties, 187-189 processing continuous signals, 194—204 
Difference equations, 19—21, 324—326 properties, 213—214 
Differential equations, solution by Laplace transform, Feedback system, 270—283 
246—248 analog computer, 274 
Digital filter, 327—353 control elements, 276 
aliasing, 342 frequency response, 280 
bilinear transformation, 349 negative, 271 
Butterworth, 343, 350 phase lead network, 281 
differentiator, 336—339 stability, 279—282 
rounding, 358 step response, 277 
truncation, 355, 358 transfer function, 271 
Dirac delta function, 41, 42 type I servo, 279 
Dirichlet conditions, 92, 113 type П servo, 279 
Discrete convolution, 81 Filter 
Discrete deconvolution, 81 Butterworth, 162—166 


Discrete Fourier transform (see DFT) ideal bandpass, 135 


[Filter] 
ideal low-pass, 136 
ideal low-pass impulse response, 145 
low-pass-bandpass transformation, 164 
low-pass Butterworth, 162 
maximally flat, 161 
practical, table of, 163 
practical transfer functions, 161—166 
scaling, 162 

Finality of coefficients, 27 

Finite time integrator, 74 

Fourier integral, 111 

Fourier series, 92—109 
complex exponential, 93 
convergency of coefficients, 106 
differentiation, 107 
Dirichlet conditions, 93 
from piecewise linear approximation, 169 
Gibbs phenomenon, 108 
integration, 107 
symmetry properties, 103—106 
table, 96, 427 

Fourier transform, 109, 166 
amplitude spectrum, 112 
approximation by DFT, 195 
causal time function, 126 
constant, 150 
convention for representing, 111 
convolution in frequency domain, 147 
delay, 142 
definition, 111 
derivative of a time function, 120 
direct calculation, 114—123 
Dirichlet conditions, 113 
double arrowhead notation, 129 
elementary properties, 123—127 
even functions, 123—125 
frequency variable f, 113 
Gibbs phenomenon, 157 
imaginary part, 124 
impulse train, 154 
indefinite integral, 153 
mathematical operations, 140—147 
modulation, 143 
negative time functions, 119 
odd functions, 123—125 
periodic function, 153 
phase spectrum, 115, 125 
from piecewise linear approximation, 169 
power signals, 147—157 
real part, 124 


relationship to Laplace transform, 283—285 


reversal, 144 
scaling, 140 


INDEX 


[Fourier transform] 
symmetry, 123—127 
table, 146, 148, 149, 428, 430 
uniqueness, 112 


Frequency response, 128 
digital filter, 325 
factor (Ts + 1)~', 133 
factor (7252 + 2¢Ts)~', 133 
first-order system, 130-131 
from pole-zero plot, 266 
half-power point, 130 
second-order system, 132 
Frequency spectrum 
discrete, 95 
from Fourier transform, 112 


Function, representation by impulses, 57, 195 


Gibbs phenomenon, 108, 157 
Gram-Schmidt procedure, 33 


Hamming window, 160, 208, 339 
Hanning window, 216 

Harmonic distortion, 168 

Harmonic frequency, 95 
Heaviside’s expansion theorem, 300 
Hurwitz polynomial, 264 


IDFT 
definition, 184 
periodicity, 184 
Impulse function 
definition, 39—41 
derivative, 43—44 
Fourier transform, 114 
graphical representation, 39 
Laplace transform, 223 
limiting operations leading to, 42—44 
properties, 41–42 
sifting property, 41 
time scaling, 42 
Impulse response, 58 
approximation of, 74 
cascaded systems, 368 
causal system, 72 
matrix, 406 
parallel connected systems, 368 
RC circuit, 59 
time-invariant system, 72 
time-varying system, 72 
units, 73 
Impulse train, 154 
Inductance, s-domain equivalent, 252 
Initial conditions, 22 


491 
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Initial state, 381 
Input vector, 377 
Instantaneous power, 137 
Integral squared error, 30 
Integrator, 10 
Inverse discrete Fourier transform (see IDFT) 
Inverse Fourier transform, 111 
Inverse Laplace transform 
Heaviside’s expansion theorem, 300 
inversion integral, 294, 436 
path of integration, 440 
uniqueness, 236 
Inverse system, 369 
Inverse two-sided Laplace transform, 287—288 
Inverse z transform, path of integration, 322, 440 


Jordan’s lemma, 441 


Laplace transform 
advantages over Fourier transform, 220 
definition, 219 
delay, 226 
direct computation, 222 
existence, 221 
initial value, 248 
inverse, 219, 237 
inversion integral, 294, 436 
network analysis, 251 
relationship to Fourier transform, 283 
singularity at origin, 220 
short notation, 222 
strip of convergence, 295 
table, 235, 236, 431, 432 
transient response, 257 
Laplace transform theorems 
convolution, 232 
differentiation, 229 
final value, 248 
initial value, 248 
integration, 231 
linearity, 224 
periodic function, 234 
scaling, 225 
s-shift, 231 
Laplace transform, two-sided, 219, 286 
inversion, 289 
theorems, 288 
Laurent series 
definition, 438 
principal part, 438 
Linear combination of basis functions, 27 
Linearity, system, 12, 382 
Loading, 8, 171, 368 


Low-pass filter 
ideal, 135 
ideal impulse response, 145 
practical, 161 
rise time, 176 


Mathematical model 
circuit elements, 8 
normal form differential equations, 11, 14—19 
nth order differential equation, 11 
of system, 7, 11 
Matrix 
adjoint, 446 
analysis, 444—451 
characteristic equation, 449 
eigenvalue, 449 
function, 450 
identity, 445 
inverse, 448 
multiplication, 447 
singular, 445 
transpose, 445 
Modulation, 142 
transmission by bandpass filter, 174 


Network analysis 
Fourier transform, 121 
Laplace transform, 251 
Nonanticipatory system, 11 
Nonlinear system, 12 
Noncausal system, 11 
Normal-form equations, 11, 14—19, 376 
block diagram, 373 
matrix representation, 376 
Numerical convolution, 65 


Order of a system, 11 
Orthogonal functions, 28 
Orthonormal functions, 28 
Output vector, 377 


Paley-Wiener criterion, 127, 136, 178 
Parseval’s theorem, 29, 138 
Partial fraction expansion, 121, 237 
nonrepeated linear factors, 239 
quadratic factors, 242 
repeated linear factors, 240 
repeated quadratic factors, 245 
Passive system, 73 
Periodic function 
Fourier transform, 153 
Laplace transform, 234 
mean value, 99 
root mean square value, 100 


Phase spectrum, 115 
Physically realizable system, 
impulse response, 72 
Physical realizability, 260 
Pole, 119, 238, 437 
Pole-zero plot, 266 
Polynominal roots 
Hurwitz test, 264 
Routh test, 262 
Power, 100 
Power signal 
Fourier transform, 147 


Fourier transform, table of, 149, 430 


Quantization in digital filters, 353—360 


Ramp, 36 
Rectangular pulse 
Fourier transform, 114 
Laplace transform, 227 
Rectangular pulse train 
Fourier series, 94, 95 
Fourier transform, 155 
Residue, 295, 300, 319, 439 
Reversal, Fourier transform, 144 
Rise time, 176 
RMS value, 100 
Rubber sheet analogy, 267 
Running average, 70, 79, 327 


Sampled signals 
aliasing, 180, 202 
reconstruction, 179 
SDR, 181 
| spectra, 177—182 
Sampling function, 155, 178 
Sampling theorem, 177, 182 


Sawtooth waveform, Fourier series, 97, 107 


Sgn (see Signum function) 
Signal, 4 
bandwidth, 117 
time-bandwidth product, 117 
Signal classification, 24—26 
almost periodic, 25 
aperiodic, 24 
bandlimited, 17, 178 
energy, 25 
nonperiodic, 24 
periodic, 24 
power, 26 
random, 25 
Signal-to-distortion ratio, 181 
Signal representation, 22 
basis functions, 27—35 





[Signal representation] 
continuum of impulses, 57 
integral squared error, 30 
sequence of impulses, 308 

Signum function 
definition, 147 
Fourier transform, 150 

Sinc function, 115 
Fourier transform, 141 

Singularity functions, 36–44 
convolution of, 77—78 

Singular point, 437 

Stability 


bounded input/bounded output, 73, 261 


conditions for, 261—262 
Hurwitz test, 264 
marginal, 261 
Routh test, 262 
State, definition, 366 
State, equations, 378 
frequency domain solution, 4 
time domain solution, 393 
State space analysis 
discrete systems, 383 
elementary concepts, 380 
State transition matrix, 393 
discrete, 384 
eigenvalue method, 394 
properties, 398—399 
time varying, 409 
State variable, 15, 366, 373, 412 
selection, 407 
State vector, 393 


Steady state response, Laplace transform, 257 


Step function, 36 

Fourier transform, 152 

Laplace transform, 223 
Superposition integral, 88 
Superposition theorem, 58 
Symmetry 

even half wave, 104 


INDEX 
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Fourier transform effects, 123 


odd half wave, 103 
System 


characteristic equation, 394, 449 


decomposable, 382 

discrete, 14 

frequency response, 128 
fully linear, 382 

fundamental matrix, 392 
impulse response, 58—62 
impulse response matrix, 400 
inverse, 369—370 


multiple-input, multiple-output, 375 


493 


494 INDEX 


[System] 
transfer function matrix, 404 
zero-input linear, 382 
zero-state linear, 382 
System analysis 
DFT, 204—214 
discrete time, 19, 383 
invariant, 391—409 
time varying, 409—412 
System classification, 11 
causal-noncausal, 11 
continuous time, 14 
discrete time, 14 
distributed parameter, 13 
dynamic, 14 
fixed, 12 
linear-nonlinear, 12 
lumped parameter, 13 
order, 11 
time varying, 12 
zero memory, 14 
System function, 127 
System representation, 6 
block diagram, 7, 367 
mathematical model, 2, 7—10 
System response 
zero-state, 382 
zero-input, 382 


Tables 
Approximations, 423 
Definite integrals, 425 
Derivatives, 422 


Effects of Waveform Symmetry on Fourier 


Coefficients, 104 


Equivalents of Interconnected Systems, 339 
Fourier Series Representation of Common 


Waveforms, 96, 427 


Fourier Transforms of Energy Signals, 148, 429 
Fourier Transforms of Mathematical Operations, 


146, 428 


Fourier Transforms of Power Signals, 149, 430 


Indefinite Integrals, 424 


Laplace Transforms of Elementary Functions, 


236, 432 


Laplace Transforms of Mathematical Operations, 


235, 431 


Limiting Operations Leading to 6 Functions, 43 


[Tables] 
Low-pass Butterworth Filters, 163 
Mathematical Models of Electrical Components, 
8 
s-Domain Equivalents for Electric Circuit Ele- 
ments, 252 
Sinx x, 426 
Symmetry Properties of DFT, 188 
Trigonometric Identities, 421 
z Transforms, 317, 318, 434, 435 
z Transform Operations, 316, 433 
Time bandwidth product, 117 
Time constant, 130 
Time duration, 117 
Time duration-bandwidth product, 117 
Time scaling, 140, 225 
impulse function, 42 
Transfer function, 254—257 
discrete, 324 
energy, 138 
matrix, 404 
transformation from H(s) to H(z), 341 
Translation, 142, 226, 313, 314 
effect of Fourier series, 105-106 
Transient response, 252 
Triangular window, 159 


Undersampling, 180 
Unit pulse, z transform, 311 
Unit step, z transform, 311 


Walsh functions, 33 
Weighing function, 63 
Window function, 158 


Zero-input response, 381 

Zero memory system, 14 

Zero-state response, 381 

z form, 349 

z transform, 308—360 
advance theorem, 314 
convolution theorem, 315 
definition, 310 
delay theorem, 313 
inversion, 320, 436-443 
one-sided, 310 
two-sided, 312 
tables, 316—318, 433—435 
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· Z Transforms of Operations 
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Z Transforms of Signals 
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